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This book can be divided into two parts. The first part is preliminary and
consists of algebraic number theory and the theory of semisimple algebras.
The raison d’être of the book is in the second part, and so let us first explain
the contents of the second part.

There are two principal topics:

(A) Classification of quadratic forms;
(B) Quadratic Diophantine equations.

Topic (A) can be further divided into two types of theories:

(a1) Classification over an algebraic number field;
(a2) Classification over the ring of algebraic integers.

To classify a quadratic form ϕ over an algebraic number field F, almost
all previous authors followed the methods of Helmut Hasse. Namely, one first
takes ϕ in the diagonal form and associates an invariant to it at each prime
spot of F, using the diagonal entries. A superior method was introduced by
Martin Eichler in 1952, but strangely it was almost completely ignored, until
I resurrected it in one of my recent papers. We associate an invariant to ϕ at
each prime spot, which is the same as Eichler’s, but we define it in a different
and more direct way, using Clifford algebras. In Sections 27 and 28 we give
an exposition of this theory. At some point we need the Hasse norm theorem
for a quadratic extension of a number field, which is included in class field
theory. We prove it when the base field is the rational number field to make
the book self-contained in that case.

The advantage of our method is that it enables us to discuss (a2) in a clear-
cut way. The main problem is to determine the genera of quadratic forms with
integer coefficients that have given local invariants. A quaratic form of n vari-
ables with integer coefficients can be given in the form ϕ[x] =

∑n
i, j=1 cijxixj

with a symmetric matrix (cij) such that cii and 2cij are integers for every
i and j. If the matrix represents a symmetric form with integer coefficients,
then cij is an integer for every (i, j). Thus there are two types of classification
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theories over the ring of integers: one for quadratic forms and the other for
symmetric forms. In fact, the former is easier than the latter. There were
several previous results in the unimodular case, but there were few, if any,
investigations in the general case. We will determine the genera of quadratic
or symmetric forms over the integers that are reduced in the sense that they
cannot be represented by other quadratic or symmetric forms nontrivially.
This class of forms contains forms with square-free discriminant.

We devote Section 32 to strong approximation in an indefinite orthogonal
group of more than two variables, and as applications we determine the classes
instead of the genera of indefinite reduced forms.

The origin of Topic (a2) is the investigation of Gauss concerning primitive
representations of an integer as a sum of three squares. In our book of 2004 we
gave a framework in which we could discuss similar problems for an arbitrary
quadratic form of more than two variables over the integers. In Chapter
VII we present an easier and more accessible version of the theory. Though
Gauss treated sums of three squares, he did not state any general principle; he
merely explained the technique by which he could solve his problems. In fact,
we state results as two types of formulas for a quadratic form, which can be
specialized in two different ways to what Gauss was doing. Without going into
details here we refer the reader to Section 34 in which a historical perspective
is given. Our first main theorem of quadratic Diophantine equations is given
in Section 35, from which we derive the two formulas in Section 37.

Let us now come to the first part of the book in which we give preliminaries
that are necessary for the main part concerning quadratic forms. Assuming
that the reader is familiar with basic algebra, we develop algebraic number
theory and also the theory of semisimple algebras more or less in standard
ways, and even in old-fashioned ways, whenever we think that is the easiest
and most suitable for beginners. In fact, almost all of the material in this
part have been taken from the notes of my lectures at Princeton University.
However, we have tried a few new approaches and included some theorems
that cannot be found in ordinary textbooks. For instance, our formulation
and proof of the quadratic reciprocity law in a generalized form do not seem
to be well-known; the same may be said about the last theorem of Section
10, which is essentially strong approximation in a special linear group. In the
same spirit, we add the classical theory of genera as the last section of the
book.

We could have made the whole book self-contained by including an easy
part of class field theory, but in order to keep the book a reasonable length,
we chose a compromised plan. Namely, we prove basic theorems in local class
field theory only in some special cases, and the Hilbert reciprocity law only
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over the rational number field. However, we at least state the main theorems
with an arbitrary number field as the base field, so that the reader who knows
class field theory can learn the arithmetic theory of quadratic forms with no
further references.

To conclude the preface, it is my great pleasure to express my deepest
thanks to my friends Koji Doi, Tomokazu Kashio, Kaoru Okada, and Hiroyuki
Yoshida, who kindly read earlier versions of the first two-thirds of the book
and contributed many invaluable comments.

Princeton
May, 2009 Goro Shimura
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NOTATION AND TERMINOLOGY

In this book we assume that the reader is familiar with basic facts on
groups, rings, and the theory of field extensions up to Galois theory. We
write X ⊂ Y for two sets X and Y if X is a subset of Y, including the case
X = Y, and denote by #X or #{X} the number of elements of X when it is
finite. Following the standard convention, we do not call 0 of the ring A = {0}
an identity element. Thus, whenever we speak of an identity element of a ring
A, we assume that A �= {0}. For submodules B and C of a ring A we denote
by BC the set of all finite sums

∑
i bici with bi ∈ B and ci ∈ C.

The symbols Z, Q, R, and C will mean as usual the ring of integers and
the fields of rational numbers, real numbers, and complex numbers, respec-
tively. In addition, we put

T =
{

z ∈ C
∣
∣ |z| = 1

}
,

and denote by H the Hamilton quaternion algebra; see §20.2. Given an as-
sociative ring A with identity element and an A-module X, we denote by
A× the group of all invertible elements of A, and by Xm

n the A-module of
all m× n-matrices with entries in X ; we put Xm = Xm

1 for simplicity. For
an element y of Xm

1 or X1
m we denote by yi the i-th entry of y. The zero

element of Am
n is denoted by 0m

n or simply by 0. When we view An
n as a ring,

we usually denote it by Mn(A). We denote the identity element of Mn(A) by
1n or simply by 1. The transpose, determinant, and trace of a matrix x are
denoted by tx, det(x), and tr(x). We put GLn(A) = Mn(A)×, and

SLn(A) =
{
α ∈ GLn(A)

∣
∣ det(α) = 1

}

if A is commutative. For square matrices x1, . . . , xr, diag[x1, . . . , xr] de-
notes the square matrix with x1, . . . , xr in the diagonal blocks and 0 in all
other blocks.

For a group G we denote by [G : 1] the order of G, and for a subgroup H

of G we denote by [G : H ] the index of H in G. For a vector space V over a
field F we denote by [V : F ] the dimension of V over F and by EndF (V ) the
ring of all F -linear endomorphisms of V ; we put then GLF (V ) = EndF (V )×

and SLF (V ) =
{
α ∈ GLF (V )

∣
∣ det(α) = 1

}
. The distinction of [V : F ] from

[G : H ] will be clear from the context. If K is a field containing F, then [K : F ]
is the degree of the extension K of F. When F is clear from the context, we
also write GL(V ), SL(V ), and dim(V ) for GLF (V ), SLF (V ), and [V : F ].

A polynomial in one variable with coefficients in a field is called monic if
the leading coefficient is 1. Given a square matrix ξ with entries in a field
F, by the minimal (or minimum) polynomial of ξ over F we understand
a monic polynomial that generates

{
ϕ ∈ F [x]

∣
∣ϕ(ξ) = 0

}
, where x is an

indeterminate. We use the same terminology for an element ξ of an algebraic
extension of F.

xi





CHAPTER I

THE QUADRATIC RECIPROCITY LAW

1. Elementary facts

1.1. In this section we recall several well-known elementary facts, mostly
without proof. We give the proof for some of them. An ideal I of a com-
mutative ring R is called a prime ideal if R/I has no zero divisors; I is
called principal if I = αR with some α ∈ R. An integral domain (that is, a
commutative ring with identity element that has no zero divisors) R is called
a principal ideal domain if every ideal of R is principal. It is known that
for a field F and an indeterminate x the polynomial ring F [x] is a principal
ideal domain. Also, the ring Z is a principal ideal domain. An integral do-
main is called a unique factorization domain if every principal ideal I of
R different from {0} can be written uniquely in the form I = P e1

1 · · ·P er
r with

prime ideals Pi that are principal and 0 < ei ∈ Z.

Theorem 1.2. (i) Let R be a unique factorization domain. Then the
polynomial ring R[x] is a unique factorization domain. If s is a prime element
of R (that is, s /∈ R× and if s = gh with g, h ∈ R, then g ∈ R× or h ∈ R×),
then sR is a prime ideal of R. Conversely, every prime ideal of R that is
principal and different from {0} is of the form sR with a prime element s of
R.

(ii) Let R be a principal ideal domain. Then R is a unique factorization
domain, and every prime ideal P of R different from {0} is a maximal ideal,
that is, R/P is a field.

Theorem 1.3. Let R be a commutative ring with identity element, and
let X1, . . . , Xr be ideals of R such that Xi + Xj = R if i �= j. Then

(1.1) R/(X1 · · ·Xr) ∼= R/X1 ⊕ · · · ⊕R/Xr.

Proof. We first prove the case r = 2. Define a map f : R → R/X1⊕R/X2

by
f(x) =

(
x (mod X1), x (mod X2)

)
.

Clearly f is a ring-homomorphism and Ker(f) = X1 ∩X2. Now X1 ∩X2 =
(X1 ∩ X2)(X1 + X2) ⊂ X1X2 ⊂ X1 ∩ X2, and so X1X2 = X1 ∩ X2. Take

G. Shimura, Arithmetic of Quadratic Forms, Springer Monographs in Mathematics,  
DOI 10.1007/978-1-4419-1732-4_1, © Springer Science+Business Media, LLC 2010 

1



2 I. THE QUADRATIC RECIPROCITY LAW

s ∈ X1 and t ∈ X2 so that s + t = 1. Given a, b ∈ R, put c = at + bs.

Then c − a = a(t − 1) + bs = (b − a)s ∈ X1, and similarly c − b ∈ X2.

Thus f(c) =
(
a (mod X1), b (mod X2)

)
, which means that f is surjective.

Therefore R/(X1X2) = R/Ker(f) ∼= R/X1 ⊕ R/X2, which proves the case
r = 2. Now suppose Z + X = Z + Y = R for ideals X, Y, and Z of R.

Then R = (Z + X)(Z + Y ) = Z + XZ + ZY + XY = Z + XY, since XZ +
ZY ⊂ Z. Taking Z to be Xr and repeating the same argument, we obtain
Xr + X1 · · ·Xr−1 = R, and so R/(X1 · · ·Xr) ∼= R/(X1 · · ·Xr−1) ⊕ R/Xr.

Applying induction to R/(X1 · · ·Xr−1), we can complete the proof.

Every infinite cyclic group is isomorphic to Z; every finite cyclic group is
isomorphic to Z/mZ. Now the basic theorem on abelian groups can be stated
as follows.

Theorem 1.4. Every finitely generated abelian group is the direct product
of finitely many cyclic groups of finite or infinite order. In particular, every
finite abelian group is isomorphic to a direct sum of the form

∑
m∈M Z/mZ

with a finite set M of positive integers.

Theorem 1.5. If F is a field, every finite subgroup of F× is cyclic. In
particular, F× is a cyclic group if F is a finite field.

Proof. Let G be a finite subgroup of F×. Then by Theorem 1.4, G is
isomorphic to

∑r
i=1 Z/niZ with positive integers ni. We may assume that

r > 1 and ni > 1 for every i, since G is cyclic otherwise. Suppose n1

and n2 are divisible by a prime number p. Then (Z/n1Z)⊕ (Z/n2Z) has p2

elements y such that py = 0. These elements y correspond to p2 elements
x of G such that xp = 1. Since F is a field, the equation Xp = 1 can have
at most p solutions in F, a contradiction. Thus n1 and n2 are relatively
prime, and more generally, n1, . . . , nr are relatively prime. By (1.1), G is
isomorphic to Z/(n1 · · ·nrZ), which is cyclic. This proves our theorem.

For example, (Z/pZ)× is a cyclic group of order p− 1.

Lemma 1.6. Let f be a homomorphism of a finite group G into C×.

Then
∑

x∈G

f(x) =

{
[G : 1] if f is trivial,

0 if f is nontrivial.

Proof. Assuming f to be nontrivial, take y ∈ G such that f(y) �= 1,

and observe that
∑

x∈G f(x) =
∑

x∈G f(yx) = f(y)
∑

x∈G f(x), and hence
∑

x∈G f(x) = 0. Our formula for trivial f is trivial.

For example, let ζ be a primitive m-th root of unity with 1 < m ∈ Z and
let r ∈ Z. Then taking f(x) = ζrx, from Lemma 1.6 we obtain
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(1.2)
m−1∑

a=0

ζra =

{
m if r ∈ mZ,

0 if r /∈ mZ.

Lemma 1.7. Let R be a commutative ring with identity element. Suppose
R = A1⊕· · ·⊕Ar = B1⊕· · ·⊕Bs with subrings Ai and Bj that are indecom-
posable. (Here a ring X is called indecomposable if X cannot be written
in the form X = Y ⊕ Z with subrings Y and Z that are different from {0}.)
Then the Ai are the same as the Bj as a whole.

Proof. Clearly Ai and Bj are ideals of R. Let 1R = e1 + · · · + er with
ei ∈ Ai. Then we can easily show that B1 = B1e1 ⊕ · · · ⊕ B1er. The inde-
composability of B1 implies that B1 = B1ek for exactly one k. Changing the
order of the Ai, we may assume that B1 = B1e1; then B1 ⊂ A1. Exchanging
{Ai} and {Bj}, we have A1 ⊂ Bj for some j. Clearly j = 1, and so A1 = B1.

Repeating the same argument, we eventually obtain the desired conclusion.

Lemma 1.8. Let K be a separable quadratic extension of a field F, and ρ

the nontrivial automorphism of K over F. Then
{
y ∈ K× ∣

∣ yyρ = 1
}

=
{
x/xρ

∣
∣x ∈ K×}.

Proof. If y = x/xρ, then clearly yyρ = 1. Thus our task is to show that
if y ∈ K× and yyρ = 1, then y = x/xρ with some x ∈ K×. Suppose y = −1.

If the characteristic of F is 2, then y = 1 and there is no problem. If the
characteristic is not 2, then K = F (x) with x such that x2 ∈ F×. Then
xρ = −x, and so −1 = x/xρ. Suppose y �= −1; put x = y + 1. Then x �= 0
and yxρ = 1 + y = x, and so y = x/xρ as expected.

1.9. Finite fields. In this subsection we recall some basic facts on finite
fields. A field with a finite number of elements is called a finite field. For
every prime number p the ring Z/pZ is a finite field with p elements. We
denote this field by F(p). Every finite field is a finite algebraic extension of
F(p) for some p, and vice versa. Let us fix a prime number p and an algebraic
closure of F(p), and denote it by F(p∞). For every positive integer n the field
F(p∞) contains exactly one algebraic extension of F(p) of degree n. It has pn

elements, and we denote it by F(pn). Put q = pn with a fixed n. Then xq = x

for every x ∈ F(q), and in particular xq−1 = 1 for every x ∈ F(q)×. By
Theorem 1.5, F(q)× is a cyclic group of order q−1. For another positive integer
m we have F(pn) ⊂ F(pm) if and only if m = �n with 0 < � ∈ Z, in which case
F(pm) is a cyclic extension (that is, a Galois extension whose Galois group is
cyclic) of F(pn) of degree �. The Galois group consists of the maps x 	→ xqa

for
0 ≤ a < �, where q = pn. Write k = F(pn) and h = F(pm). Then the maps
Trh/k : h → k and Nh/k : h× → k× are surjective. Indeed, the surjectivity of
the trace map is true for every separable extension. As for the norm map, we
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have Nh/k(x) = xr with r =
∑�−1

a=0 qa = (q� − 1)/(q − 1) = [h× : k×], and we
obtain the desired surjectivity.

2. Structure of (Z/mZ)×

2.1. If m1, . . . , mr are relatively prime positive integers > 1, then from
(1.1) we obtain Z/(m1 · · ·mrZ) ∼= Z/m1Z⊕ · · · ⊕ Z/mrZ, and so

(2.1)
(
Z/(m1 · · ·mrZ)

)× ∼= (Z/m1Z)× × · · · × (Z/mrZ)×.

In particular, if m = pe1
1 · · · per

r is the prime decomposition of a positive integer
m > 1, then

(2.1a) (Z/mZ)× ∼= (Z/pe1
1 Z)× × · · · × (Z/per

r Z)×.

Therefore the structure of (Z/mZ)× for 1 < m ∈ Z can be reduced to the case
where m is a prime power. The order of the group (Z/mZ)× is traditionally
denoted by ϕ(m). In addition we put ϕ(1) = 1. This ϕ is called Euler’s
function. Observe that ϕ(m) equals the number of integers a prime to m

such that 0 < a ≤ m. From (2.1) we obtain

(2.2) ϕ(m1 · · ·mk) = ϕ(m1) · · ·ϕ(mk) if the mi are as in (2.1).

We easily see that

(2.3) ϕ(pn) = pn−1(p− 1) if p is a prime number and 0 < n ∈ Z.

Lemma 2.2. Let p be an odd prime number and b an integer prime to
p. Then for 0 ≤ e ∈ Z we have (1+ bp)pe

= 1+ cpe+1 with an integer c prime
to p.

Proof. We prove this by induction on e. Since
(

p
k

)

is divisible by p if

1 < k < p, by the binomial theorem we have (1+ bpe)p = 1+ bpe+1 +dpf with
d ∈ Z and f > e + 1, and so (1 + bpe)p = 1 + b′pe+1 with an integer b′ prime
to p. This proves the case e = 1 of our lemma. Assuming our lemma for the
exponent pe, we have (1+ bp)pe+1

=
(
(1+ bp)pe)p = (1+ cpe+1)p = 1+ c′pe+2

with an integer c′ prime to p, and we can complete the proof.

Notice that this lemma is false if p = 2. Indeed, (1 + 2)2 = 1 + 2 · 22.

Theorem 2.3. If p is an odd prime number, then (Z/pnZ)× is a cyclic
group for every n ∈ Z, > 0.

Proof. Take an integer r that represents a generator of (Z/pZ)×; then
rp−1 = 1 + bp with b ∈ Z. Choosing r suitably, we may assume that p � b.

Indeed, if p|b, take r+p instead of r. Since (r+p)p−1 = rp−1+(p−1)rp−2p+
p2s with s ∈ Z, we have (r + p)p−1 = 1 + pt with t = b− rp−2 + p(s + rp−2),
which is prime to p as desired. Thus assuming b to be prime to p, let g be
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the order of the class of r (mod pn) in (Z/pnZ)×. Then g|pn−1(p− 1), and
also (p−1)|g, as r generates (Z/pZ)×. Thus g = (p−1)pa with 0 ≤ a ≤ n−1.

Then by Lemma 2.2, rg = (1 + bp)pa

= 1 + cpa+1 with an integer c prime to
p. Since rg − 1 ∈ pnZ, we see that a+1 ≥ n, and so a = n− 1, which means
that r (mod pn) has order (p− 1)pn−1. This proves our theorem.

Any integer that represents a generator of (Z/pnZ)× is called a primitive
root modulo pn.

As for the case p = 2, we first note that (Z/2Z)× is trivial and (Z/4Z)×

is of order 2, and so they are cyclic. If a = 4k ± 1 with k ∈ Z, then
a2 = 1 ± 8k + 16k2, and so a2 − 1 ∈ 8Z for every odd integer a. Thus
(Z/8Z)× has no element of order 4, and so it is not cyclic.

Theorem 2.4. Let 3 ≤ n ∈ Z. For 2 ≤ ν ≤ n let Hν denote the subgroup
of (Z/2nZ)× consisting of all α (mod 2n) such that α − 1 ∈ 2νZ. Then Hν

is cyclic of order 2n−ν and (Z/2nZ)× =
{± 1

}×H2.

Proof. The order of (Z/2nZ)× is 2n−1, and so the order of any element of
(Z/2nZ)× is a power of 2. By induction on m we can prove that (1+2ν)2

m

=
1+2m+νk with an odd integer k for 0 ≤ m ∈ Z. Therefore 1+2ν is of order
2n−ν in this group. Since every odd integer α satisfies either α − 1 ∈ 4Z or
α+1 ∈ 4Z, we obtain (Z/2nZ)× =

{±1
}×H2. Clearly {1} = Hn � · · · � H2

and Hν has an element of order 2n−ν . Therefore Hν is cyclic of order 2n−ν.

This completes the proof.

3. The quadratic reciprocity law

3.0. Here is a problem that motivates our investigation in this section. We
consider a congruence f(x) ≡ 0 (mod m), where f(x) is a polynomial with
coefficients in Z and m is a positive integer; we ask whether it has a solution
x in Z. If m is fixed, then we can answer the question by computing f(x)
for 0 ≤ x < m. If we vary m, the question becomes more interesting. For
example, we can ask: For what kind of prime numbers p does the congruence

(3.0) 5x2 ≡ 3 (mod p)

have a solution x in Z? We will give an answer in §3.8 after developing a
general theory.

3.1. Let p be an odd prime number. Then (Z/pZ)× is a cyclic group of
order p− 1, and p− 1 is even. Therefore (Z/pZ)× has a unique subgroup R

of order (p−1)/2, and so we have a homomorphism λ of (Z/pZ)× onto {±1}
such that Ker(λ) = R. We then define a symbol

(
b

p

)

for b ∈ Z by
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(
b

p

)

=

{
λ
(
b (mod p)

)
if p �b,

0 if p|b.
This is called the quadratic residue symbol. Clearly

(
bc

p

)

=
(

b

p

)(
c

p

)

for b, c ∈ Z.

To explain the nature of this symbol, let r be a primitive root modulo p.

Then R is generated by r2 (mod p). If b is an integer prime to p, then

b ≡ ra (mod p) with 0 ≤ a ∈ Z. Since
(

r

p

)

= λ
(
r (mod p)) = −1, we have

(
b

p

)

= (−1)a, and we easily see that
(

b

p

)

= 1 ⇐⇒ b ∈ R ⇐⇒ a ∈ 2Z

⇐⇒ b ≡ x2 (mod p) for some x ∈ Z prime to p,
(

b

p

)

= −1 ⇐⇒ b /∈ R ⇐⇒ a /∈ 2Z

⇐⇒ b �≡ x2 (mod p) for every x ∈ Z,

where b denotes the class of b modulo pZ. We call an integer b a quadratic

residue modulo p if
(

b

p

)

= 1 and a quadratic nonresidue modulo p

if
(

b

p

)

= −1.

Theorem 3.2. For odd prime numbers p and q we have:

(3.1)
(

a

p

)

≡ a(p−1)/2 (mod p) for every a ∈ Z,

(3.2)
(−1

p

)

= (−1)(p−1)/2,

(3.3)
(

2
p

)

=

{
1 if p ≡ ±1 (mod 8),

− 1 if p ≡ ±3 (mod 8),

(3.4)
(

q

p

)(
p

q

)

=
(− 1

)(p−1)(q−1)/4
if p �= q.

The last equality is called the quadratic reciprocity law.

Proof. The first congruence is clear if p|a. Let a ≡ rm (mod p) with a
primitive root r modulo p. Then r(p−1)/2 ≡ −1 (mod p), and so a(p−1)/2 ≡(
r(p−1)/2

)m ≡ (−1)m (mod p), which proves (3.1). Taking a = −1, we obtain
(3.2). We will derive the last two relations in §3.5 as special cases of Theorem
3.4 below.

Formula (3.4) can be written also
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(3.5)
(

q

p

)(
p

q

)

= −1 ⇐⇒ p ≡ q ≡ 3 (mod 4).

Indeed, (p − 1)(q − 1)/4 = [(p − 1)/2][(q − 1)/2], which is odd if and only if
p ≡ q ≡ 3 (mod 4).

3.3. Let 2 < r ∈ Z. By a Dirichlet character (or simply, a character)
modulo r we mean a homomorphism χ : (Z/rZ)× → T. We view χ as a
function on Z by putting

χ(c) =

{
χ
(
c (mod rZ)

)
if c is prime to r,

0 if c is not prime to r,

We say that χ is primitive if χ is nontrivial (that is, χ(a) �= 1 for some
a) and there is no character ξ modulo a proper divisor s of r such that
χ(c) = ξ(c) for every c prime to r.

To define the Gauss sum of χ, we first put

(3.6) e(z) = exp(2πiz) (z ∈ C).

In particular, e(1/m) for 0 < m ∈ Z is a primitive m-th root of unity. Let
χ be a primitive Dirichlet character modulo r. Then we put

(3.7) τ(χ) =
r∑

a=1

χ(a)e(a/r),

and call it the Gauss sum of χ. Since χ(r) = 0, we can use
∑r−1

a=1 in place
of

∑r
a=1 . Now we have

(3.8a)
r∑

a=1

χ(a)e(ab/r) = χ(b)τ(χ) for every b ∈ Z,

(3.8b) τ(χ)τ(χ) = χ(−1)r,

(3.8c) |τ(χ)|2 = r,

(3.8d) τ(χ) = χ(−1)τ(χ).

Formula (3.8a) is easy if b is prime to r. Let t be the greatest common divisor
of b and r. Assuming that t > 1, put s = r/t and H =

{
a ∈ (Z/rZ)×

∣
∣ a ≡ 1

(mod sZ)
}
; let (Z/rZ)× =

⊔
y∈Y Hy with a suitable Y. Since bs ∈ rZ, we

have bx ≡ b (mod r) for every x ∈ H. Also, since χ is primitive, χ cannot
be trivial on H. Thus, putting ζ = e(1/r), we have

r∑

c=1

χ(c)ζbc =
∑

y∈Y

∑

x∈H

χ(yx)ζyxb =
∑

y∈Y

ζybχ(y)
∑

x∈H

χ(x) = 0

because of Lemma 1.6. This proves (3.8a). Using this result, we have

τ(χ)τ(χ) =
r∑

c=1

τ(χ)χ(c)ζc =
r∑

b=1

r∑

c=1

χ(b)ζbcζc =
r∑

b=1

χ(b)
r∑

c=1

ζc(b+1),
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which equals χ(−1)r, since the last sum over c is r or 0 according as b + 1
is zero or nonzero in Z/rZ. This proves (3.8b). Next, since χ(−1) = ±1, we
have

τ(χ) =
r∑

c=1

χ(c)ζ−c =
r∑

c=1

χ(−c)ζc = χ(−1)τ(χ) = χ(−1)τ(χ).

This proves (3.8d), which combined with (3.8b) gives (3.8c).
We now present a formula which may be called a generalized quadratic

reciprocity law, and from which we derive (3.3) and (3.4).

Theorem 3.4. Let χ be a primitive character modulo r such that χ = χ.

Then χ(p) = χ(−1)(p−1)/2

(
r

p

)

for every odd prime number p prime to r.

Proof. Put τ = τ(χ), ζ = e(1/r), and R = Z[ζ]. Then τ ∈ R and
τ2 = χ(−1)r by (3.8b). Let p be an odd prime number prime to r. Then

(∗) τp = (τ2)(p−1)/2 · τ = χ(−1)(p−1)/2r(p−1)/2τ.

From the binomial theorem we easily see that (α + β)p ≡ αp + βp (mod pR)
for every α, β ∈ R. We have therefore

τp =
( r−1∑

a=1

χ(a)ζa

)p

≡
r−1∑

a=1

χ(a)ζap ≡ χ(p)τ (mod pR)

by (3.8a). Combining this with (∗) and (3.1), we obtain

χ(p)τ ≡ τp ≡ χ(−1)(p−1)/2

(
r

p

)

τ (mod pR).

Multiplying this by τ and employing (3.8c), we obtain

(∗∗) χ(p)r ≡ χ(−1)(p−1)/2

(
r

p

)

r (mod pR).

Since pR∩Z is an ideal of Z containing p, we have pR∩Z = pZ or pR∩Z = Z.

If pR ∩ Z = Z, then p−1 ∈ R. Since R =
∑r−1

m=0 Zζm, R is finitely generated
over Z, and so

⋃∞
n=1

∑n
i=0 Zp−i must be finitely generated over Z, which is

impossible. Thus pR ∩ Z = pZ. The quantities on both sides of (∗∗) belong
to Z, and so we have (∗∗) with pZ in place of pR. Since p is prime to r, we

have p|(ε− ε′), where ε = χ(p) and ε′ = χ(−1)(p−1)/2

(
r

p

)

. Now ε and ε′

are ±1, and so ε = ε′, which proves the theorem.

3.5. Let q be an odd prime number. As observed in §3.1, x 	→
(

x

q

)

is a character modulo q, which is clearly primitive. Taking this to be χ in
Theorem 3.4 and employing (3.2), we obtain (3.4).

Next, to prove (3.3), define χ1 : (Z/8Z)× → {±1} by χ1(a) = 1 if a± 1 ∈
8Z, and χ1(a) = −1 if a ± 3 ∈ 8Z. We easily see that χ1 is a primitive
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character modulo 8 and χ1(−1) = 1. Therefore Theorem 3.4 shows that(
2
p

)

=
(

8
p

)

= χ1(p) for every odd prime number p. This proves (3.3).

3.6. Let ξ be a nontrivial character modulo a positive integer t > 2.

Then we can find a primitive character χ modulo a divisor r of t such that
χ(a) = ξ(a) for every a prime to t, and such a χ is unique for ξ. This can
be shown as follows. If t is a power pe of a prime number p, then we take
r to be the smallest power pc such that ξ(a) = 1 if a − 1 ∈ pcZ. We can
take χ to be the same as ξ as a function on Z. In the general case, we take
the prime decomposition t = pe1

1 · · · pes
s with prime numbers pi. By (2.1a),

(Z/tZ)× ∼= ∏s
i=1(Z/pei

i )×. Let ξi be the restriction of ξ to (Z/pei

i )×. If ξi

is trivial, we disregard (Z/pei

i )× and ξi. For each nontrivial ξi we take the
smallest power pci

i such that ξi(a) = 1 if a− 1 ∈ pci

i Z. Then we take r to be
the product of all such pci

i and define χ in an obvious way.
Given ξ we call χ the primitive character associated with ξ, and

the integer r the conductor of ξ. Thus a character ξ modulo t is primitive
if and only if t is the conductor of ξ. We also see that the conductor of a
character is either odd or divisible by 4, since (Z/2Z)× is trivial.

We call a character χ real if χ = χ, or equivalently, if the nonzero values
of χ are ±1.

Theorem 3.7. Let m be a square-free integer �= 1. Let c = |m| if m−1 ∈
4Z and c = 4|m| if m−1 /∈ 4Z. Then there exists a real primitive character χ

of conductor c such that χ(p) =
(

m

p

)

for every odd prime number p prime

to m, and χ(−1)m > 0. Moreover, every real primitive character is of this
type.

Proof. There are three cases: (1) m − 1 ∈ 4Z; (2) m − 2 ∈ 4Z; (3)
m− 3 ∈ 4Z. The prime decompositions of c and m are as follows:

(1) c = p1 · · · prq1 · · · qs, m = εp1 · · · prq1 · · · qs, ε = (−1)s,

(2) c = 8p1 · · · prq1 · · · qs, m = 2εp1 · · · prq1 · · · qs, ε = ±1,

(3) c = 4p1 · · · prq1 · · · qs, m = εp1 · · · prq1 · · · qs, ε = (−1)s−1.

Here pi and qj are prime numbers; pi − 1 ∈ 4Z, qj + 1 ∈ 4Z. Define χ as
follows:

(1′) χ(a) =
r∏

i=1

(
a

pi

) s∏

j=1

(
a

qj

)

,

(2′) χ(a) = χ1(a)χ0(a)s+κ

r∏

i=1

(
a

pi

) s∏

j=1

(
a

qj

)

,
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(3′) χ(a) = χ0(a)
r∏

i=1

(
a

pi

) s∏

j=1

(
a

qj

)

.

Here χ1 is the character modulo 8 defined in §3.5, and χ0 is the nontrivial
character modulo 4; κ = 0 if ε = 1 and κ = 1 if ε = −1. We easily see
that in all three cases χ is real and has conductor c. Notice that χ1(−1) = 1
and χ0(−1) = −1, and so χ(−1) = ε in all cases. By Theorem 3.4, χ(p) =

χ(−1)(p−1)/2

(
c

p

)

= ε(p−1)/2

(
c

p

)

=
(

ε

p

)(
c

p

)

=
(

m

p

)

, since εc is m or

4m. This proves the first part of our theorem.
As for the second part, in view of what we said in §3.6, primitive characters

can be reduced to the characters modulo a prime power pe. Assuming p to
be odd, let ρ be a primitive root modulo pn and let H be the subgroup of
(Z/pnZ)× consisting of all α (mod pn) such that α − 1 ∈ pZ. Then H has
index p− 1 in (Z/pnZ)× and is generated by ρp−1. If ξ is a real nontrivial
character modulo pn, then ξ(ρ2) = 1, and so ξ(H) = 1. Thus ξ has conductor

p, and ξ(a) =
(

a

p

)

; see §3.1. Next we consider (Z/2nZ)×. For 3 ≤ n ∈ Z and

2 ≤ ν ≤ n define Hν as in Theorem 2.4. If ξ is a nontrivial real character of
(Z/2nZ)×, we see that ξ must be trivial on the subgroup of H2 of index 2,
which is H3. Thus ξ has conductor 4 or 8. Then we can easily verify that the
above list exhausts all real primitive characters. This completes the proof.

3.8. Let us now return to (3.0) and determine the prime numbers p

for which (3.0) has a solution. Clearly it has no solution if p = 5, and it
has a solution if p = 2 or 3; so we assume p � 2 · 3 · 5. Put y = 5x. Then
(3.0) is equivalent to y2 ≡ 15 (mod p), which has a solution if and only if(

15
p

)

= 1. By Theorem 3.7, there is a character χ of conductor 60 such that
(

15
p

)

= χ(p). Thus our congruence has a solution if and only if p (mod 60)

belongs to Ker(χ). More explicitly,

χ(p) =
(

15
p

)

=
(

5
p

)(
3
p

)

= (−1)(p−1)/2

(
p

5

)(
p

3

)

.

Then we find that χ(p) = 1 exactly when p is congruent modulo 60 to one
of the eight integers 1, 7, 11, 17, 43, 49, 53, 59. This settles our problem.

Exercises. 1. (a) Let m be an odd prime; put f(x) = xm−1 + xm−2 +
· · ·+x+1. Show that the congruence f(x) ≡ 0 (mod p) with a prime number
p has a solution if and only if either p = m or p ≡ 1 (mod m). (Hint: Check
whether Z/pZ contains a primitive m-th root of unity.)

(b) Use this result to show that there are infinitely many prime numbers
that are congruent to 1 modulo m. (Hint: Assuming that q1, . . . , qk are such
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prime numbers, look at the prime factors of f(mq1 · · · qk).)
2. Prove that

∑p−1
a=0 exp(2πita2/p) = χ(t)τ(χ) for every integer t prime

to p. Here p is an odd prime number and χ(a) =
(

a

p

)

.

3. (i) Let p be an odd prime number and f(x) a polynomial with coefficients
in Z. Show that the number of solutions (x, y) of the equation y2 = f(x) in
Z/pZ is given by

p +
p−1∑

a=0

(
f(a)

p

)

.

(ii) Prove that if p ≡ −1 (mod 3), then the equation y2 = x3 − c with a
fixed integer c considered over Z/pZ has exactly p solutions (x, y).

4. Lattices in a vector space

4.1. Let R be a commutative ring. An R-module L is called a free R-
module of rank n if L is isomorphic to the direct sum of n copies of R. This
is so if and only if L has n elements e1, . . . , en such that L = Re1+ · · ·+Ren

and
∑n

i=1 aiei = 0 implies a1 = · · · = an = 0. We call then {ei}n
i=1 an R-basis

of L. We understand that {0} is a free R-module of rank 0. An R-module L

is called torsion-free if ax �= 0 whenever 0 �= a ∈ R and 0 �= x ∈ L.

Hereafter in this section R denotes an integral domain, F the field of quo-
tients of R, and V a vector space over F of finite dimension. (We tacitly
assume that R �= F, since our statements are trivially true if R = F.) We will
often assume the following condition:

(4.1) Every ideal of R is finitely generated over R.

Clearly this is satisfied if R is a principal ideal domain.
By an R-lattice in V we understand a finitely generated R-submodule of

V that spans V over F.

Lemma 4.2. Let X be a finitely generated R-module. Then under (4.1)

every R-submodule of X is finitely generated over R.

Proof. We have X = Rx1 + · · ·+ Rxn with elements xi of X. We prove
our lemma by induction on n. Let Y be an R-submodule of X. We first
assume that n > 1 and put Z = Rx1 + · · ·+ Rxn−1 and J =

{
b ∈ R

∣
∣ bxn ∈

Y + Z
}
. Clearly J is an ideal of R, and so by (4.1), J = Rb1 + · · ·+ Rbr with

b1, . . . , br ∈ J. For each i we have bixn = yi + zi with yi ∈ Y and zi ∈ Z.

Take any element w of Y. We can put w = c1x1+· · ·+cnxn with ci ∈ R. Then
cn ∈ J, and so cn =

∑r
i=1 aibi with ai ∈ R, and w−∑r

i=1 aiyi =
∑n−1

i=1 cixi+∑r
j=1 ajzj ∈ Z. This element is also contained in Y. Thus w −∑r

i=1 aiyi ∈
Y ∩Z, which shows that Y = (Y ∩Z)+

∑r
i=1 Ryi. Our argument is valid even

when n = 1, if we take Z = {0}, in which case we have Y =
∑r

i=1 Ryi. This
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proves the case n = 1. Returning to the case n > 1, by induction, Y ∩ Z,

being an R-submodule of Z =
∑n−1

i=1 Rxi, must be finitely generated over R,

and so Y is finitely generated over R. This completes the proof.

Lemma 4.3. Under (4.1) the following assertions hold:
(i) If L and M are R-lattices in V, then L + M and L ∩M are R-lattices

in V and cL ⊂ M for some c ∈ R, �= 0.

(ii) If W is a vector subspace of V and L is an R-lattice in V, then W ∩L

is an R-lattice in W.

Proof. Given L and M as in (i), we can put L =
∑m

i=1 Rxi and M =
∑n

j=1 Ryj with some xI and yj. Since the yj span V over F, we have xi =
∑m

i=1 aijyj with aij ∈ F. We can find c ∈ R, �= 0, such that caij ∈ R for
every i and j, since F is the field of quotients of R. Then cxi ∈ M for every i,

and so cL ⊂M. Thus cL ⊂ L∩M, and so L∩M spans V over F. By Lemma
4.2, L∩M is finitely generated over R. Therefore L∩M is an R-lattice in V.

That L + M is an R-lattice in V is obvious. As for (ii), take an F -basis {zi}
of W. By the same argument as for xi, we can find b ∈ R, �= 0, such that
bzi ∈ L. Then bzi ∈ L ∩W, and so L ∩W spans W over F. By Lemma 4.2,
L ∩W is finitely generated over R, and so we obtain (ii).

Lemma 4.4. Let V ∗ be the dual of V, and let 〈 , 〉 : V × V ∗ → F be
the pairing between V and V ∗. Given an R-lattice L in V, put

L∗ =
{
u ∈ V ∗ | 〈L, u 〉 ⊂ R

}
.

Then L∗ is an R-lattice in V ∗.

Proof. We can find an F -basis {xi}n
i=1 of V contained in L. Put M =

∑n
i=1 Rxi. By Lemma 4.3(i) we have cL ⊂ M for some c ∈ R, �= 0. Then

M ⊂ L ⊂ c−1M, and we easily see that cM∗ ⊂ L∗ ⊂ M∗. Also we have
M∗ =

∑n
i=1 Ryi with the basis {yi}n

i=1 of V ∗ dual to {xi}n
i=1. Therefore by

Lemma 4.2, L∗ is finitely generated over R. Since cyi ∈ L∗, L∗ spans V ∗ over
F, and so L∗ is an R-lattice in V ∗.

5. Modules over a principal ideal domain

In this section R denotes a principal ideal domain, F its field of quo-
tients, and V a vector space over F of finite dimension. We recall basic facts
concerning R-modules, some without proof and some with proof.

Theorem 5.1. Let L be a free R-module of rank n, and M an R-submodule
of L. Then there exist n elements x1, . . . , xn of L and r elements
a1, . . . , ar of R with r ≤ n such that L = Rx1 + · · · + Rxn, M = Ra1x1 +
· · · + Rarxr , and Ra1 ⊃ Ra2 ⊃ · · · ⊃ Rar �= 0. Moreover, r and such ideals
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Rai are uniquely determined by L and M. Consequently, every R-submodule
of L is a free R-module of rank ≤ n.

Theorem 5.2. Every finitely generated R-module K is R-isomorphic to
the direct sum of t (≥ 0) copies of R and r (≥ 0) modules R/a1R, . . . , R/arR

such that Ra1 ⊃ Ra2 ⊃ · · · ⊃ Rar �= 0. Moreover, t and the ideals Rai are
uniquely determined by K.

Notice that Theorem 1.4 follows from this theorem with R = Z.

Theorem 5.3. Every R-lattice in V is a free R-module of rank [V : F ].

Proof. Let L be an R-lattice in V. Taking an F -basis {xi}n
i=1 of V, put

M =
∑n

i=1 Rxi. By Lemma 4.3(i), cL ⊂ M with some c ∈ R, �= 0. By
Theorem 5.1, cL is a free R-module of rank n. This proves our theorem, as
L ∼= cL.

Theorem 5.4. In the setting of Lemma 4.4 with a principal ideal domain
R we have L =

{
x ∈ V

∣
∣ 〈x, L∗ 〉 ⊂ R

}
.

Proof. By Theorem 5.3 we have L =
∑n

i=1 Rei with an F -basis {ei}n
i=1

of V. Let {fi}n
i=1 be the basis of V ∗ dual to {ei}n

i=1. Then L∗ =
∑n

i=1 Rfi,

and our assertion can be shown easily.

Lemma 5.5. Let M be an R-submodule of a finitely generated R-module
L. Then L = M ⊕N with some torsion-free R-submodule N of L if and only
if L/M is a free R-module of finite rank.

Proof. Suppose that L/M is a free R-module of rank r. Take r elements
x1, . . . , xr of L so that the classes of the xi modulo M generate L/M and
put N =

∑r
i=1 Rxi. Then we can easily verify that N is torsion-free and

L = M ⊕N. The converse is obvious.

Lemma 5.6. The group of all R-automorphisms of a free R-module of
rank n is isomorphic to GLn(R).

Theorem 5.7. For every m× n-matrix T of rank r with coefficients in
R, there exists an element U of GLm(R) and an element V of GLn(R) such
that

UTV =
[

D 0r
n−r

0m−r
r 0m−r

n−r

]

, D = diag[e1, . . . , er]

with nonzero elements e1, . . . , er in R, ei|ei+1. The ideals eiR are uniquely
determined by T.

This is essentially a restatement of Theorem 5.1.
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Lemma 5.8. Let L be a Z-lattice in a vector space V over Q of finite
dimension, and T a Q-linear automorphism of V that maps L into L. Then
[L : TL] = | det(T )|, where TL denotes the image of L under T.

Proof. We may assume that L = Zn
1 and V = Qn

1 ; then we may view
T as an element of Mn(Z) ∩ GLn(Q) acting on V by left multiplication. By
Theorem 5.7, we can find U, V ∈ GLn(Z) such that UTV = diag[e1, . . . , en]
with ei ∈ Z. Then L = UL = V L, and so [L : TL] = [L : UTV L] =
|e1 · · · en| = | det(T )| as expected.

Exercises. 1. Let G be a finite subgroup of GLn(F ). Prove that there
exists an element S of GLn(F ) such that STS−1 has coefficients in R for
every T ∈ G. (Hint: Consider GLn(F ) the group of all linear transformations
of V = Fn. Let M =

∑
T∈G T (L) with an R-lattice L in V ; show that

T (M) = M for every T ∈ G.)
2. Let L be a free R-module of rank n with an R-basis

{
x1, . . . , xn

}
,

and let y =
∑n

i=1 cixi with n elements ci of R which have no common
divisors other than the elements of R×. Prove that L/Ry is torsion-free.

3. The notation being as in Lemma 4.4, define M∗ in a similar way for
an R-submodule M of L. Show that L∗ ⊂ M∗, and L/M is isomorphic to
M∗/L∗.



CHAPTER II

ARITHMETIC IN AN ALGEBRAIC NUMBER FIELD

6. Valuations and p-adic numbers

6.1. Let F be a field. A map ν : F → R ∪ {∞} is called an order
function of F if it satisfies the following conditions:

(i) ν(x) = ∞ ⇐⇒ x = 0;
(ii) ν(xy) = ν(x) + ν(y);
(iii) ν(x + y) ≥ Min

{
ν(x), ν(y)

}
;

(iv) There exists an element z ∈ F, �= 0, such that ν(z) �= 0.

Here ∞ + a = a +∞ = ∞ and ∞ ≥ a for every a ∈ R ∪ {∞}. Taking z

as in (iv), we have ∞ �= ν(z) = ν(z · 1) = ν(z) + ν(1), and so ν(1) = 0.

Then 0 = ν((−1)(−1)) = ν(−1) + ν(−1), and so ν(−1) = 0, and ν(−x) =
ν(−1) + ν(x) = ν(x). There is a noteworthy fact:

(6.1) ν(x + y) = Min
{
ν(x), ν(y)

}
if ν(x) �= ν(y).

Indeed, assuming that ν(x) < ν(y), we have ν(x) = ν
(
x + y + (−y)

) ≥
Min

{
ν(x + y), ν(y)

}
, from which (6.1) follows.

An order function ν is called discrete if there exists a positive real number
t such that ν(F×) = tZ. A discrete order function is called normalized if
ν(F×) = Z.

To find an example of an order function, take F = Q and fix a prime
number p. Given x ∈ Q×, considering the prime decomposition of x, we can
put x = pma/b with m ∈ Z and nonzero integers a, b prime to p. We then
put νp(x) = m. We also put νp(0) = ∞. It can easily be seen that this is a
normalized order function.

6.2. Let F be a field. A map ϕ : F → {
x ∈ R

∣
∣x ≥ 0

}
is called a

valuation of F if it satisfies the following conditions:

(i) ϕ(x) = 0 ⇐⇒ x = 0;
(ii) ϕ(xy) = ϕ(x)ϕ(y);
(iii) ϕ(x + y) ≤ ϕ(x) + ϕ(y);
(iv) There exists an element z ∈ F, �= 0, such that ϕ(z) �= 1.

G. Shimura, Arithmetic of Quadratic Forms, Springer Monographs in Mathematics,  
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Such a ϕ is called nonarchimedean if

(v) ϕ(x + y) ≤ Max
{
ϕ(x), ϕ(y)

}
.

Otherwise it is called archimedean. Notice that (v) implies (iii). We easily
see that ϕ(±1)= 1 and ϕ(−x)= ϕ(x). Since ϕ(x)= ϕ(x − y + y)≤ϕ(x − y)
+ϕ(y), we have ϕ(x) − ϕ(y) ≤ ϕ(x − y). Exchanging x and y, we obtain
ϕ(y)− ϕ(x) ≤ ϕ(y − x) = ϕ(x − y). Thus

(6.2) |ϕ(x)− ϕ(y)| ≤ ϕ(x− y).

If there is an isomorphism σ of F onto a subfield of C, then we obtain an
archimedean valuation ψ of F by putting ψ(x) = |xσ| for x ∈ F.

Given an order function ν of F, put ϕ(x) = cν(x) with a fixed real number
c such that 0 < c < 1. Then ϕ is a nonarchimedean valuation of F. Con-
versely, given a nonarchimedean valuation ϕ of F, put ν(x) = − log ϕ(x) for
x �= 0 and ν(0) =∞. Then it can be shown that ν is an order function of F

and ϕ(x) = e−ν(x).

Take F = Q; fix a prime number p. Define νp as in §6.1 with this p.

Usually we define a nonarchimedean valuation ϕp by ϕp(x) = p−νp(x). For
example, ϕp(±pm) = p−m.

6.3. Given a valuation ϕ of F, put μ(x, y) = ϕ(x − y). We can easily
verify that F is a metric space with respect to μ. Thus we can speak of open
sets, closed sets, and continuity with respect to the topology defined by this
metric. Then the maps (x, y) 	→ x + y, x − y, xy, x/y are continuous. (Of
course we assume y �= 0 for x/y.) The limit and convergence of an infinite
sequence in F can be naturally defined. To be explicit, for an infinite sequence
{an}∞n=1 in F and b ∈ F we write limn→∞ an = b if limn→∞ ϕ(an − b) = 0,

which is so if and only if limn→∞ ν(an − b) = ∞ if ϕ is obtained from an
order function ν. If limn→∞

∑n
k=1 ak = c, then we write c =

∑∞
k=1 ak.

For example, if νp is the order function of Q defined at the end of §6.1,
then limn→∞ pn = 0 and

∑∞
k=0 pk = (1− p)−1.

6.4. An infinite sequence {xn}∞n=1 in F is called a Cauchy sequence (with
respect to ϕ) if for every ε > 0 there exists a positive integer N such that
ϕ(xm− xn) < ε for every m, n > N. If ϕ is obtained from an order function
ν as above, then {xn}∞n=1 is a Cauchy sequence if for every C ∈ R, > 0, there
exists a positive integer N such that ν(xm − xn) > C for every m, n > N.

We call F complete (with respect to ϕ) if every Cauchy sequence in F is
convergent.

Theorem 6.5. Given a valuation ϕ of a field F, we can find a field F ∗

and a valuation ϕ∗ of F ∗ with the following properties:
(1) F ∗ is complete with respect to ϕ∗;
(2) F is a subfield of F ∗ and ϕ∗ = ϕ on F ;
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(3) F is dense in F ∗.

(4) If ϕ is obtained from an order function ν of F, then ϕ∗ is obtained
from an order function ν∗ of F ∗ that coincides with ν on F.

Moreover, (F ∗, ϕ∗) is unique for (F, ϕ) up to isomorphism.

Since the whole proof is long and tedious, we merely give its idea. Let X be
the set of all Cauchy sequences in F. This is a commutative ring with respect
to componentwise operations. Let Y be the subset of X consisting of all the
sequences convergent to 0. Then Y is a maximal ideal of X, and F ∗ can be
obtained as X/Y.

The field F ∗ is called the ϕ-completion of F and also the ν-completion
of F if ϕ is obtained from an order function ν.

Lemma 6.6. Suppose that F is complete with respect to a nonarchimedean
valuation ϕ obtained from an order function ν. Then

∞∑

n=1

an is convergent

⇐⇒ lim
n→∞

an = 0 ⇐⇒ lim
n→∞

ν(an) = ∞ ⇐⇒ lim
n→∞

ϕ(an) = 0.

Proof. Suppose limn→∞ ϕ(an) = 0; put bn =
∑n

k=1 ak. Since bn+p −
bn = an+1 + · · ·+an+p, we have ϕ(bn+p− bn) ≤ Max

{
ϕ(an+1), . . . , ϕ(an+p)

}
.

Then we see that {bn}∞n=1 is a Cauchy sequence, and so it is convergent. The
remaining part of our lemma is trivial.

6.7. Given an order function ν of a field F, put

(6.3) R =
{
x ∈ F

∣
∣ ν(x) ≥ 0

}
, M =

{
x ∈ F

∣
∣ ν(x) > 0

}
.

Clearly

(6.4) a ∈ R, a /∈M ⇐⇒ ν(a) = 0 ⇐⇒ a ∈ R×.

We easily see that R is a subring of F, M is a maximal ideal of R, and F is
the field of quotients of R. Moreover, M is the only maximal ideal of R. We
call R the valuation ring of ν and M the maximal ideal of R.

Now suppose ν is discrete and normalized; then an element π of F is
called a prime element of F (with respect to ν) if ν(π) = 1. For any such
element π we have

πmR =
{
x ∈ F

∣
∣ ν(x) ≥ m

}
=
{
x ∈ F

∣
∣ ν(x) > m− 1

}
.

This is an open and closed subset of F, since ν is continuous. Every nonzero
ideal of R is of the form πmR with m > 0. Thus R is a principal ideal domain.
Every neighborhood of 0 contains πmR for some m, and so the sets πmR for
all m ∈ Z, > 0, form a base of neighborhoods of 0.

If ν is the order function νp of Q, then
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R =
{
a/b

∣
∣a ∈ Z, b ∈ Z, b /∈ pZ

}
,

M = pR, R = M + Z, pZ = M ∩ Z, R/M ∼= Z/pZ.

Theorem 6.8. Let the notation be as in Theorem 6.5; suppose that ϕ is
obtained from a discrete order function ν. Let R resp. R∗ be the valuation
ring of ν resp. ν∗ and let M resp. M∗ be the maximal ideal of R resp. R∗.

Then the following assertions hold:
(i) ν∗(F ∗) = ν(F ); consequently ν∗ is discrete, and every prime element

of F is a prime element of F ∗.

(ii) R∗ resp. M∗ is the closure of R resp. M in F ∗.

(iii) R∗ = R + M∗, M = R ∩M∗, and R/M ∼= R∗/M∗.

(iv) Suppose that ν is normalized. Let
{
πk

}
k∈Z

be a subset of F such that
ν(πk) = k, and let S be a complete set of representatives for R/M containing
0. Then every element of F ∗ can be written uniquely in the form

∑∞
k=m skπk

with m ∈ Z and sk ∈ S. In particular, we can take πk = πk with any fixed
prime element π of F. Also, we have ν∗(∑∞

k=m skπk

)
= m if sm �= 0.

Proof. We may assume that ν is normalized. Since F is dense in F ∗,

given a ∈ F ∗, �= 0, and any positive number t, there exists an element b ∈ F

such that ν∗(b−a) > t. Take t so that t > ν∗(a). Then ν(b) = ν∗(b−a+a) =
ν∗(a) by (6.1), which proves (i). If a ∈ R∗, then ν(b) = ν∗(a) ≤ 0, and so
b ∈ R, which proves that R is dense in R∗. Similarly M is dense in M∗. This
proves (ii). In the case a ∈ R∗ we have a = a− b+ b. Since ν∗(a− b) > 0, we
have a− b ∈ M∗, and so R∗ = M∗ + R. That M = R ∩M∗ is trivial. Then
R∗/M∗ = (R + M∗)/M∗ ∼= R/(R ∩M∗) = R/M. This proves (iii). To prove
(iv), given 0 �= x ∈ F ∗, let m = ν∗(x). Observe that

(6.5) Sπn represents Mn/Mn+1.

Let us now prove by induction (on n ≥ m) that x −∑n
k=m skπk ∈ Mn+1

with suitable sk ∈ S. If n = m, this follows from (6.5). Assume that we
have found sk for m ≤ k ≤ n. By (6.5) with n + 1 in place of n we can
find a desired sn+1. By Lemma 6.6,

∑∞
k=m skπk is meaningful as an element

of F ∗. Call it y. Then x − y = limn→∞
(
x −∑n

k=m skπk

)
= 0, since the

difference in the parentheses belongs to Mn+1. Thus x = y =
∑∞

k=m skπk.

To prove the uniqueness of sk, suppose x =
∑∞

k=� tkπk with tk ∈ S. Clearly
m = ν∗(x) ≥ �. Putting sk = 0 for � ≤ k < m, and uk = sk − tk, we have
0 =

∑∞
k=� ukπk. Then we easily see that uk = 0 by induction.

Lemma 6.9. The notation being as in Theorem 6.8, suppose that ν is
discrete and R/M is finite. Then both R∗ and (R∗)× are open compact sets
and F ∗ is locally compact.

Proof. As observed in §6.7, R∗ and M∗ are open and closed subsets
of F ∗. Since (R∗)× is the complement of M∗ in R∗, it must be open and
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closed. To prove that R∗ is compact, recall that a metric space is compact
if every infinite sequence has a convergent subsequence. Let X = {xn}∞n=1

with xn ∈ R∗. We are going to construct a chain of subsequences X = X0 �
X1 � · · · � Xm � · · · and a sequence {cm}∞m=0 with cm ∈ R∗ such that Xm

is contained in cm + πmR∗, where we write X � Y when Y is a subsequence
of X. We first take c0 = 0. Suppose Xm has been established. Observe that
cm + πmR∗ =

⊔q
i=1

(
di + πm+1R∗), where q = [R : M ]. Therefore we can

find an infinite subsequence Xm+1 of Xm contained in di + πm+1R∗ with
some i. Putting di = cm+1, we obtain the desired {Xm} and {cm}. Now
pick ym from Xm so that {ym}∞m=1 is a subsequence of X. Then we see that
yk ∈ cm + πmR∗ if k ≥ m, and hence yk − ym ∈ πmR∗ if k ≥ m. Thus
{ym}∞m=1 is a Cauchy sequence, and so is convergent. This proves that R∗ is
compact, and consequently F ∗ is locally compact. The group (R∗)×, being
closed in R∗, must be compact. This completes the proof.

6.10. Fix a prime number p and define an order function νp of Q as in
§6.2. The νp-completion of Q is called the p-adic field and denoted by Qp.

The closure of Z in Qp is denoted by Zp. An element of Qp (resp. Zp) is called
a p-adic number (resp. a p-adic integer). By Theorem 6.8(iv), Qp consists
of all the infinite sums

∑∞
k=m ckpk with m ∈ Z and ck ∈

{
0, 1, 2, . . . , p−1

}
.

Zp consists of all such sums with m = 0. By Lemma 6.9, Qp is a locally
compact topological additive group; both Zp and Z×

p are open and compact
subsets of Qp.

Suppose p �= 2. For every x ∈ Zp we define
(

x

p

)

by
(

x

p

)

=
(

ξ

p

)

with

any ξ ∈ Z such that x− ξ ∈ pZp. Clearly this is well defined.

Lemma 6.11. Let Z×
p

2 =
{

x2
∣
∣ x ∈ Z×

p

}
. Then

(i) Z×
p

2 =
{

x ∈ Z×
p

∣
∣
∣
∣

(
x

p

)

= 1
}

if p �= 2,

(ii) Z×
p

2 =
{
x ∈ Z×

p

∣
∣ x− 1 ∈ 8Zp

}
if p = 2,

(iii) [Z×
p : Z×

p
2] =

{
2 if p �= 2,

4 if p = 2,

(iv) [Q×
p : Q×

p
2] =

{
4 if p �= 2,

8 if p = 2.

Proof. Clearly the left-hand side of (i) is contained in the right-hand
side. To prove the opposite inclusion, let x ∈ Z×

p . Now consider the natural
homomorphism of (Zp/pnZp)× onto (Z/pZ)×. In view of Theorem 2.3, we can
find an element r ∈ Z that generates (Zp/pnZp)× and such that x−rk ∈ pnZp

with some k. If
(

x

p

)

= 1, then k ∈ 2Z, as
(

r

p

)

= −1. Thus we can find
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an element yn ∈ Z such that y2
n − x ∈ pnZp. The sequence {yn}∞n=1 has a

subsequence that converges to an element z of Zp and clearly z2 = x. This
proves (i). We can prove (ii) in the same manner by means of Theorem 2.4.
Then (iii) follows immediately from (i) and (ii). We have Q×

p = Z×
p ·
{
pm

∣
∣m ∈

Z
}
, and so (iv) follows immediately from (iii).

Theorem 6.12. (i) If p �= 2, then Qp has exactly three nonisomorphic
quadratic extensions Qp(

√
r ), Qp(

√
p ), and Qp(

√
pr ), where r is any qua-

dratic nonresidue modulo p.

(ii) If p = 2, then Qp has exactly seven nonisomorphic quadratic ex-
tensions, which are represented by Q2(

√
s ), Q2(

√
2s ), and Q2(

√
2 ), where

s ∈ {− 1, ±3
}
.

Proof. Observe that every extension K of Qp of degree ≤ 2 is of the
form K = Qp(

√
α ) with α ∈ Q×

p . Assigning Qp(
√

α ) to α, we obtain a
bijection of Q×

p /Q×
p

2 onto the set of all such extensions of Qp (contained in a
fixed algebraic closure of Qp). Suppose p = 2. By Lemma 6.11 (ii), Z×

2 /Z×
2

2

consists of
{ ± 1, ±3 (mod 8Z2)

}
, and so Q×

2 /Q×
2

2 can be represented by{±1, ±3, ±2, ±6
}
. The identity element corresponds to the trivial extension

Q2 of Q2, and therefore we obtain (ii). If p �= 2, Q×
p /Q×

p
2 can be represented

by
{
1, r, p, pr

}
, and we obtain (i).

Theorem 6.13. Let ϕ and ψ be valuations of a field F. Then the following
conditions are equivalent to each other:

(1) ϕ(x) > 1 ⇐⇒ ψ(x) > 1.

(2) ϕ(a) > ϕ(b) ⇐⇒ ψ(a) > ψ(b).
(3) limn→∞ ϕ(an) = 0 ⇐⇒ limn→∞ ψ(an) = 0.

(4) There exists a positive number α such that ψ(x) = ϕ(x)α for every
x ∈ F.

Proof. It is easy to see that (1) ⇐⇒ (2) and (4) =⇒ (3). Taking an of
(3) to be (b/a)n, we can prove that (3) =⇒ (2). Let us now derive (4) from
(1). Once we assume (1), then (2) holds. Also, taking a−1 in place of a, we
find that ϕ(a) < 1 ⇐⇒ ψ(a) < 1. Consequently, ϕ(a) = 1 ⇐⇒ ψ(a) = 1.

Take z ∈ F so that ϕ(z) > 1. Given a ∈ F×, we can find λ ∈ R such
that ϕ(a) = ϕ(z)λ. Take integers m > 0 and n so that n/m < λ Then
ϕ(z)n < ϕ(z)λm = ϕ(a)m, and so ψ(z)n < ψ(a)m. Thus ψ(z)n/m < ψ(a),
which holds for all n/m smaller than λ, and so ψ(z)λ ≤ ψ(a). Similarly
taking n/m > λ, we can show that ψ(z)λ ≥ ψ(a), and so ψ(z)λ = ψ(a).
Take α ∈ R, > 0, so that ψ(z) = ϕ(z)α. Then ψ(a) = ϕ(z)αλ = ϕ(a)α. This
completes the proof.

We say that ϕ and ψ are equivalent if the conditions of the above theo-
rem are satisfied. Clearly the topology of F depends only on the equivalence
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class of valuations. Also, if ϕ and ψ correspond to order functions ν and μ

as in §6.2, then ϕ and ψ are equivalent if and only if ν = sμ with 0 < s ∈ R,

which is so if and only if ν and μ have the same valuation ring and maximal
ideal.

Theorem 6.14. For x ∈ Q put ϕ∞(x) = |x| and ϕp(x) = p−νp(x) with a
prime number p as in §6.2. Then every nonarchimedean (resp. archimedean)
valuation of Q is equivalent to ϕp for some p (resp. ϕ∞). Moreover, these
valuations are not equivalent to each other.

Proof. The last assertion can easily be seen by checking condition (1)
of Theorem 6.13. To prove the main part, take a valuation ϕ of Q. Then
for 0 < n ∈ Z we have ϕ(n) ≤ nϕ(1) = n. We first assume that there
exists a positive integer z such that ϕ(z) > 1. We can put ϕ(z) = zα with
0 < α ≤ 1. Let 0 < n ∈ Z. Then we can put n =

∑k−1
i=0 ciz

i with 0 ≤ ci < z

and 1 ≤ k ∈ Z, ck−1 �= 0. Then zk−1 ≤ n < zk and

ϕ(n) ≤
k−1∑

i=0

ciϕ(z)i ≤ z

k−1∑

i=0

ϕ(z)i =
z[ϕ(z)k − 1]

ϕ(z)− 1
≤ zϕ(z)

ϕ(z)− 1
· ϕ(z)k−1.

Put A = zϕ(z)/[ϕ(z)−1]. Then ϕ(n) ≤ Azα(k−1) ≤ Anα. Taking nm in place
of n, we obtain ϕ(nm) ≤ Anmα, and so ϕ(n) ≤ A1/mnα. Making m tend to
∞, we obtain ϕ(n) ≤ nα. Since zk−1 ≤ n < zk, we can put n = zk −w with
an integer w such that 0 < w ≤ zk−zk−1. Then ϕ(w) ≤ wα ≤ (zk−zk−1)α,

and so

ϕ(n) ≥ ϕ(zk)− ϕ(w) ≥ zkα − (zk − zk−1)α = zkα
{
1− (1 − z−1)α

}
.

Put B = 1 − (1 − z−1)α. Then ϕ(n) ≥ Bzkα > Bnα. Taking nm in place
of n and making m tend to ∞, we find that ϕ(n) ≥ nα. Thus we obtain
ϕ(n) = nα. For 0 < n′ ∈ Z we have ϕ(±n′/n) = ϕ(n′)/ϕ(n) = (n′/n)α. This
means that ϕ is equivalent to ϕ∞, and proves the case in which ϕ(z) > 1
for some positive integer z.

Next suppose ϕ(z) ≤ 1 for every z ∈ Z. We can find a prime number
p such that ϕ(p) < 1. (Otherwise, the prime decomposition of a rational
number shows that ϕ(a) = 1 for every a ∈ Q×.) Suppose there is a prime
number q �= p such that ϕ(q) < 1. For every positive integer m, we can find
integers r and s such that 1 = rpm + sqm. Then 1 = ϕ(1) ≤ ϕ(r)ϕ(p)m +
ϕ(s)ϕ(q)m ≤ ϕ(p)m + ϕ(q)m, which tends to 0 as m → ∞, a contradiction.
Thus there is only one prime number p such that ϕ(p) < 1. Put ϕ(p) = pc

with c ∈ R. Given x ∈ Q×, we have x = ±pνp(x)a/b with integers a and
b whose prime decompositions do not involve p. Then ϕ(a) = ϕ(b) = 1, and
so ϕ(x) = ϕ(p)νp(x) = pcνp(x) = ϕp(x)c. Thus ϕ is equivalent to ϕp. This
completes the proof.
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Theorem 6.15: Product formula. For ϕ∞ and ϕp as in Theorem 6.14

we have
ϕ∞(x)

∏
p ϕp(x) = 1 for every x ∈ Q×.

Proof. Given x ∈ Q×, we can put x = ±∏
p pap with ap ∈ Z, where

∏
p means the product over all prime numbers p. Then ϕp(x) = p−ap and

ϕ∞(x) = |x|, and clearly our formula holds.

Exercises. 1. Let R =
⋃∞

n=0 p−nZ with a prime number p. Prove: (i)
R + Zp = Qp and R∩Zp = Z; (ii) R/Z as a module is isomorphic to Qp/Zp.

2. Let p be a prime number, Sn the group of all pn-th roots of unity in C,

and S =
⋃∞

n=1 Sn. Using the results of Exercise 1, show that the multiplicative
group S is isomorphic to the additive group Qp/Zp.

3. Show that Qp, if p �= 2, contains no p-th root of unity other than 1.
4. Let ν be a normalized discrete order function of a field F. Suppose

that F is complete and the residue class field is a finite field with q elements.
Let c ∈ F with ν(c) = 0. Prove that the sequence { cqn }∞n=0 converges to
an element b of F such that bq−1 = 1 and ν(b− c) > 0.

5. With F and ν as in Exercise 4, let X be the cyclic group generated
by a fixed prime element of F, and Y the group of all roots of unity y such
that yq−1 = 1; let 1 + M = { x ∈ F | ν(x − 1) > 0}. Prove that F× is the
direct product of X, Y, and 1 + M.

6. Compute [Q×
p : Q×

p
3], where Q×

p
3 = { x3 |x ∈ Q×

p }.
7. Prove in the following steps that every automorphism f of the field Qp

is the identity map.
(a) Show that f is the identity map on Q.

(b) Let x ∈ Z×
p . Write f(x) = pmz with z ∈ Z×

p and an integer m. Derive
a contradiction if m �= 0, by showing that there exists a rational integer b,

prime to p, such that bx = un with u ∈ Z×
p and a positive integer n > |m|.

(c) Complete the proof by showing the continuity of f.

7. Hensel’s lemma and its applications

In this section F is a field with a discrete order function ν; R denotes the
valuation ring, and M its maximal ideal.

Lemma 7.1. Let a, b, c ∈ k[x], where k is a field and x is an indeter-
minate. If a and b are relatively prime and b �= 0, then there exist elements
u, v ∈ k[x] such that c = au + bv and deg(u) < deg(b).

Proof. Take u, v without the condition deg(u) < deg(b). We can put
u = bq + u1 with q, u1 ∈ k[x] such that deg(u1) < deg(b). Then c = au1 +
b(aq + v), and we have only to replace (u, v) by (u1, aq + v).
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Theorem 7.2 (Hensel’s lemma). Suppose F is complete; put k = R/M.

For a ∈ R (resp. a ∈ R[x]) denote by a the residue class of a modulo
M (resp. M [x]). Given f ∈ R[x], /∈ M [x], suppose that f = g∗h∗ with
g∗, h∗ ∈ k[x] such that (g∗, h∗) = 1. Then there exist elements g, h ∈ R[x]
such that f = gh, g = g∗, h = h∗, and deg(g) = deg(g∗).

Proof. Let r = deg(g∗), s = deg(h∗), and m = deg(f). Clearly r + s ≤
m. We construct inductively two sequences {gi}∞i=1 and {hi}∞i=1 in R[x] so
that

f ≡ gnhn, gn+1 ≡ gn, hn+1 ≡ hn (mod Mn[x]),

deg(gn) = r, deg(hn) ≤ m− r.

First take g1, h1 so that g1 = g∗, h1 = h∗, deg(g1) = r, and deg(h1) = s.

Suppose gn, hn are already defined; take any c ∈ R so that ν(c) = n. We can
then put f−gnhn = ct with t ∈ R[x]. Let gn+1 = gn+cu and hn+1 = hn+cv

with u, v ∈ R[x]. Since f − gn+1hn+1 = c(t − uhn − vgn − cuv), we have to
take u, v so that uh∗ + vg∗ = t. Since (g∗, h∗) = 1, we can find such u, v.

By Lemma 7.1 we can take them so that deg(u) = deg(u) < deg(g∗) = r

and deg(v) = deg(v). Also deg(gn+1) = r, and deg(v) + r = deg(vg∗) =
deg(t − uh∗) ≤ m. Thus deg(v) ≤ m − r, and hence deg(hn+1) ≤ m − r.

We can therefore establish the desired sequences. Let g = limn→∞ gn and
h = limn→∞ hn. (These are meaningful, since the degrees of gn and hn are
bounded.) Then we obtain the desired conclusion.

lemma 7.3. If F is complete and R/M is a finite field with q elements,
then R has a primitive (q− 1)st root of unity. Moreover, its powers, together
with 0, form a complete set of representatives for R/M.

Proof. Apply Hensel’s lemma to f(x) = xq−1 − 1.

Theorem 7.4. Suppose F is complete; let g(x) = a0 + a1x + · · ·+ anxn

be an irreducible element of F [x]. Then

Min
{
ν(ai) | 0 ≤ i ≤ n

}
= Min

{
ν(a0), ν(an)

}
.

Proof. Assuming Min
{
ν(ai) | 0 ≤ i ≤ n

}
< Min

{
ν(a0), ν(an)

}
, take the

smallest j such that ν(aj) = Min
{
ν(ai) | 0 ≤ i ≤ n

}
. Then 0 < j < n and

a−1
j ak ∈M for k < j, and so a−1

j g ≡ xj(1 + · · ·+ cnxn−j) (mod M [x]) with
cn ∈ R. Applying Hensel’s lemma to a−1

j g, we find that g is reducible, a
contradiction.

Corollary 7.5. Let g(x) = xn + b1x
n−1 + · · · + bn ∈ F [x]; suppose F is

complete, g is irreducible, and bn ∈ R. Then g ∈ R[x].

This is merely a special case of Theorem 7.4.
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7.6. Before proceeding further, let us recall the notion of the trace and
norm maps of a finite algebraic extension K of a field F. To simplify our
exposition, we consider only the case where K is separable over F. Given such
a K, we can find a Galois extension M of F containing K. Put G = Gal(M/F )
and H = Gal(M/K). For α ∈ M and σ ∈ G we denote by ασ the image of
α under σ. Thus H =

{
σ ∈ G

∣
∣ασ = α for every α ∈ K

}
. Take a subset R

of G so that G =
⊔

σ∈R Hσ. Then for α ∈ K we put

(7.1) NK/F (α) =
∏

σ∈R

ασ, TrK/F (α) =
∑

σ∈R

ασ.

We easily see that these are elements of F determined independently of the
choice of M and also of R.

Clearly

(7.2) NK/F (αβ) = NK/F (α)NK/F (β),

(7.3) TrK/F (cα + dβ) = cTrK/F (α) + dTrK/F (β)

for α, β ∈ K and c, d ∈ F.

7.7. The notation being as in §7.6, let [K : F ] = n and R = {σ1, . . . , σn}.
Thus G =

⊔n
i=1 Hσi. Given n elements α1, . . . , αn of K, we put

(7.4) D(α1, . . . , αn) = det
[
TrK/F (αiαj)

]n
i,j=1

,

(7.5) Δ(α1, . . . , αn) = det(A), A =

⎡

⎣
ασ1

1 ασ2
1 · · · ασn

1

· · · · · · · · · · · ·
ασ1

n ασ2
n · · · ασn

n

⎤

⎦ .

Then we have

(7.6) Δ(α1, . . . , αn)2 = D(α1, . . . , αn),

(7.7) Δ(1, ξ, , . . . , ξn−1) =
∏

i>j

(ξσi − ξσj ) (ξ ∈ K).

The last formula is well known. To prove (7.6), observe that the (i, k)-entry of
A·tA is

∑n
j=1 α

σj

i α
σj

k = TrK/F (αiαk). Therefore det(A·tA) = D(α1, . . . , αn),
which gives (7.6). Take ξ ∈ K such that K = F (ξ), and take σ1 = 1, so that
ξσ1 = ξ. Put f(x) =

∏n
i=1(x− ξσi). Then f is the minimal polynomial of ξ

over F, and we easily see the

(7.8) Δ(1, ξ, , . . . , ξn−1) = (−1)n(n−1)/2

n∏

i=1

f ′(ξ)σi

= (−1)n(n−1)/2NK/F

[
f ′(ξ)

]
.

Theorem 7.8. For a finite separable extension K of F, the following as-
sertions hold:
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(i) We have D(α1, . . . , αn) �= 0 if {αi}n
i=1 is an F -basis of K, and conse-

quently the F -bilinear map (α, β) 	→ TrK/F (αβ) of K ×K into F is nonde-
generate.

(ii) Let L be a finite algebraic extension of K. Then, for every α ∈ L,

NL/F (α) = NK/F

(
NL/K(α)

)
and TrL/F (α) = TrK/F

(
TrL/K(α)

)
.

(iii) Let the notation be as in (7.1), and for a fixed α ∈ K let g(x) be
the minimal polynomial of α over F. Then

∏
σ∈R(x − ασ) = g(x)k, where

k = [K : F (α)].
(iv) For α ∈ K let ρ(α) denote the F -linear endomorphism ξ 	→ αξ of K

as a vector space over F. Then NK/F (α) = det[ρ(α)] and TrK/F (α) = tr[ρ(α)].

Proof. We prove here only (i), (iii), and (iv), as (ii) is an easy exercise.
Our first task is to show that det

[
TrK/F (αiαj)

]n
i,j=1

�= 0 for an F -basis
{αi}n

i=1 of K. Take an element ξ of K so that K = F (ξ). Then {ξν}n−1
ν=0 is

an F -basis of K, and the desired fact follows from (7.6) and (7.7). Assertion
(i) follows also from a well known fact that any finite number of distinct
homomorphisms of a group into F× are linearly independent over F. To prove
(iii), take M and G as in §7.6; let J = Gal

(
M/F (α)

)
. If σ runs over R,

then we see that ασ runs over the conjugates of α over F exactly [J : H ]
times. Assertion (iii) follows from this fact immediately. The notation being
as in (iv), we easily see that g(x) is the minimal polynomial of ρ(α), since
α 	→ ρ(α) is injective. Let f(x) be the characteristic polynomial of ρ(α). It is
well known that f divides the power of g. Since g is irreducible and f is of
degree [K : F ], we see that f = gk. Thus f(x) =

∏
σ∈R(x− ασ), from which

we obtain (iv).

8. Integral elements in algebraic extensions

In this section F is the field of quotients of an integral domain R.

8.1. Let α be an element of an algebraic extension L of F. We call α

integral over R if

(8.1) αn + c1α
n−1 + · · ·+ cn = 0

with ci ∈ R and n > 0. Let ξ ∈ L. Then ξm + b1ξ
m−1 + · · · + bm = 0 with

some bi ∈ F and m > 0. We can find a nonzero element a of R such that
abi ∈ R for all i. Then (aξ)m + ab1(aξ)m−1 + · · · + ambm = 0, and so aξ is
integral over R. Thus any element of L times a suitable nonzero element of R

is integral over R. The set of all the elements of L integral over R is called the
integral closure of R in L. We call R integrally closed if every element
of F integral over R is contained in R.
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Lemma 8.2. Let R be a unique factorization domain. Then R is integrally
closed, and more generally the polynomial ring R[x1, . . . , xn] with indepen-
dent indeterminates x1, . . . , xn is integrally closed. In particular, a principal
ideal domain is integrally closed.

Proof. Let α = a/b with relatively prime elements a and b of R; sup-
pose (8.1) holds with ci ∈ R. Then an = −b(c1a

n−1 + · · · + cnbn−1). This
is a contradiction if b /∈ R×, and so b ∈ R×. Thus α ∈ R, which means
that R is integrally closed. By Theorem 1.2, any principal ideal domain and
R[x1, . . . , xn] are unique factorization domains. Thus we obtain our lemma.

Lemma 8.3. Let α be an element of an algebraic extension L of F. Then
α is integral over R if and only if α is contained in a subring of L that is a
finitely generated R-module.

Proof. If (8.1) is satisfied with ci ∈ R, then αm = −∑n
i=1 ciα

m−i for
m ≥ n, and so we can show inductively that every power of α belongs to
∑n−1

i=0 Rαi, and so R[α] =
∑n−1

i=0 Rαi. Conversely, suppose α ∈ B with a
subring B of the form B =

∑k
i=1 Rβi of L. Then αβi =

∑k
j=1 cijβj with

cij ∈ R, and so the matrix α1k − (cij) annihilates the vector (βi). If α �= 0,

then (βi) �= 0, so that det[α1k − (cij)] = 0, which is an equation of the form
(8.1), and so α is integral over R.

Lemma 8.4. Let α, β be elements of an algebraic extension L of F, inte-
gral over R. Then α±β and αβ are integral over R. Consequently the integral
closure of R in L is a subring of L. Moreover, L is its field of quotients.

Proof. We have R[α] = R + Rα + · · · + Rαn−1 and R[β] = R + Rβ +
· · ·+ Rβm−1 with some n and m. Then R[α, β] =

∑
i<n

∑
j<m Rαiβj , and

this ring contains α ± β and αβ. Therefore by Lemma 8.3, those elements
are integral over R. Also every element of L times a suitable nonzero element
of R is integral over R. Thus we obtain our proposition.

Lemma 8.5. Let L be as above, and B a subring of L containing R; let
α ∈ L. If α is integral over B and every element of B is integral over R, then
α is integral over R. Consequently the integral closure of R in L is integrally
closed.

Proof. Take (8.1) with ci ∈ B. Since the ci are integral over R, the same
technique as in the proof of Lemma 8.4 shows that R[c1, . . . , cn] =

∑m
j=1 Rdj

with some dj . Then R[c1, . . . , cn, α] =
∑n

k=1

∑m
j=1 Rαkdj , and so by Lemma

8.3, α is integral over R. Thus we obtain our lemma.

Theorem 8.6. Suppose R is integrally closed; let f(x) ∈ R[x] and f = gh

with monic g and h in F [x]. Then both g and h belong to R[x].
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Proof. Let g(x) =
∏

i(x − αi) in an extension of F. Then the αi are
integral over R and so the coefficients of g, being the elementary symmetric
functions of the αi, are integral over R. Since they belong to F and R is
integrally closed, they belong to R.

As an immediate consequence of this theorem we obtain

Corollary 8.7. Suppose R is integrally closed; let α be an element of an
extension of F integral over R. Then the minimal polynomial of α over F

has coefficients in R.

Lemma 8.8. Suppose R is integrally closed; let K be a separable extension
of F of degree n, and B the integral closure of R in K. Then TrK/F and NK/F

maps B into R. Moreover, if R is a principal ideal domain, then B is a free
R-module of rank n.

Proof. If α ∈ B, then ασ of (7.1) also belongs to B, and so TrK/F (α)
and NK/F (α) are integral over R. This proves the first assertion, since R is
integrally closed. Let {ξi}n

i=1 be an F -basis of K. Changing this for {cξi}n
i=1

with a suitable c ∈ R, we may assume that ξi ∈ B. Let α ∈ B. Put α =
∑

i biξi with bi ∈ F. Then
∑n

i=1 biTrK/F (ξiξj) = TrK/F (αξj) ∈ R for every
j. Put d = det

(
TrK/F (ξiξj)

)
. Since TrK/F (ξiξj) ∈ R, we see that bj ∈ d−1R.

Therefore B ⊂ d−1
∑n

i=1 Rξi. By Theorem 5.1, B is a free R-module of finite
rank; the rank must be n, since ξi ∈ B.

8.9. Let Q denote the algebraic closure of Q in C. An element of Q
integral over Z is called an algebraic integer. A subfield K of Q is called
an algebraic number field. In general [K : Q] may be infinite. In this
book, however, whenever we speak of an algebraic number field, we always
assume that it is of finite degree over Q.

If K is an algebraic number field, the ring of all algebraic integers in K

(that is, the integral closure of Z in K) is traditionally called the maximal
order of K. We denote it by JK . By Lemma 8.8, JK is a free Z-module of
rank [K : Q]. We have

(8.2) J×
K =

{
α ∈ JK | NK/Q(α) = ±1

}
.

To prove this, take the Galois closure L of K over Q. Let α ∈ JK . Then ασ ∈
JL for every σ ∈ Gal(L/Q), and so by (7.1), NK/Q(α) = αβ with β ∈ JL. If
NK/Q(α) = ±1, then α−1 = ±β ∈ JL ∩K = JK , and so α ∈ J×

K . Conversely,
if α ∈ J×

K , then β ∈ J×
L , and so NK/Q(α) ∈ J×

L ∩Q = J×
L ∩Z = {±1}. Thus

NK/Q(α) = ±1, and we obtain (8.2).

9. Order functions in algebraic extensions

In this section F is a field with a discrete order function ν; R denotes the
valuation ring, and M its maximal ideal; we put k = R/M.
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9.1. Let K be a finite algebraic extension of F, and μ an order function
of K that coincides with cν on F with a positive real constant c. Let R′ be
the valuation ring of μ and M ′ its maximal ideal. Clearly R = R′ ∩ F and
M = M ′ ∩ F. Put k′ = R′/M ′. then k can be viewed as a subfield of k′. We
put

f(μ/ν) = [k′ : k], e(μ/ν) = [μ(K×) : cν(F×)].

These are called the residue class degree of μ over ν and the ramifi-
cation index of μ over ν. We are going to show that they are finite. The
finiteness implies that μ is discrete if ν is discrete.

We say that ν is ramified (resp. unramified) in K if e(μ/ν) > 1 for
some μ that extends ν to K (resp. if e(μ/ν) = 1 for every μ that extends
ν to K).

If L is a finite algebraic extension of K and λ is an order function of L

that coincides with a constant multiple of μ on K, then clearly

e(λ/ν) = e(λ/μ)e(μ/ν), f(λ/ν) = f(λ/μ)f(μ/ν).

Lemma 9.2. For α ∈ R′ let α denote its residue class modulo M ′.

Let α1, . . . , αm ∈ R′. If α1, . . . , αm are linearly independent over k, then
α1, . . . , αm are linearly independent over F, and

(∗) μ(c1α1 + · · ·+ cmαm) = Min
(
ν(c1), . . . , ν(cm)

)

for ci ∈ F.

Proof. Take m elements ci of F ; suppose at least one of them is nonzero.
Let ν(cj) = Min

(
ν(c1), . . . , ν(cm)

)
. Then cj �= 0. Put bi = c−1

j ci. Then bi ∈
R and

∑
i biαi �= 0, since bj = 1. Thus μ(

∑
i biαi) = 0, and so μ(

∑
i ciαi) =

ν(cj) < ∞, which gives (∗). Therefore
∑

i ciαi �= 0, which proves the linear
independence of the αi.

Theorem 9.3. [K : F ] ≥ e(μ/ν)f(μ/ν).

Proof. For simplicity we assume that μ = ν on F. Take α1, . . . , αm ∈ R′

so that α1, . . . , αm are linearly independent over k; take y1, . . . , yt ∈ K×

so that the cosets ν(F×) + μ(yi) for 1 ≤ i ≤ t form a disjoint union in
μ(K×). Suppose

∑
i,j cijαiyj = 0 with some cij ∈ F. Put bj =

∑
i cijαi. Then

∑
j bjyj = 0. If bj �= 0, then by Lemma 9.2, μ(bj) = Min

(
ν(c1j), . . . , ν(cmj)

)

∈ ν(F×), so that μ(bjyj) ∈ ν(F×) + μ(yj). Thus the μ(bjyj) for all j such
that bj �= 0 are all different, and so

∑
j bjyj �= 0, a contradiction. Therefore

bj = 0 for all j, that is,
∑

i cijαi = 0 for all j. Since the αi are linearly
independent over F, we obtain cij = 0 for all i and j, which means that the
αiyj are linearly independent over F, and hence mt ≤ [K : F ].

From this proof we immediately obtain
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Corollary 9.4. Suppose μ = ν on F and [K : F ] = e(μ/ν)f(μ/ν);
take α1, . . . , αf ∈ R′ so that α1, . . . , αf form a k-basis of k′ and take
y1, . . . , ye ∈ K× so that μ(K×) =

⊔e
j=1

(
ν(F×) + μ(yj)

)
. Then the αiyj for

1 ≤ i ≤ f and 1 ≤ j ≤ e form an F -basis of K.

Theorem 9.5. Suppose F is complete; let K be a finite (separable or
inseparable) algebraic extension of F. Then

(1) ν can be uniquely extended to an order function μ of K.

(2) μ is discrete.
(3) K is complete with respect to μ.

(4) [K : F ] = e(μ/ν)f(μ/ν).
(5) Let R′ be the valuation ring of μ. Then R′ is the integral closure of R

in K and R′ is a free R-module of rank [K : F ].
(6) Let b be an element of K such that μ(b) > 0 and let hb(x) = xm +

∑m−1
i=0 cix

i be the minimal polynomial for b over F. Then ν(ci) > 0 for every
i.

Proof. Put n = [K : F ] and μ(a) = n−1ν
(
NK/F (a)

)
for every a ∈ K×;

put μ(0) = ∞. Clearly μ = ν on F and μ(ab) = μ(a) + μ(b). For a fixed
a ∈ K× let g be the minimal polynomial of a over F, d = deg(g), and c

the constant term of g. Then by Theorem 7.8(iii), NK/F (a) = ±cn/d, and so
μ(a) = d−1ν(c). Let us now prove

(∗) μ(a) ≥ 0 =⇒ μ(1 + a) ≥ 0.

If μ(a) ≥ 0, then ν(c) ≥ 0, and so g ∈ R[x] by Corollary 7.5. Thus a is
integral over R. In addition, 1+a is a root of the polynomial h(x) = g(x−1),
whose constant term, say c′, belongs to R. Therefore μ(1+a) = d−1ν(c′) ≥ 0,

which proves (∗). If x, y ∈ K and μ(x) ≥ μ(y), y �= 0, then μ(x/y) ≥ 0;
hence μ(x + y) = μ(y) + μ(1 + (x/y)) ≥ μ(y) by (∗). Therefore μ is an order
function of K. (It satisfies condition (iv) of §6.1, since μ = ν on F.) Clearly
it is discrete.

To prove the uniqueness of μ and (5), let λ be an extension of ν to K and
let R∗ be the integral closure of R in K; let R′ resp. R′′ be the valuation ring
of μ resp. λ, and M ′ resp. M ′′ the maximal ideal of R′ resp. R′′. We have
seen that R′ ⊂ R∗. Now, if α ∈ R∗, then αm + c1α

m−1 + · · · + cm = 0 with
some ci ∈ R. If λ(α) < 0, then α �= 0 and 1 = −c1α

−1 − · · · − cmα−m, and
hence λ(1) > 0, a contradiction. Thus λ(α) ≥ 0. This shows that R∗ ⊂ R′′.

Taking μ as λ, we find that R∗ = R′. Suppose R′ �= R′′; then R′′ has an
element y such that μ(y) < 0. We easily see that K =

⋃∞
k=0 ykR′ ⊂ R′′,

which is impossible. Therefore R′ = R′′, and M ′ = M ′′, since the valuation
ring has a unique maximal ideal. Take π ∈ R′ so that M ′ = πR′. Clearly
λ(a) = μ(a) = 0 if a ∈ (R′)×. If a ∈ πr(R′)× and r �= 0, then λ(a)/μ(a) =
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rλ(π)/[rμ(π)] = λ(π)/μ(π). Thus λ/μ is a constant on the set of all such a’s,
which must be 1, since λ = μ on F.

Put e = e(μ/ν) and f = f(μ/ν). Then ef ≤ n by Theorem 9.3. To prove
the remaining part of our theorem, we may assume that μ(K×) = Z; then
ν(F×) = eZ. Take a complete set of representatives S for k = R/M including
0; take also α1, . . . , αf ∈ R′ so that α1, . . . , αf form a k-basis of R′/M ′.

Let T be the set of all linear combinations
∑f

i=1 siαi with si ∈ S. We easily
see that T gives a complete set of representatives for R′/M ′. Let π resp. τ

be a prime element of R′ resp. R. For 0 < m ∈ Z we put πm = πiτ j with
nonnegative integers i and j such that i < e and m = ej+i. Then, μ(πm) =
m, and given a ∈ R′, by the same argument as in the proof of Theorem 6.8(iv),
we can find {tm}∞m=0 ⊂ T such that a −∑N

m=0 tmπm ∈ (M ′)N+1 for every
N ∈ Z, > 0. This can be written in the form a−∑e−1

i=0

∑r−1
j=0 tijπ

iτ j ∈ (M ′)re

with tij ∈ T for 0 < r ∈ Z. We have tij =
∑f

h=1 shijαh with shij ∈ S.

Put bhi =
∑∞

j=0 shijτ
j . This is meaningful as an element of F, since F is

complete. Then a −∑e−1
i=0

∑f
h=1 bhiπ

iαh ∈ (M ′)re for every r ∈ Z, > 0,

and so a =
∑e−1

i=0

∑f
h=1 bhiπ

iαh. This shows that R′ =
∑e−1

i=0

∑f
h=1 Rπiαh

and consequently K =
∑e−1

i=0

∑f
h=1 Fπiαh. Since ef ≤ n = [K : F ], we see

that the elements πiαh form an F -basis of K and ef = n; also R′ is a free
R-module of rank n.

To prove that K is complete, we first note that if a =
∑

h,i bhiπ
iαh with

bhi ∈ F, then

(∗∗) μ(a) ≥ re =⇒ ν(bhi) ≥ r.

Indeed, if μ(a) ≥ re, then
∑

h,i τ−rbhiπ
iαh = τ−ra ∈ R′, and so τ−rbhi ∈

R, which proves (∗∗). Now let {am}∞m=1 be a Cauchy sequence in K. Put
am =

∑
h,i bmhiπ

iαh with bmhi ∈ F. By (∗∗) we easily see that {bmhi}∞m=1 is
a Cauchy sequence in F for every (h, i), and therefore convergent. Thus we
obtain the desired convergence of {am}, which proves (3). Let b and hb be
as in (6). Take the smallest normal extension L of F containing K and the
roots of hb. Then hb(x) =

∏m
i=1(x − βi) with βi ∈ L. For each fixed i there

exists an isomorphism σ of F (b) onto F (βi) over F such that bσ = βi. This
σ can be extended to an automorphism of L over F. Applying (1) to L, we
can extend μ uniquely to an order function λ of L. The uniqueness shows
that λ(aσ) = λ(a) for every a ∈ L, and so λ(βi) = λ(b) = μ(b) > 0. This is
so for every i, and the conclusion of (6) follows from this fact. This completes
the proof of our theorem.

Since μ is unique, we often write e(K/F ) and f(K/F ) for e(μ/ν) and
f(μ/ν). We say that K is ramified, totally ramified, or unramified over
F according as e(K/F ) > 1, e(K/F ) = [K : F ], or e(K/F ) = 1.
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Corollary 9.6. If K is a finite algebraic extension of F, then ν can be
extended to an order function of K (even if F is not complete).

Proof. We have K = F (α1, . . . , αm) with some αi, and so it is sufficient
to prove the case K = F (α) with a single element α. Take an irreducible
polynomial g(x) in F [x] such that g(α) = 0. Let F ∗ be the ν-completion of
F. Take an extension F ∗(β) with a root of g considered over F ∗. The above
theorem guarantees an extension of ν to F ∗(β). Since F (α) is isomorphic to
the subfield F (β) of F ∗(β), we obtain our assertion for such a K.

Theorem 9.7. Suppose F is complete and k is a finite field with q ele-
ments; let L be a finite algebraic extension of F, and let f = f(L/F ). Then
the following assertions hold:

(i) There is an extension K of F contained in L such that e(K/F ) = 1 and
[K : F ] = f(K/F ) = f. (Consequently f(L/K) = 1 and e(L/K) = e(L/F ).)

(ii) Every unramified extension of F contained in L is contained in K.

Consequently K is uniquely determined by property (i).

(iii) K = F (γ) with a root of unity γ of order qf − 1, where q is the
number of elements of k.

Proof. We first recall that for every positive integer n, k has a unique
extension of degree n, which is generated by a root of unity of order qn − 1;
see §1.9. Now put m = qf − 1. By Lemma 7.3, L contains a root of unity
γ of order m. Let K = F (γ) and let k0 (resp. k1) be the valuation ring
of K (resp. L) modulo its maximal ideal. Since γ, the residue class of γ,

is contained in k0, the last part of Theorem 7.2 shows that γ is of order
m, and k0 = k1. This shows that f(K/F ) = f. Let g(x) be the minimal
polynomial of γ over F. Then g divides xm − 1, and so has no multiple
root. Therefore Hensel’s lemma shows that g is irreducible over k. Thus
[K : F ] = deg(g) = deg(g) = f, as γ is of order m. This proves (i). Since
e(K/F )f(K/F ) = [K : F ], we obtain e(K/F ) = 1. Notice that L = K if L is
unramified over F. Now let H be an unramified extension of F contained in
L; let h = f(H/F ). Take H in place of L. Then H is generated over F by a
root of unity of order qh − 1. Since h|f, that root of unity is a power of γ,

and so H ⊂ K. This proves (ii). Once we know the uniqueness of K, then (iii)
is included in the first part of our proof.

Theorem 9.8. Suppose F is complete; let F̃ be an algebraic closure of F ;
let q be the number of elements in k. Then the following assertions hold:

(i) For every positive integer n, F̃ contains a unique unramified extension
of F of degree n.

(ii) Such an extension is cyclic over F and generated by a primitive m-th
root of unity, where m = qn − 1.



32 II. ARITHMETIC IN AN ALGEBRAIC NUMBER FIELD

Proof. Let K be the splitting field of xm− 1 over F contained in F̃ with
m as above. Observe that the characteristic of F is either 0 or the prime
number that divides q. Since xm−1 has no multiple root, we have K = F (α)
with a primitive m-th root of unity α. Then xm− 1 =

∏m−1
i=0 (x−αi). Let g

be the minimal polynomial of α over F. Repeating the last part of the proof
of Theorem 9.7, we see that g is irreducible. Now xm−1 =

∏m−1
i=0 (x−αi) in

the residue field, and since xm − 1 is a separable polynomial over k, we see
that α is of order m. Therefore the first statement of the proof of Theorem
9.7 shows that n = deg(g) = deg(g) = [K : F ]. Then clearly n = f(K/F ),
and so e(K/F ) = 1. To prove the uniqueness, take an unramified extension
L of F of degree n. By Theorem 9.7(i, iii), L is generated by a root of unity
of order m, and so must coincide with the above K.

In the setting of the above proof let G = Gal(K/F ). Then g(x) =
∏

σ∈G

(x − ασ). Since the extension of the order function of F to K is unique by
Theorem 9.5, we see that every σ ∈ G sends RK and MK onto themselves,
and so σ induces an automorphism of RK/MK , which we denote by σ̄. We
have then g(x) =

∏
σ∈G

(
x − (α)σ̄

)
. Since g is irreducible, this means that

Gal(κ/ϕ) =
{
σ̄
∣
∣ σ ∈ G

}
, where κ = RK/MK and ϕ = RF /MF . Therefore

σ 	→ σ̄ gives an isomorphism of Gal(K/F ) onto Gal(κ/ϕ), and we easily see
that

(9.1) Nκ/ϕ(a) = NK/F (a) and Trκ/ϕ(a) = TrK/F (a) (a ∈ RK).

Theorem 9.9. Suppose F is complete; let K be a finite algebraic extension
of F.

(i) If K is unramified over F, then RK = RF [γ] with a root of unity γ as
in Theorem 9.7(iii).

(ii) If K is totally ramified over F, then RK = RF [π] with any prime
element π of K.

Proof. Our assertions are special cases of the formula RK =
∑

i, j RF αiπ
j

shown in the proof of Theorem 9.5.

Theorem 9.10. Let F be a finite algebraic extension of Qp. Then the
following assertions hold:

(i) If K is an abelian extension of F of degree n, then [F× : NK/F (K×)] =
n.

(ii) In particular, if K is unramified over F, then NK/F (R×
K) = R×

F , and
F×/NK/F (K×) is generated by the coset represented by a prime element of
F.

(iii) Let F̃ be an algebraic closure of F. Then, assigning NK/F (K×) to
every finite abelian extension K of F contained in F̃ , we obtain a bijection of
the set of such K onto the set of all subgroups of F× of finite index.
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Proof. These are basic facts in local class field theory, which was first
presented by Chevalley in [C]. Here we prove (ii) as stated; we prove (i) only
in the following two cases: (a) K is unramified over F ; (b) [K : F ] = 2.

The latter case will be proven in Theorem 21.15. As for (iii), we will prove
it only when F = Qp and n = 2. We first discuss (ii) by considering an
unramified extension K of F. Take any prime element π of F and let G =
Gal(K/F ). Then for every b ∈ RK and 0 < a ∈ Z we have NK/F (1 +
πab) = 1 + πaTrK/F (b) + πa+1c with c ∈ RK . Clearly c ∈ RF , and so
NK/F (1+πab) ≡ 1+πaTrK/F (b) (mod Ma+1

F ). Given 1+πaβ with β ∈ RF ,

we can find, in view of (9.1), an element b ∈ RK such that TrK/F (b) −
β ∈ MF , as Trκ/ϕ(κ) = ϕ, where κ = RK/MK and ϕ = RF /MF . Then
NK/F (1 + πab) ≡ 1 + πaβ (mod Ma+1

F ). Applying the same procedure to
(1 + πaβ)−1NK/F (1 + πab) with a + 1 in place of a, we eventually find that
NK/F (1 + MK) = 1 + MF . Since Nκ/ϕ(κ×) = ϕ×, given γ ∈ R×

F , we can find
an element ε ∈ R×

K such that Nκ/ϕ(ε) = γ, that is, γNK/F (ε)−1 ∈ 1 + MF .

Thus γ ∈ (1+MF )NK/F (R×
K) ⊂ NK/F (R×

K), and so R×
F = NK/F (R×

K). Since
K× =

⊔
h∈Z πhR×

K , we have NK/F (K×) =
⊔

h∈Z πnhR×
F , which shows that

[F× : NK/F (K×)] = n.

Next suppose F = Qp and n = 2. In Theorem 6.12 we enumerated all
quadratic extensions K of F. For each p there exists a unique unramified
quadratic extension by Theorem 9.8. We have to consider only the case in
which K is ramified over F, as the unramified case has been proved in general.
We first treat the case p �= 2. By Theorem 6.12(i) we see that K = Qp(

√
p )

or K = Qp(
√

pr ), where r is a quadratic nonresidue, and RK = Zp[
√

p ] or
RK = Zp[

√
pr ] accordingly by Theorem 9.9(ii). For simplicity let us write R

and N for RK and NK/F . If a+ b
√

p ∈ R× with a, b ∈ Zp, then a ∈ Z×
p , and

N(a + b
√

p ) = a2 − b2p ≡ a2 (mod pZp). This combined with Lemma 6.11
(i) shows that N(R×) = Z×

p
2. Since −p = N(

√
p ), we obtain the first of the

following two formulas:

(9.2) N(K×) =
{
(−p)m

∣
∣m ∈ Z

} · Z×
p

2 if K = Qp(
√

p ), p �= 2,

(9.3) N(K×) =
{
(−rp)m

∣
∣m ∈ Z

} · Z×
p

2 if K = Qp(
√

pr ), p �= 2.

Here r is a quadratic nonresidue modulo p. The latter formula can be shown
by the same argument. We thus obtain [Q×

p : N(K×)] = 2 in both cases.
In the unramified case we have N(K×) =

⊔
m∈Z p2mZ×

p . Therefore N(K×)
determines K when p �= 2.

Next suppose p = 2. There are seven quadratic extensions of Q2 as listed
in Theorem 6.12 (ii). Let ζ = (−1+

√−3 )/2. Then Q2(ζ) = Q2(
√−3 ), which

is unramified over Q2 by Theorem 9.8 (ii). In this case the general results we
proved show that N(RK) = Z×

2 and [Q×
2 : N(K×)] = 2. We now present the

table of N(K×) for the seven quadratic extensions K of Q2.
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K NK/Q2(K
×)

Q2(
√−3 ) 4ZZ×

2

Q2(
√−1 ) 2Z · {x ∈ Z2

∣
∣ x− 1 ∈ 4Z2

}

Q2(
√

3 ) (−2)Z · {x ∈ Z2

∣
∣ x− 1 ∈ 4Z2

}

Q2(
√

2 ) 2Z · {x ∈ Z2

∣
∣ x± 1 ∈ 8Z2

}

Q2(
√−2 ) 2Z · {x ∈ Z2

∣
∣ x− 1 ∈ 8Z2 or x− 3 ∈ 8Z2

}

Q2(
√

6 ) (−2)Z · {x ∈ Z2

∣
∣x− 1 ∈ 8Z2 or x− 3 ∈ 8Z2

}

Q2(
√−6 ) 6Z · {x ∈ Z2

∣
∣x± 1 ∈ 8Z2

}

Here aZ =
{
am

∣
∣m ∈ Z

}
. To prove these, we note that

{
x ∈ Z2

∣
∣ x− 1 ∈ 8Z2

}
= Z×

2
2 ⊂ N(R×).

Let K = Q2(
√−1 ) and π = 1 +

√−1. Then N(π) = 2 and R = Z2[π]. If
a+bπ ∈ R× with a, b ∈ Z2, then a ∈ Z×

2 and N(a+bπ) = a2+2b(a+b) ≡ a2 ≡
1 (mod 4Z2) and 5 = N(1+2

√−1 ). Since
{
x ∈ Z2

∣
∣ x−1 ∈ 4Z2

}
is generated

by Z×
2

2 and 5, we obtain N(K×) for K = Q2(
√−1 ). If K = Q2(

√
3 ), we can

use the same technique with π = 1 +
√

3, and observe thatN(π) = −2 and
N(3+2

√
3 ) = −3. In the remaining four cases we have R = Z2 +Z2

√
m with

a multiple m of 2, and for a, b ∈ Z2 we have a + b
√

m ∈ R× if and only if
a ∈ Z×

2 . Thus N(R×) = Z×
2

2 ·N(1+Z2
√

m ) = Z×
2

2 ·{1− b2m
∣
∣ b ∈ Z2

}
. Now

1−b2m ∈ 1+8Z2 if b ∈ 2Z2 and 1−b2m ≡ 1−m (mod 8Z2) if b /∈ 2Z2. Also,
N(2 +

√
2 ) = 2, N(

√−2 ) = 2, and N(
√−6 ) = 6. Thus we obtain N(K×) as

given in the above table. Clearly [Q×
2 : N(K×)] = 2 in all cases. If H is a

subgroup of Q×
2 of index 2, then Q×

2
2 ⊂ H. Since Q×

2 /Q×
2

2 is isomorphic to
(Z/2Z)3, we see that there are exactly seven such H, and clearly the above
N(K×) exhaust them.

Exercises. 1. Let F be a field with a normalized discrete order function
ν, and let f(x) = xn + c1x

n−1 + · · ·+ cn−1x + cn with ci ∈ F ; suppose that
ν(c1) > 0, . . . , ν(cn−1) > 0, ν(cn) = 1. (Such an f is called an Eisenstein
polynomial, f = 0 an Eisenstein equation.)

(a) Let μ be an extension of ν to F (s) with any root s of f. Prove that
μ(s) = 1/n.

(b) Using (a), prove that f is irreducible over F.

(c) Prove that every totally ramified extension of F is generated by such
an s.

2. Let F be a field complete with respect to a discrete order function
ν, and K a finite algebraic extension of F of degree n. Suppose that K is
totally ramified over F (that is, e(K/F ) = n), and the characteristic of the
residue class field k of ν does not divide n. Prove that K = F (α) with an
n-th root α of a prime element of F. (Hint: Take a prime element β of K
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and find a prime element γ of F such that ν(γ−1βn − 1) > 0. Use Hensel’s
lemma to find an n-th root of γ−1βn.)

3. Let F, k, and ν be as in Exercise 2; suppose that k is a finite field
with q elements. Let K be a finite separable algebraic extension of F ; let RK

resp. RF denote the valuation ring of K resp. F. Prove that RK = RF [α] for
some α ∈ JK . (Hint: Let M = F (γ) (γm = 1, m = qf − 1) be the maximal
unramified extension of F contained in K, and π a prime element of K. If
K �= M, put β = γ +π and show that βm− 1 is a prime element. Recall the
formula RK =

∑
i, j RF αiπ

j .)
4. Let F be a finite algebraic extension of Qp and K a finite abelian

extension of F. Employing Theorem 9.10, prove that K is unramified over F

if every unit of F is contained in NK/F (K×). (Hint: Let π be a prime element
of F. Then

⋃
i∈Z R×

F πin ⊂ NK/F (K×), where n = [K : F ].)

10. Ideal theory in an algebraic number field

In this section Q denotes the algebraic closure of Q in C, F an algebraic
number field of finite degree contained in Q, and J = JF its maximal order.

10.1. By a fractional ideal in F we mean a J-submodule X of F such
that {0} �= αX ⊂ J for some α ∈ F×. Let Y be an ideal of J different from
{0}, and let c be a nonzero element of Y. Then cJ ⊂ Y ⊂ J. By Lemma
8.8, J is a free Z-module of rank n, where n = [F : Q], and so Y is a free
Z-module of rank n by Theorem 5.1. Thus, every fractional ideal in F is
a free Z-module of rank n, and consequently contains a Q-basis of F. Thus
every fractional ideal is a Z-lattice in F, and every Z-lattice in F that is a
J-submodule is a fractional ideal.

We call a fractional ideal Y integral if Y ⊂ J. A fractional ideal that is
integral is called an integral ideal. An integral ideal is an ideal of J different
from {0}, and vice versa. Thus [J : Y ] is finite if Y is an integral ideal, in
which case we put

(10.1) N(Y ) = [J : Y ],

and call N(Y ) the norm of Y. Clearly N(Y ) < N(X) if X � Y. For every
α ∈ F×, the set αJ is a fractional ideal. Such an ideal is called a principal
ideal (even if it may not be contained in J).

Lemma 10.2. Let P be a prime ideal of J different from {0}. Then P is
a maximal ideal of J and J/P is a finite field.

Proof. This is because J/P is a finite integral domain, and so must be a
field.

Let p be the characteristic of the field J/P. Then N(P ) = pf with 0 <

f ∈ Z and pZ = Z ∩ P = Q ∩ P. By a prime ideal in F we always mean P
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of this type. (In other words, we exclude the ideal {0}.) Now the basic results
of classical ideal theory in an algebraic number field can be stated as follows.

Theorem 10.3. (i) All the fractional ideals of F form an abelian group
with respect to the multiplication law (X, Y ) 	→ XY, where XY is the sub-
module of F consisting of all the finite sums

∑
i xiyi with xi ∈ X and yi ∈ Y.

(This group is called the ideal group of F.)
(ii) J is the identity element of this group, and X−1 =

{
x ∈ F | aX ⊂ J

}
.

(iii) Every fractional ideal X different from J can be uniquely written as a
product X = P m1

1 · · ·Pmr
r with different prime ideals P1, . . . , Pr and mi ∈

Z, �= 0. This X is integral if and only if mi > 0 for every i.

That XY as in (i) is a fractional ideal is clear. It is also easy to see that it
defines an associative and commutative law of multiplication. We settle the
remaining points after proving several facts (A, B, C, D, E, F) below.

(A) Let P be a prime ideal. If AB ⊂ P for two integral ideals A and B,

then A ⊂ P or B ⊂ P.

Proof. Suppose A �⊂ P and B �⊂ P ; then A has an element a not con-
tained in P, and B has an element b not contained in P. Since P is a prime
ideal, ab /∈ P, which contradicts the assumption AB ⊂ P.

(B) Every integral ideal M other than J contains a product of prime ideals.

Proof. We prove this by induction on N(M). There is no problem if M

is a prime ideal, and so we assume that M is not a prime ideal. Then J has
elements a and b not contained in M such that ab ∈ M. Put A = M + Ja

and B = M +Jb. Then AB ⊂ M and N(A) < N(M), since M � A. Similarly
N(B) < N(M). Applying our induction to A and B, we obtain our assertion.

(C) For a fractional ideal M put M−1 =
{
x ∈ F

∣
∣xM ⊂ J

}
. If M � J,

then J � M−1.

Proof. Suppose M � J ; then clearly J ⊂ M−1. Take a maximal ideal
P containing M. Then P is a prime ideal and J ⊂ P−1 ⊂ M−1. Suppose
J = M−1. Then P−1 = J. Take any nonzero element a ∈ P. By (B) we can
find prime ideals {Pi}r

i=1 such that P1 · · ·Pr ⊂ aJ. For a fixed a take such a
set {Pi}r

i=1 with the smallest r. By (A), Pi ⊂ P for some i. We may assume
that i = 1. Since P1 is maximal, we have P = P1. Put X = P2 · · ·Pr. Then
PX ⊂ aJ, and so a−1PX ⊂ J. Thus a−1X ⊂ P−1, and so X ⊂ aP−1 ⊂ aJ,

which is a contradiction, since X is the product of r − 1 prime ideals. This
proves (C).

(D) If α ∈ F and αX ⊂ X with a Z-lattice X in F, then α ∈ J.
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Proof. Take a Z-basis {ei}n
i=1 of X. Then αei =

∑n
j=1 cijej with cij ∈ Z,

and so the matrix α1n − (cij) annihilates the nonzero vector (ei), and so
det[α1n − (cij)] = 0, which is an equation of type (8.1). Thus α is integral
over Z, and so α ∈ J.

(E) MM−1 = J for every fractional ideal M.

Proof. Clearly MM−1 ⊂ J. Suppose MM−1 �= J. Then MM−1 ⊂ P ⊂ J

for some maximal ideal P. Then J � P−1 by (C), and P−1 ⊂ (MM−1)−1.

Clearly (MM−1)−1MM−1 ⊂ J, and so (MM−1)−1M−1 ⊂ M−1. Taking M−1

as X in (D), we obtain (MM−1)−1 ⊂ J, a contradiction. Thus MM−1 = J.

(F) Let X and Y be fractional ideals of F. Then X ⊂ Y ⇐⇒ XY −1 ⊂
J ⇐⇒ X = Y A with an integral ideal A.

The proof may be left to the reader, as it is straightforward. If X and Y

as in (F) we say that Y divides X.

Once (E) is established it is easy to see that (i) and (ii) of Theorem 10.3
hold. We prove that every integral M is a product of prime ideals by induction
on N(M). We may assume that M �= J and M is not a prime ideal. Given such
an M, define A and B as in the proof of (B). We have seen that N(B) < N(M)
and AB ⊂ M � A, and so B �= J. Put C = B−1M. Then M = BC ⊂ C

and M �= C, since B �= J. Thus N(C) < N(M). By induction, B and C

are products of prime ideals, and so M is a product of prime ideals. The
uniqueness of such a product expression for M follows from (A). We have to
extend the result from integral ideals to fractional ideals, which is easy, and
so may be left to the reader.

Lemma 10.4. Let A, B, and C be integral ideals of F. Then A + B = J

if and only if there is no prime ideal that divides both A and B. For such A

and B we have AB = A∩B and J/AB is ring-isomorphic to (J/A)⊕ (J/B);
moreover, if A divides BC, then A divides C.

Proof. Suppose A + B = J. If an integral ideal D divides both A and B,

then J = A + B ⊂ D, and so D = J. If A + B �= J, then taking a maximal
ideal containing A + B, we find a prime ideal P that divides both A and B.

This proves the first assertion. If A + B = J, then A ∩ B = (A ∩ B)J =
(A ∩ B)A + (A ∩ B)B ⊂ BA + AB = AB. Clearly AB ⊂ A ∩ B, and so
AB = A ∩ B. By Theorem 1.3, J/AB ∼= (J/A) ⊕ (J/B). Finally suppose
BC ⊂ A. Since AC ⊂ A, we have C = JC = AC + BC ⊂ A, which proves
the last assertion.

For integral ideals A and B we say that A is prime to B if A + B = J.
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Lemma 10.5. Let X be a fractional ideal and C an integral ideal. Then
the following assertions hold:

(i) There exist an integral ideal B and an element α of F such that B+C =
J and B = αX.

(ii) X/CX and J/C are isomorphic as J-modules.
(iii) Suppose C is prime to mJ with 0 �= m ∈ Z; then N(C) is prime to

m.

Proof. Assuming that C �= J, let P1, . . . , Pr be the prime ideals dividing
C; put Y = X−1P1 · · ·Pr . Then Y � Y P−1

i ⊂ X−1. Take αi ∈ Y P−1
i , /∈ Y,

and put α = α1 + · · ·+αr. Then αi ∈ X−1Pj if i �= j. Suppose α1 ∈ X−1P1.

Then α1X ⊂ P1 ∩ P2 ∩ · · · ∩ Pr = P1 · · ·Pr, so that α1 ∈ Y, a contradiction.
Thus α1 /∈ X−1P1. Since αi ∈ X−1P1 for i �= 1, we see that α /∈ X−1P1.

Similarly α /∈ X−1Pi for every i. Thus αX �⊂ Pi for every i. Put B = αX.

Then B is integral and prime to every Pi, so that B is prime to C, which proves
(i). To prove (ii), Take α and B as in (i). By Lemma 10.4, BC = B∩C, and
the map x 	→ αx sends X/XC onto B/BC which is isomorphic to J/C as
expected. To prove (iii), take a prime ideal P dividing C. Then P + mJ = J,

and so m is invertible in J/P. Thus m is prime to N(P ). Since N(C) is the
product of powers of N(P ) for all prime factors P of C, we obtain (iii).

Lemma 10.6. Every fractional ideal is generated over J by two elements.

Proof. Given a fractional ideal Y, take a nonzero element β ∈ Y and put
X = Y −1 and C = βX. Then C is an integral ideal. Applying Lemma 10.5(i)
to this X and C, we obtain an element α such that αX +C = J. Multiplying
by Y, we obtain αJ + βJ = Y, which proves our lemma.

Lemma 10.7. N(XY ) = N(X)N(Y ) if X and Y are integral ideals.

Proof. By Lemma 10.5(ii) we have X/Y X ∼= J/Y, and so [X : Y X ] =
[J : Y ]. Thus N(XY ) = [J : Y X ] = [J : X ][X : Y X ] = [J : X ][J : Y ] =
N(X)N(Y ).

10.8. Given a fractional ideal X, take integral ideals S and T so that
X = S−1T, and put N(X) = N(S)−1N(T ). From Lemma 10.7 we easily see
that this is well defined, and X 	→ N(X) is a homomorphism of the ideal
group of F into Q×; N(X) is called the norm of X. In particular,

(10.2) N(αJ) = |NF/Q(α)| for every α ∈ F×.

It is sufficient to prove this when α ∈ J. For 0 �= α ∈ J let ρ(α) denote the
matrix representing the Q-linear automorphism ξ 	→ αξ of the vector space
F with respect to a Z-basis of J. By Theorem 7.8(iv) we have NF/Q(α) =
det[ρ(α)]. By Lemma 5.8, [J : αJ ] = | det[ρ(α)]|, which gives (10.2).
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10.9. Hereafter we put [F : Q] = n. Let X be a Z-lattice in F and {ξi}n
i=1

a Z-basis of X. Then we put

(10.3) D(X) = D(ξ1, . . . , ξn) = det
(
TrF/Q(ξiξj)

)
.

This is a special case of (7.4), and is called the discriminant of X. In the
present situation TrF/Q(ξiξj) ∈ Q and D(X) �= 0 by Theorem 7.8(i), and so
D(X) ∈ Q×. We easily see that it is determined independently of the choice
of {ξi}n

i=1. In particular, if X = J, then TrF/Q(ξiξj) ∈ Z by Lemma 8.8. Thus
D(J) is a nonzero positive or negative integer. We put DF = D(J) and call
DF the discriminant of F. Let σ1, . . . , σn be all the different isomorphic
embeddings of F into Q. Then by (7.6),

(10.4) D(X) = det
(
ξσi

j

)2
.

Lemma 10.10. (i) If X and Y are Z-lattices in F and X ⊂ Y, then
[Y : X ]2 = D(X)/D(Y ).

(ii) If X is a fractional ideal of F, then N(X)2 = D(X)/DF .

The proof of these statements is left to the reader, as it is an easy exercise.

10.11. Let p be a prime number and let P1, . . . Pg be the prime ideals
dividing pJ. Then N(Pi) = pfi and

(10.5) pJ = P e1
1 · · ·P eg

g .

with positive integers ei and fi. Taking the norm of both sides, we obtain
pn = N(pJ) =

∏g
i=1 peifi , and so

(10.6) n =
g∑

i=1

eifi.

10.12. Fix a prime ideal P of F. Given a ∈ F, put aJ = PmX with m ∈ Z
and a fractional ideal X that does not involve P. Put then m = νP (a); put
also νP (0) = ∞. Then we can easily verify that νP is a normalized discrete
order function. We call the νP -completion of F the P -completion of F.

Every order function of F is equivalent to νP with a unique P.

Let RP be the valuation ring of νP , and MP the maximal ideal of RP (see
§6.7). Then

(10.7) RP =
{
u/v | u, v ∈ J, v /∈ P

}
,

(10.8) RP = J + MP , P = J ∩MP , RP /MP
∼= J/P.

To prove these, denote by R′ the right-hand side of (10.7). Clearly R′ ⊂ RP .

To prove the opposite inclusion, let a ∈ RP and aJ = PmX as above. Then
m ≥ 0. We can put X = Y Z−1 with relatively prime integral ideals Y and Z.

By Lemma 10.5(i) there exist an integral ideal B and an element γ of F such
that B + P = J and B = γZ−1. Then γaJ = PmY B ⊂ J, and so γa ∈ J.
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Since both B and Z are prime to P and γJ = BZ, we see that γ /∈ P. Thus
a = γa/γ ∈ R′, which proves (10.7).

To prove (10.8), let u, v ∈ J and v /∈ P. Since J/P is a field, J has an
element w such that wv − 1 ∈ P. Then u/v − wu = u(1 − wv)/v, which
clearly belongs to MP . Thus RP = J + MP . That J ∩MP = P is clear from
the definition of νP . Then RP /MP = (J + MP )/MP

∼= J/(J ∩MP ) = J/P.

Thus we obtain (10.8).
For p, Pi, ei, and fi as in (10.5) and (10.6), put νi = e−1

i νPi . Then νi

coincides with νp on Q, and

(10.9) ei = e(νi/νp), fi = f(νi/νp).

Indeed, (10.5) shows that νi(p) = 1, and so νi(Q×) = Z, whereas νi(F×) =
e−1

i Z. Thus ei = e(νi/νp). Next, Z/pZ ∼= Zp/pZp, which is contained in
RPi/MPi

∼= J/Pi. Since [J : Pi] = N(Pi) = pfi , we have [J/Pi : Z/pZ] = fi,

and so fi = f(νi/νp).
We say that p is ramified in F if ei > 1 for some i, and p is unramified

in F if ei = 1 for every i.

Theorem 10.13. A prime number p is ramified in F if and only if p|DF .

Theorem 10.14. Let θ be an element of J such that F = Q(θ), and
h(x) the minimal polynomial of θ over F. Let p be a prime number that
does not divide

[
J : Z[θ]

]
. Denote by h the class of h modulo pZ[x]. Let

h(x) =
∏g

i=1 ki(x)ei be the decomposition of h in (Z/pZ)[x] with different
irreducible polynomials ki. Then we have pJ = P e1

1 · · ·P eg
g with exactly g

different prime ideals Pi such that N(Pi) = pfi with fi = deg(ki).

We do not give the proof of these two theorems here, since we will later
prove generalizations of these as Theorems 14.10 and 14.11.

10.15. An algebraic extension of Q of degree 2 is traditionally called a
quadratic field. Such a field is given as F = Q(

√
α ) with an element α of

Q× that is not a square in Q. We call F a real or imaginary quadratic
field according as α > 0 or α < 0. Replacing α by its suitable integer
multiple, we may assume that F = Q(

√
m ) with a square-free positive or

negative integer m �= 1. Let J = JF as before. Then

(10.10a) J = Z[μ], μ = (1 +
√

m )/2 if m− 1 ∈ 4Z.

(10.10b) J = Z[
√

m ] if m− 1 /∈ 4Z.

To prove these, take ξ = α+β
√

m ∈ J with α, β ∈ Q. Then 2α = TrF/Q(ξ) ∈
Z and α2 − β2m = NF/Q(ξ) ∈ Z. Put a = 2α and b = 2β. Then a ∈ Z and
b2m ∈ Z. Since m is square-free, we easily see that b ∈ Z. Now a2 − b2m =
4(α2 − β2m) ∈ 4Z. We easily see that a ∈ 2Z if and only if b ∈ 2Z, in which
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case α, β ∈ Z, and so ξ ∈ Z + Z
√

m = Z[
√

m ]. Therefore a /∈ 2Z if and only
if b /∈ 2Z, in which case m− 1 ∈ 4Z, since a2 ≡ b2 ≡ 1 (mod 4).

Case I: m − 1 /∈ 4Z. In this case we always have a, b ∈ 2Z, and so ξ ∈
Z[
√

m ]. Thus J = Z[
√

m ], which proves (10.10b).
Case II: m− 1 ∈ 4Z. Put μ = (1+

√
m )/2. Then μ2−μ = (m− 1)/4, and

so μ is integral over Z; thus μ ∈ J,
√

m = 2μ−1 ∈ Z[μ]. We have to consider
the case in which a /∈ 2Z and b /∈ 2Z. Then ξ−μ = (a−1)/2+

√
m(b−1)/2 ∈

Z[
√

m ] ⊂ Z[μ]. Thus J = Z[μ], which proves (10.10a).
An easy calculation shows that

(10.11) DF = m if m− 1 ∈ 4Z, DF = 4m if m− 1 /∈ 4Z.

10.16. Still in the setting of §10.15, let us now study the decomposition
of a prime number p in F. Since n = 2, (10.5) can take only the following
three forms:

(10.12a) pJ = P1P2, P1 �= P2, N(P1) = N(P2) = p,

(10.12b) pJ = P, N(P ) = p2,

(10.12c) pJ = P 2, N(P ) = p.

Here P and Pi are prime ideals in F ; p is unramified in F in Cases (10.12a)
and (10.12b); p is ramified in F in Case (10.12c). By Theorem 10.13, p is
ramified in F exactly when p|m or p|4m according as m−1 ∈ 4Z or m−1 /∈
4Z. For instance, take m = −1 and F = Q(

√−1 ); put P = (1 +
√−1 )J.

Then P 2 = 2
√−1J = 2J, which is a special case of (10.12c).

Next, take
√

m to be θ of Theorem 10.14. Then
[
J : Z[

√
m ]

]
= 1 if

m − 1 /∈ 4Z and
[
J : Z[

√
m ]

]
= 2 if m − 1 ∈ 4Z, which can be seen from

Lemma 10.10(i), for example. Therefore Theorem 10.14 is applicable to every
odd prime number p. We have h(x) = x2 − m, and so pJ = P1P2 as in
(10.12a) if and only if x2 − m has two roots in Z/pZ, and pJ = P as in
(10.12b) if and only if x2−m has no root in Z/pZ. Recalling the definition of
the quadratic residue symbol in §3.1, we see that for every odd prime number
p that does not divide m,

(10.13) pJ = P1P2 ⇐⇒
(

m

p

)

= 1, pJ = P ⇐⇒
(

m

p

)

= −1.

Now Theorem 3.7 can be reformulated as follows. To each quadratic field
F = Q(

√
m ) as above we can assign a real primitive character χ of conductor

|DF | such that χ(p) =
(

m

p

)

for every odd prime number p prime to m,

and the correspondence F ↔ χ is one-to-one. Moreover, χ(−1)DF > 0. Here
DF is determined by (10.11). This combined with (10.13) determines the
decomposition of pJ in F. For example, the result given in §3.8 determines
the prime numbers p such that pJ decomposes into the product of two prime
ideals in Q(

√
15 ).
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10.17. We cannot say anything about 2J by (10.13). By Theorem 10.13,
2 is ramified in F if DF is even, which is so if and only if m − 1 /∈ 4Z.

Assuming that m−1 ∈ 4Z, put μ = (1+
√

m )/2 as we did in (10.10a). Then
the minimal polynomial of μ over Q is x2 − x − (m − 1)/4. By Theorem
10.14, 2J is a prime ideal in F if and only if this polynomial is irreducible
over Z/2Z, which is so if and only if m− 5 ∈ 8Z. Thus

(10.14) 2J = P1P2 ⇐⇒ m− 1 ∈ 8Z, 2J = P ⇐⇒ m− 5 ∈ 8Z.

Let us now show that if χ is the real character of conductor |DF | corre-
sponding to F, then

(10.15) 2J = P1P2 ⇐⇒ χ(2) = 1, 2J = P ⇐⇒ χ(2) = −1.

Indeed, as shown in §3.5, we have
(

2
p

)

= χ1(p), and so by (1′) in the proof of

Theorem 3.7 we have χ(2) = χ1(p1 · · · prq1 · · · qs) = χ1(εm) = χ1(m). Thus
χ(2) = 1 if m − 1 ∈ 8Z and χ(2) = −1 if m − 5 ∈ 8Z, and so we obtain
(10.15) from (10.14). We will give a conceptual meaning of (10.15) in §17.7.

10.18. Let I (or I F ) denote the ideal group of F and P the subgroup
of I consisting of all the principal ideals of F. Then I /P is called the ideal
class group of F, which is a finite group as will be shown in Theorem 12.7
below. We call [I : P ] the class number of F. Each coset of I /P is
called an ideal class of F ; in particular, the coset XP for X ∈ I is called
the ideal class of X.

Theorem 10.19. Let L be a J-lattice in a vector space V over F of
dimension n, and {ei}n

i=1 an F -basis of V. Then the following assertions
hold:

(i) There exist an F -basis {gi}n
i=1 of V and n fractional ideals A1, . . . , An

in F such that L =
∑n

i=1 Aigi. Moreover, {gi} can be chosen so that gi ∈∑n
k=i Fek.

(ii) Let L =
∑n

i=1 Aigi with an F -basis {gi}n
i=1 of V and n fractional

ideals Ai in F. Then the isomorphism class of L as a J-module is determined
by the ideal class of A1 · · ·An.

Proof. Assertion (i) is obvious if n = 1. Therefore we prove (i) by
induction on n. Given L and an F -basis {ei}n

i=1 of V with n > 1, put
A =

{
a1

∣
∣ ∑n

i=1 aiei ∈ L
}
, where ai ∈ F. Clearly A is a fractional ideal

in F. If
∑n

i=1 biei ∈ A−1L, then αb1 ∈ A for every α ∈ A, and so b1 ∈ J.

Also, 1 =
∑k

ν=1 βναν with βν ∈ A−1 and αν ∈ A. We can find elements
xν =

∑n
i=1 ανiei of L such that αν1 = αν . Put g1 =

∑k
ν=1 βνxν and

γi =
∑k

ν=1 βνανi. Then g1 ∈ A−1L, g1 =
∑n

i=1 γiei, and γ1 = 1. This
proves that J =

{
b1

∣
∣
∑n

i=1 biei ∈ A−1L
}
. Let x =

∑n
i=1 ciei ∈ A−1L
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and M = A−1L ∩ (∑n
i=2 Fei

)
. Then c1 ∈ J and x − c1g1 ∈ M, and so

A−1L = Jg1 + M. Now M is a J-lattice in
∑n

i=2 Fei by Lemma 4.3(ii). Ap-
plying our induction to M and multiplying by A, we obtain (i). To prove (ii),
we need the following facts:

(10.16) Two fractional ideals X and Y in F are isomorphic as J-modules if
and only if X = βY with β ∈ F×.

(10.17) For two fractional ideals A and B in F, A ⊕ B and J ⊕ AB are
isomorphic as J-modules.

We leave the proof of (10.16) to the reader as an easy exercise. (Hint: Assume
X ⊂ J ; for x, y ∈ X and a J-isomorphism g of X onto Y we have xg(y) =
g(xy) = yg(x).) To prove (10.17), we may assume that both A and B are
integral. Also, by Lemma 10.5(i), replacing B by γB with a suitable γ ∈ F×,

we may assume that A+B = J. Then we can find elements a ∈ A and b ∈ B

such that a + b = 1. We view A ⊕ B as a subset of F ⊕ F = F 1
2 , and we let

GL2(F ) act on the right of F 1
2 . Put σ =

[
1 −b
1 a

]

; then σ−1 =
[

a b
−1 1

]

.

The right action of σ sends A ⊕ B into J ⊕ AB, and that of σ−1 sends
J ⊕ AB into A ⊕ B. This proves (10.17). To prove (ii), take an F -basis
{xi}n

i=1 of V. Given a J-lattice L in V, take an F -basis {yi}n
i=1 contained in

L, put yi =
∑n

j=1 cijxj , and denote by λ(L) the fractional ideal generated by
det

[
(cij)

]
for all possible choices of {yi}n

i=1. (Alternatively, λ(L) is defined
by

∧n
L = λ(L)x1 ∧· · ·∧xn.) Clearly the ideal class of λ(L) does not depend

on the choice of {xi}n
i=1. If L =

∑n
i=1 Aigi as in (ii), then λ(L) = εA1 · · ·An

with ε ∈ F×. Also, (10.17) shows that L ∼= J1
n−1 ⊕ A1 · · ·An. This combined

with (10.16) proves (ii).

Lemma 10.20. (i) Given a, b, c ∈ J, a �= 0, there exists an element k ∈ J

such that aJ + bJ + cJ = aJ + (b + kc)J.

(ii) Suppose n > 1 and
∑n

i=1 aiJ + X = J with ai ∈ J and an integral
ideal X. Then there exist n elements bi ∈ J such that

∑n
i=1 biJ = J and

bi − ai ∈ X for every i.

Proof. To prove (i), we may assume that c �= 0; replacing b by a suitable
element of b+cJ, we may also assume that b �= 0. Put aJ +bJ +cJ = Y, aJ =
AY, bJ = BY, and cJ = CY with ideals Y, A, B, C. Then A+ B + C = J. If
A = J, then Y = aJ, and so aJ + bJ = Y. Thus we may assume that A �= J.

Let S be the set of all prime ideals that divide A. For each P ∈ S put mP = 1
if B ⊂ P and mP = 0 otherwise. We see that C �⊂ P if mP = 1. By Theorem
1.3 we can take k ∈ J so that k−mP ∈ P for every P ∈ S. Then b+kc /∈ PY

for every P ∈ S. (Indeed, if B ⊂ P, then b ∈ PY, kc − c ∈ cP ⊂ PY, and
c /∈ PY, and so b + kc /∈ PY ; if B �⊂ P, then b /∈ PY and kc ∈ PY, and
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so b + kc /∈ PY.) Thus we can put (b + kc)J = DY with an integral ideal D

prime to A, and consequently aJ + (b + kc)J = Y, which proves (i).
If the ai and X are given as in (ii), then

∑n
i=1 aigi + h = 1 with some

gi ∈ J and h ∈ X. Then
∑n

i=1 aiJ+hJ = J. There is no problem if h = 0, and
so we assume that h �= 0. Replacing a1 by a suitable element of a1 + hJ, we
may assume that a1 �= 0. By (i), we have a1J + a2J +hJ = a1J +(a2 + kh)J
for some k ∈ J. Then a1J + (a2 + kh)J +

∑n
i=3 aiJ =

∑n
i=1 aiJ + hJ = J,

which proves (ii).

Theorem 10.21. Given α ∈ Mn(J) such that det(α) − d ∈ X with an
integral ideal X and an element d of J prime to X, there exists an element
ξ of Mn(J) such that det(ξ) = d and ξ −α ∈ Xn

n . In particular, the natural
map of Mn(J) onto Mn(J/X) gives a surjection of SLn(J) onto SLn(J/X).

Proof. We first prove this for d = 1 by induction on n. The case n = 1
is obvious and so we assume n > 1. Let αi denote the i-th row of α and
let αn = [a1 · · · an] with ai ∈ J. Since det(α) − 1 ∈ X, we see that
∑n

i=1 aici − 1 ∈ X with some ci ∈ J, and so
∑n

i=1 aiJ + X = J. By Lemma
10.20(ii) we can find elements bi ∈ J such that

∑n
i=1 biJ = J and bi−ai ∈ X

for every i. Replacing ai by bi, we may assume that
∑n

i=1 aiJ = J. Let
L = J1

n. Then J =
{
b ∈ F

∣
∣ bαn ∈ L

}
. By Theorem 10.19(i) we can put

L =
∑n

i=1 Aiξi with fractional ideals Ai and an F -basis {ξi}n
i=1 of F 1

n such
that ξi ∈

∑n
k=i Fαk. Then ξn ∈ Fαn. Put N =

∑n−1
i=1 Aiξi. Then we easily

see that Anξn = Jαn and L = N ⊕ Jαn. By Theorem 10.19(ii), A2 · · ·An

is a principal ideal, and so by the same theorem we can put N =
∑n−1

i=1 Jεi

with n − 1 elements {εi}n−1
i=1 , which together with αn form a J-basis of L.

Changing the coordinate system of L (which means the replacement of α

by σασ−1 with an element σ of GLn(J)), we may assume that {εi}n
i=1 is

the standard J-basis of L, where we put εn = αn. For each i < n we have
αi = βi + ciεn with βi ∈ N and ci ∈ J. Then

⎡

⎢
⎣

1 · · · 0 −c1

· · · · · · · · · · · ·
0 · · · 1 −cn−1

0 · · · 0 1

⎤

⎥
⎦α =

[
β 0
0 1

]

with β =

⎡

⎣
β1

· · ·
βn−1

⎤

⎦ .

We see that det(β) − 1 ∈ X. Applying our induction to β, we can find
γ ∈ SLn−1(J) such that γ − β ∈ Xn−1

n−1 . Putting

ξ =

⎡

⎢
⎣

1 · · · 0 c1

· · · · · · · · · · · ·
0 · · · 1 cn−1

0 · · · 0 1

⎤

⎥
⎦

[
γ 0
0 1

]

,

we have det(ξ) = 1 and ξ − α ∈ Xn
n . This proves the case d = 1. Given

α and d as in our theorem, take e ∈ J so that de − 1 ∈ X and put α′ =
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α · diag[1n−1, e]. Then det(α′) − 1 ∈ X and so we can find ξ′ ∈ SLn(J)
such that ξ′ − α′ ∈ Xn

n . Put η = ξ′ · diag[1n−1, d]. Then det(η) = d and
η − α ∈ Xn

n . This completes the proof.

Exercises. 1. Let A be either a principal ideal domain or the maximal
order of an algebraic number field. Let P be a prime ideal of A and let
0 < e ∈ Z. Prove that A/P e cannot be decomposed into the direct sum of
two nontrivial subrings. (Hint: Every subring (or ideal) of A/P e is of the
form X/P e with some X.)

2. Let F be an algebraic number field, J the maximal order of F, P

a prime ideal in F, and p the rational prime divisible by P. Under what
condition on P can J/P m be isomorphic to Z/pmZ as a Z-module?

3. Prove the following classical theorem: A square-free positive rational
integer c can be written in the form c = a2 + b2 with rational integers a and
b if and only if c has no prime factor p of the form p ≡ 3 (mod 4). (Hint:
If c is divisible by such a p, a + b

√−1 or a− b
√−1 is divisible by p.)

4. Prove that if A + B = C for fractional ideals A, B, and C in F, then
Am + Bm = Cm for every m ∈ Z, > 0.





CHAPTER III

VARIOUS BASIC THEOREMS

11. The tensor product of fields

11.1. Let A be a vector space over F that has a law of multiplication
which, together with the existing law of addition, makes A an associative
ring. We call A an algebra over F, or simply an F -algebra, if c(αβ) =
(cα)β = α(cβ) for every c ∈ F and α, β ∈ A. If A has an identity element
1A, then identifying c with c1A, we can view F as a subfield of A. Notice that
cα = (c1A)α = α(c1A), and so two laws of multiplication for the elements of
F (one in the vector space and the other in the ring) are the same. Every
field extension of F can naturally be viewed as an F -algebra.

Let A be a commutative F -algebra with identity element. For α ∈ A let
ρ(α) denote the F -linear endomorphism ξ 	→ αξ of A as a vector space over
F. Then ρ gives a ring-homomorphism of A into EndF (A), which we call the
regular representation of A over F. This is injective, because if ρ(α) = 0,

then α = α · 1A = ρ(α)1A = 0.

Let K be a simple finite algebraic extension of F of degree n. Let L be a
finite or an infinite field extension of F. We now consider K ⊗F L, which can
be defined as a vector space over F. We can make this an F -algebra so that
(α⊗β)(α′⊗β′) = αα′⊗ββ′ for α, α′ ∈ K and β, β′ ∈ L. The easiest way to
do so is as follows. Take an F -basis {εi}n

i=1 of K. Then K⊗F L =
⊕n

i=1(εi⊗L),
so that every element of K⊗F L is of the form

∑n
i=1(εi⊗ai) with ai ∈ L. Now

εiεj =
∑n

k=1 cijkεk with cijk ∈ F. We now define
∑n

i=1(εi ⊗ ai)
∑n

j=1(εj ⊗
bi) =

∑n
k=1

(
εk ⊗

∑
i,j cijkaibj

)
for ai, bj ∈ F. Then K ⊗F L becomes an

F -algebra with 1K ⊗ 1L as its identity element. We can view K and L as
subrings of K ⊗F L with the same identity element, by identifying them with
K ⊗ 1L and 1K ⊗ L.

Suppose K is given as K = F (ξ) with an element ξ. Let h(x) be the
minimal polynomial of ξ over F, that is, an irreducible polynomial over F

whose leading coefficient is 1 and such that h(ξ) = 0. Then h has degree n

and K ∼= F [x]/(h), where (h) denotes the ideal of the polynomial ring F [x]
generated by h. (It is a standard fact that every finite separable extension K

of F is such a simple extension.)
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We now investigate K ⊗F L for a finite or an infinite field extension L of
F. We have K = F ⊕ Fξ ⊕ · · · ⊕ Fξn−1, and so

(11.1) K ⊗F L = L⊕ L(ξ ⊗ 1)⊕ · · · ⊕ L(ξ ⊗ 1)n−1.

We consider the polynomial ring L[x], and to each g(x) ∈ L[x] we assign
g(ξ⊗ 1). Then we obtain an L-linear homomorphism of L[x] onto K ⊗L, and
we find that L[x]/I ∼= K ⊗ L, where I =

{
g ∈ L[x]

∣
∣ g(ξ ⊗ 1) = 0

}
. Let t(x)

be a generator of I. As can be seen from (11.1), the elements (ξ ⊗ 1)a for
0 ≤ a < n are linearly independent over L, and so deg(t) ≥ n. Since h ∈ I and
deg(h) = n, we can take h as t. Thus I = hL[x] and K ⊗F L ∼= L[x]/hL[x].
Put h = ge1

1 · · · ger
r with r irreducible polynomials gi in L[x] and 0 < ei ∈ Z.

We assume that gi/gj is not a constant if i �= j. Then by Theorem 1.3,

L[x]/hL[x] ∼= L[x]/ge1
1 L[x]⊕ · · · ⊕ L[x]/ger

r L[x].

11.2. Let us now assume that K is a separable extension of F. Then h

has no multiple roots, and so h = g1 · · · gr. Thus

(11.2) K ⊗F L ∼= L[x]/(g1)⊕ · · · ⊕ L[x]/(gr),

where (gi) = giL[x], and L[x]/(gi) is a separable extension of L.

To describe K ⊗ L in a different way, let us fix a Galois extension Ω of
L containing the roots of h. (We can take, for example, Ω to be the field
generated over L by the roots of h.) Put G = Gal(Ω/L) and denote by
InjF (K, Ω) the set of all F -linear ring-injections of K into Ω. Since G acts
on the right of InjF (K, Ω), we can consider the orbit set InjF (K, Ω)/G.

Every element σ of InjF (K, Ω) is determined by ξσ, and gi(ξσ) = 0 for
exactly one i. Take another element τ of InjF (K, Ω). If gi(ξτ ) = 0 with
the same i, then there exists an L-linear isomorphism α of L(ξσ) onto L(ξτ )
such that ξτ = ξσα, that is, τ = σα. This α can be extended to an element
of G. Conversely, if τ = σα with α ∈ G, then gi(ξσ) = gi(ξτ ) = 0 for some
i. Thus the direct summands L[x]/(gi) of (11.2) correspond bijectively to the
set InjF (K, Ω)/G.

Theorem 11.3. Let S be a complete set of representatives for the orbit
set InjF (K, Ω)/G. For each σ ∈ S denote by Uσ the composite field of Kσ

and L in Ω. Then there exists an isomorphism

(11.3) ψ : K ⊗F L →
⊕

σ∈S

Uσ

such that ψ(a ⊗ b) = (aσb)σ∈S for every a ∈ K and b ∈ L. Moreover, for
every a ∈ K we have

(11.4) NK/F (a) =
∏

σ∈S

NUσ/L(aσ), TrK/F (a) =
∑

σ∈S

TrUσ/L(aσ).
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Notice that we cannot consider the composite field of K and L. Once we
choose σ, the composite field of Kσ and L is meaningful.

Proof. We can rewrite h =
∏r

i=1 gi as h =
∏

σ∈S gσ by putting gi =
gσ when gi(ξσ) = 0. Then L[x]/(gσ) ∼= L(ξσ) = Uσ. The isomorphism of
L[x]/(gσ) onto L(ξσ) maps f(x) modulo (gσ) to f(ξσ). Let p(x) ∈ F [x]
and b ∈ L. Then the element p(ξ) ⊗ b of K ⊗ L is represented by bp(x)
of L[x]/(h), whose image under the isomorphism of (11.2) is

(
bp(ξσ)

)
σ∈S

.

Putting a = p(ξ), we find that a ⊗ b is mapped onto (aσb)σ∈S . This proves
our assertion concerning ψ. To prove (11.4), we take the regular representation
of K over F. This can be L-linearly extended to the regular representation
ρ of K ⊗ L over L. Let ρσ be the regular representation of Uσ over L. In
view of (11.3) we see that ρ is equivalent to the direct sum of the ρσ for
all σ ∈ S. Taking the determinant and trace of this equality with b = 1, we
obtain (11.4) by virtue of Theorem 7.8(iv).

11.4. As an easy special case of Theorem 11.3, we consider the case in
which L = K and K is a separable quadratic extension of F. Let σ be the
nontrivial automorphism of K over F. Then we can take {1, σ} as S and
U1 = Uσ = K. Thus the isomorphism ψ : K ⊗ K → K ⊕ K is given by
ψ(a ⊗ b) = (ab, aσb). In other words, if we extend σ from K ⊗ 1 to K ⊗K

by putting (a⊗ b)σ = aσ ⊗ b, then this automorphism considered on K ⊕K

is given by (x, y)σ = (y, x).

Theorem 11.5. Let F be a field with a discrete order function ν, and L

the ν-completion of F ; let K be a finite separable extension of F. Take Ω

as in §11.2 for these K and L; let μ be the unique extension of ν to Ω, as
guaranteed by Theorem 9.5.

(i) Define S and Uσ as in Theorem 11.3, and put μσ(a) = μ(aσ) for a ∈ K

and σ ∈ InjF (K, Ω). Then the μσ for σ ∈ S form the set of all extensions
of ν to K.

(ii) If we identify (K, μσ) with (Kσ, μ), then Uσ is the μσ-completion of
K.

(iii) [K : F ] =
∑

σ∈S e(μσ/ν)f(μσ/ν).

Proof. Since μ is unique, we have μ(xα) = μ(x) for every x ∈ L and
every α ∈ G. Thus μσα = μσ for every α ∈ G. Now Uσ = KσL, which is a
finite algebraic extension of L, and so complete with respect to the restriction
of μ to Uσ. Thus it contains the completion of Kσ, which naturally contains
the completion of F, which is L. This means that Uσ is the completion of Kσ.

This proves (ii). Suppose μσ = μτ for σ, τ ∈ S. Define an isomorphism γ

of Kσ onto Kτ by γ = σ−1τ. Then for a ∈ Kσ we have μ(a) = μσ(aσ−1
) =

μτ (aσ−1
) = μ(aγ). Thus γ is an isomorphism of the structure (Kσ, μ) onto
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(Kτ , μ), and can be extended to an isomorphism between their completions.
Thus γ can be extended to an L-linear isomorphism of Uσ onto Uτ . Such an
isomorphism can be extended to an element α of G, and so τ = σα. Since
we took σ and τ from S, we have σ = τ. Thus the μσ for σ ∈ S are all
different.

To show that the μσ exhaust all extensions of ν to K, take any extension
λ of ν to K. Let K∗ be the λ-completion of K and F ∗ the closure of F in
K∗. Then there is an isomorphism ε of F ∗ onto L such that λ(a) = μ(aε)
for every a ∈ F ∗. Take α so that K = F (α). Then K∗ = KF ∗ = F ∗(α),
and so ε can be extended to a ring-injectiion of K∗ into Ω. Thus αε = ασ

for some σ ∈ InjF (K, Ω). Then (K∗)ε = KσL = Uσ and ε sends λ to the
restriction of μ to Uσ, that is, λ = μσ on K, which completes the proof of
(i). Finally we have [K : F ] = [K ⊗ L : L] =

∑
σ∈S [Uσ : L]. By Theorem

9.5(4), [Uσ : L] = e(μσ/ν)f(μσ/ν), and so we obtain (iii).

12. Units and the class number of a number field

12.1. Let V be a vector space over R of dimension n. We call a Z-
submodule Y of V a lattice in V if Y is a free Z-submodule of rank n

and spans V over R. This is different from what we defined in §4.1, but the
distinction will be clear from the context. In particular, if V = Rn, then
we have the standard measure on Rn, and so for a lattice Y in Rn, we can
speak of the measure of Rn/Y, which we denote by vol(Rn/Y ). For example,
vol(Rn/Zn) = 1. More generally, if X =

∑n
i=1 Zui with n-dimensional col-

umn vectors ui, then X is a lattice in Rn if and only if det[u1 · · · un] �= 0,

in which case vol(Rn/X) = | det[u1 · · · un]|. We define the measure on C by
means of the bijection (x, y) 	→ x + iy ∈ C of R2 onto C.

12.2. Let F be an algebraic number field of degree n over Q, and J the
maximal order of F. Let σi for 1≤ i≤n be as in §10.9. We rearrange them so
that σi maps F into R if and only if i≤r. (If there is no such σi, then r=0.)
Then n−r=2s with a nonnegative integer s, and the set of the remaining σi

consists of s pairs
{
τ1, τ ′

1, . . . , τs, τ ′
s

}
such that aτ ′

i is the complex conjugate
of aτi for every a∈F. We can define archimedean valuations ϕ1, . . . , ϕr+s

of F by ϕi(a)= |aσi | for 1 ≤ i ≤ r and ϕr+i(a)= |aτi | for 1≤ i≤s, where | |
is the standard absolute value in C.

Now, for each prime ideal P in F define νP as in §10.12 and put ϕP (x) =
N(P )−νP (x) for every x ∈ F×. Then we have the product formula

(12.1)
r∏

i=1

ϕi(x)
s∏

j=1

ϕr+j(x)2
∏

P

ϕP (x) = 1

for every x ∈ F×, where P runs over all the prime ideals in F. To prove this,
we observe that αJ =

∏
P P νp(α). Combining this with (10.2), we obtain
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∏
P N(P )νP (α) = |NF/Q(α)|, which equals

∏r
i=1 |ασi |∏s

j=1 |ατj |2, and so we
obtain (12.1).

Theorem 12.3. (i) Every archimedean valuation of F is equivalent to
exactly one of these r + s valuations.

(ii) There is an R-linear isomorphism f of FR = F ⊗Q R onto Rr ×Cs

such that f(a) = (aσ1 , . . . , aσr , aτ1 , . . . , aτs) for every a ∈ F, where we
identify F with the subset F ⊗ 1 of FR.

(iii) For 1 ≤ i ≤ r the projection map of FR to the factor R corresponding
to σi identifies R with the ϕi-completion of F. Similarly, for 1 ≤ j ≤ s the
projection map of FR to the factor C corresponding to τj identifies C with
the ϕr+j-completion of F.

(iv) If X is a Z-lattice in F, then f(X) is a lattice in Rr ×Cs and

(12.2) vol
(
(Rr ×Cs)/f(X)

)
= 2−s|D(X)|1/2,

which equals 2−s|DF |1/2N(X) if X is a fractional ideal.

Proof. Assertion (i) will be proven in §12.4. Assertion (ii) is a spe-
cial case of Theorem 11.3. Indeed, take {Q, F, R, C} as {F, K, L, Ω} of
§11.2. Let G = Gal(C/R) = {1, ρ}, where ρ is complex conjugation. Then{
σ1, . . . , σr, τ1, τ ′

1, . . . , τs, τ ′
s

}
= InjQ(F, C) and InjQ(F, C)/G is repre-

sented by
{
σ1, . . . , σr, τ1, . . . , τs

}
, which we take to be S of Theorem 11.3.

Define Uσ as in that theorem. Then Uσ = R if σ = σi and Uσ = C if σ = τj .

Thus ψ of (11.3) gives f of (ii). To prove (iii), we first note that Qn is
dense in Rn, and so F is dense in FR. Thus f(F ) is dense in Rr ×Cs, and
so F σi or F τj is dense in R or C. Then (iii) is obvious. To prove (iv), let
X =

∑n
k=1 Zαk. For α ∈ F denote by ϕ(α) and ψ(α) the column vectors

whose components are

(ασ1 , . . . , ασr , Re(ατ1), . . . , Re(ατs), Im(ατ1), . . . , Im(ατs)) and

(ασ1 , . . . , ασr , ατ1 , . . . , ατs , ατ1ρ, . . . , ατsρ),

where τkρ = τ ′
k. Define (n× n)-matrices A and B by

A =
[
ϕ(α1) · · · ϕ(αn)

]
, B =

[
ψ(α1) · · · ψ(αn)

]
.

Then by (10.4), D(X) = det(B)2, f(X) =
∑n

i=1 Zϕ(αi), and

diag
[

1r, 2−1

[
1s 1s

−i1s i1s

]]

· B = A.

Thus 2−s|D(X)|1/2 = | det(A)| = vol
(
(Rr×Cs)/f(X)

)
, which combined with

Lemma 10.10(ii) proves (iv). That f(X) is a lattice in Rr ×Cs follows from
the fact that D(X) �= 0.

12.4. Let us now prove that every archimedean valuation of F is equivalent
to one of the ϕi (1 ≤ i ≤ r + s) defined in §12.2. We first show that if a
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valuation ϕ of C satisfies ϕ(x) = |x| for every x ∈ R, then ϕ(z) = |z| for
every z ∈ C. For that purpose, first suppose that ϕ(w) > ϕ(w) for some
w ∈ C. Put x = w/w and yn = (wn + wn)/(wn−1 + wn−1) for 0 < n ∈ Z.

Then yn ∈ R and yn = w(1 + xn)/(1 + xn−1), which tends to w as n →∞
with respect to the ϕ-topology, that is, limn→∞ ϕ(yn−w) = 0. Since yn ∈ R,

we have w ∈ R, a contradiction. Therefore ϕ(z) = ϕ(z) for every z ∈ C,

and so ϕ(z)2 = ϕ(zz) = ϕ(|z|2) = |z|2. Thus ϕ(z) = |z| for every z ∈ C as
expected.

Turning to our main question, take
{
Q, F, R, C

}
as

{
F, K, L, Ω

}
of §11.2

as we did in the proof of Theorem 12.3. Let ϕ be an archimedean valuation
of F, F ∗ the ϕ-completion of F, and Q∗ the closure of Q in F ∗. By Theorem
6.14 all archimedean valuations of Q are equivalent, and so we may assume
that ϕ(x) = |x| for x ∈ Q. Thus there is an isomorphism ε of Q∗ onto R
such that ϕ(x) = |xε| for every x ∈ Q∗. Now F ∗ is the composite field FQ∗,

and so there is an element σ of InjQ(F ∗, C) that coincides with ε on F. Since
the valuation of C that extends the valuation | | on R is unique as proved
above, we have ϕ(x) = |xσ| for x ∈ F. We can take σ from the set

{
σi, τj

}

as in Theorem 12.3(ii), and so we find that ϕ coincides with one of the ϕi of
§12.2. Since F is dense in FR, if i �= j, then we can find an element α of F

such that ϕi(α) > 1 and ϕj(α) < 1, and so ϕi is not equivalent to ϕj . Thus
we obtain the desired result.

Theorem 12.5 (Minkowski’s lemma). (i) Let L be a lattice in Rn and let
Δ = vol(Rn/L); let Y be a bounded convex set in Rn such that −x ∈ Y for
every x ∈ Y. If vol(Y ) > 2nΔ, then Y ∩L has a nonzero element. Moreover,
if Y is closed, then the conclusion is valid even when vol(Y ) = 2nΔ.

(ii) Let fi(x) =
∑n

j=1 aijxj with aij ∈ R for x ∈ Rn and 1 ≤ i ≤ n.

If 0 < | det(aij)| ≤ b1 · · · bn with positive numbers bi, then there exists ξ ∈
Zn, �= 0, such that |fi(ξ)| ≤ bi for every i.

Proof. We first prove that if Z is a bounded set in Rn and Z∩(Z+�) = ∅
for every � ∈ L, �= 0, then vol(Z) ≤ Δ. Take a fundamental domain T for
Rn/L. Then vol

(
(Z+�)∩T

)
= vol

(
Z∩(T−�)

)
and Z =

⊔
�∈L

[
Z∩(T−�)

]
, so

that vol(Z) =
∑

�∈L vol
(
(Z + �) ∩ T

) ≤ vol(T ) = Δ as desired. Now given Y

as above, take Z = (1/2)Y. If vol(Z) > Δ, then there exists � ∈ L, �= 0, such
that Z∩(Z+�) �= ∅. Thus �+z = z′ with z, z′ ∈ Z. Put y = 2z and y′ = 2z′.

Then � = 2−1(y′ − y) ∈ Y, since y′, −y ∈ Y. This proves the first part of (i).
Next, suppose that Y is closed; take 0 �= xm ∈ (1 + m−1)Y ∩ L. Then {xm}
has a convergent subsequence. Since L is discrete, we can choose a “constant”
subsequence consisting of a nonzero element � of L. Put xm = (1 + m−1)ym

with ym ∈ Y. Then � is the limit of a subsequence of {ym}. This completes
the proof of (i).
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To prove (ii), let Y be the set of all x ∈ Rn such that |fi(x)| ≤ bi for every
i, and let A = | det(aij)|. Then Y is a set of the type considered in (i). Since
Y is mapped onto

∏n
i=1[−bi, bi]n under the map x 	→ (

fi(x)
)n

i=1
, we see that

vol(Y ) = 2nA−1b1 · · · bn ≥ 2nvol(Rn/Zn) if b1 · · · bn ≥ A. Therefore, by (i),
Y ∩ Zn contains a nonzero element, which proves (ii).

Theorem 12.6. Let n and s be as in §12.2. Then every ideal class
contains an integral ideal B such that

N(B) ≤ n!
nn

(
4
π

)s

|DF |1/2.

Proof. For 0 < c ∈ R put

Yc =
{

(x1, . . . , xr, z1, . . . , zs) ∈ Rr ×Cs

∣
∣
∣
∣

r∑

μ=1

|xμ|+ 2
s∑

ν=1

|zν | ≤ c

}

.

Putting zν = 2−1tνeiθν we find that

vol(Y1) = 2r(π/2)s

∫

Z

t1 · · · tsdx1 · · · dxrdt1 · · · dts,

where

Z =
{

(x1, . . . , xr, t1, . . . , ts) ∈ Rr+s

∣
∣
∣
∣ xμ ≥ 0, tν ≥ 0,

r∑

μ=1

xμ +
s∑

ν=1

tν ≤ 1
}

.

It is an easy exercise to show that
∫

Z
= 1/n!. Thus vol(Yc) = 2r−sπscn/n!.

Given a fractional ideal A, take c so that cn = n!(4/π)sN(A−1)|DF |1/2. Then
vol(Yc) = 2nvol(Rn/f(A−1)). By Theorem 12.5(i) we find α ∈ A−1, �= 0, such
that f(α) ∈ Yc. Then αA is integral, and

|N(α)|1/n =
{ r∏

j=1

|ασj |
s∏

k=1

|ατk |2
}1/n

≤ n−1

( r∑

j=1

|ασj |+ 2
s∑

k=1

|ατk |
)

≤ c/n.

Thus N(αA) ≤ n−ncnN(A) = n!n−n(4/π)s|DF |1/2. This proves our theorem.

Theorem 12.7. (i) For I and P as in §10.18 we have [I : P ] < ∞.

(ii) |DF | > 1 if F �= Q.

(iii) If F �= Q, then there exists a prime number ramified in F.

Proof. To prove (i), in view of Theorem 12.6 it is sufficient to show that
there are only finitely many integral ideals B such that N(B) ≤ C with a
constant C. Any prime factor P of such a B has the same property, and
the rational prime divisible by P is ≤ C. Then the desired conclusion can
easily be verified. Put An = (π/4)n/2nn/n!; then Theorem 12.6 shows that
|DF |1/2 ≥ An if [F : Q] = n. We have A2 = π/2 > 1, and An+1/An = (1 +
n−1)n

√
π/2 > 1, which proves (ii). Assertion (iii) follows from (ii) combined

with Theorem 10.13.
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Theorem 12.8. (i) All roots of unity in F form a finite cyclic group.
(ii) An element α of J is a root of unity if and only if |ασ| = 1 for every

isomorphic embedding σ of F into C.

Proof. Suppose α ∈ J and |ασ| = 1 for every isomorphic embedding σ of
F into C. Take f as in Theorem 12.3(ii). Since f(J) is a lattice in Rr ×Cs,

the intersection of f(J) with a bounded set is a finite set. Therefore the
powers of such an α form a finite set, and so α must be a root of unity. This
also shows that there are only finitely many roots of unity, which combined
with Theorem 1.5 proves (i).

Theorem 12.9. The notation being the same as in Theorem 12.3, define
a homomorphism λ : F×

R = (R×)r × (C×)s → Rr+s by

λ(α1, . . . , αr, β1, . . . , βs) =
(
log |α1|, . . . , log |αr|, 2 log |β1|, . . . , 2 log |βs|

)
.

(Clearly λ
(
f(a)

)
=

(
log |aσ1 |, . . . , log |aσr |, log |aτ1 |2, . . . , log |aτs |2) for ev-

ery a ∈ F×.) Put V =
{
x ∈ Rr+s |∑r+s

i=1 xi = 0
}
; let W denote the group of

all roots of unity in F. Then λ(J×) is a lattice in V, and W = J× ∩Ker(λ).

Proof. We first note that any discrete subgroup of Rm that spans Rm

over R is a lattice in Rm. Also in this proof we identify F with the subset f(F )
of Rr ×Cs. To show that λ(J×) is discrete, let Tc =

{
α ∈ J× | ‖λ(α)‖ < c

}

with 0 < c ∈ R, where ‖x‖ = (
∑r+s

k=1 |xk|2)1/2. Observe that if α ∈ Tc, then
|α′| < ec for every conjugate α′ of α, and therefore Tc is bounded. Since
Tc is contained in the lattice J, Tc must be finite, which means that λ(J×) is
discrete.

To show that λ(J×) spans V, put

S =
{
(x1, . . . , xr , z1, . . . , zs) ∈ Rr ×Cs

∣
∣ |x1 · · ·xrz

2
1 · · · z2

s | = 1
}
,

X =
{
(x1, . . . , xr, z1, . . . , zs) ∈ Rr ×Cs

∣
∣ |xμ| ≤ cμ, |zν |2 ≤ dν

}

with positive numbers cμ and dν . Then vol(X) = 2rπsc1 · · · crd1 · · · ds.

Take cμ and dν so that vol(X) > 2nvol
(
(Rr × Cs)/J

)
. Let α1J, . . . , αtJ

be the integral principal ideals such that N(αiJ) ≤ c1 · · · crd1 · · · ds. Put
Y =

⋃t
i=1 α−1

i X. If u ∈ S, then vol(u−1X) = vol(X), so that by Theorem
12.5, u−1X∩J contains a nonzero element α. Then |N(α)| ≤ c1 · · · crd1 · · · ds,

and so αJ = αiJ for some i, which means α = αiε with ε ∈ J×. Then
uαiε = uα ∈ X, so that uε ∈ α−1

i X ⊂ Y. Clearly uε ∈ S. Thus uε ∈
Y ∩ S, and hence λ(u) ∈ λ(J×) + λ(Y ∩ S). Since V = λ(S), we have
V ⊂ λ(J×) + λ(Y ∩ S). Observe that λ(Y ∩ S) is bounded. Therefore
λ(J×) must span the whole V. Consequently λ(J×) is a lattice in V. That
W = J× ∩Ker(λ) follows from Theorem 12.8(ii).
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Theorem 12.10. J× is isomorphic to W × Zr+s−1.

Proof. The above theorem shows that J×/W is isomorphic to a lattice in
the vector space V, which has dimension r+s−1, so that J×/W is isomorphic
to Zr+s−1. Therefore, in view of Lemma 5.5 we obtain our theorem.

Lemma 12.11. Let V =
{
x ∈ Rq

∣
∣ ∑q

i=1 xi = 0
}
, and let L be a lattice

in V. Suppose L =
∑q−1

ν=1 Zuν with uν = (a1ν , . . . , aqν) ∈ Rq. Then

vol(V/L) =
√

q
∣
∣det(aij)

q−1
i,j=1

∣
∣.

Proof. Let w be the element of Rq whose components are all equal to
1. Then w has length

√
q, it is orthogonal to V, and Rq = V ⊕ Rw. Put

M = L ⊕ Zw. Then M is a lattice in Rq, and
√

q vol(V/L) = vol(Rq/M) =
| det(U)|, where U = [u1 · · · uq−1 w]. Adding the first q − 1 rows of U to
the last row, we find that

det(U) = det

⎡

⎢
⎣

a11 · · · a1t 1
· · · · · · · · · · · ·
at1 · · · att 1
0 · · · 0 q

⎤

⎥
⎦ ,

where t = q − 1. From this we obtain vol(V/L) as given in our lemma.

12.12. The notation being as in §12.2, put q = r + s and t = q − 1. By
Theorem 12.10 we can find t elements ε1, . . . , εt of J× that generate J×/W.

For 1 ≤ i ≤ q and 1 ≤ j ≤ t put cij = log |εσi

j | if i ≤ r and cij = 2 log |ετk
j |

if i = r + k, 1 ≤ k ≤ s. Then we put

(12.3) RF =

∣
∣
∣
∣
∣
∣
det

⎡

⎣
c11 · · · · · · c1t

· · · · · · · · · · · ·
ct1 · · · · · · ctt

⎤

⎦

∣
∣
∣
∣
∣
∣
,

and call RF the regulator of F. By means of the same technique as in the
above proof we can show that

qRF =

∣
∣
∣
∣
∣
∣
det

⎡

⎣
c11 · · · c1t 1
· · · · · · · · · · · ·
cq1 · · · cqt 1

⎤

⎦

∣
∣
∣
∣
∣
∣
.

Take λ and V as in Theorem 12.9. Then Lemma 12.11 shows that
√

q RF =
vol

(
V/λ(J×)

)
.

There is another measure on V with which RF gives exactly the measure
of V/λ(J×). Define p : Rq → R by p(x) =

∑q
i=1 xi. Then V = Ker(p) and

Rq/V ∼= R. Taking the standard measures on Rq and R, we can define a
measure μ on V so that

∫

Rq

f(x)dx =
∫

R

∫

V

f(x + v) dμ(v) dp(x)

holds for integrable functions f on Rq. This is a special case of
∫

G f(g)dg =∫
G/H

∫
H f(gh)dh d(gH). Then we easily find that μ(V/L) =

√
q vol(V/L) for

every lattice L in V. Thus RF = μ
(
V/λ(J×)

)
.
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12.13. If F = Q, we have J = Z and Z× = {±1}; also r = 1 and s = 0.

In this case RQ = 1.

Next we take a quadratic field as F. If F is imaginary, then r = 0 and
s = 1, and so J× equals the group of all roots of unity W in F. Thus RF = 1.

We have W = {±1} except when F = Q(
√−1 ) or F = Q(

√−3 ), in which
case W has order 4 or 6 accordingly.

Suppose F is real quadratic; then r = 2, s = 0, and W = {±1}. Take
ε ∈ J× that generates J×/{±1}. Then J× =

{± εn
∣
∣n ∈ Z

}
. Viewing F as a

subfield of R, we can choose ε so that ε > 1. Then ε is uniquely determined,
and called the fundamental unit of F. Clearly RF = log ε.

12.14. Though we do not discuss the zeta function and L-functions of
a number field in this book, let us at least explain the significance of the
regulator in this connection. For F, J, r, s, and W as in §12.2 and Theorem
12.9, we put J× = EF , r = rF , s = cF , W = WF , and

(12.4) tF = rF + cF − 1,

(12.5) ζF (s) =
∑

A

N(A)−s (s ∈ C),

where A runs over the integral ideals in F. The function ζF is called the
Dedekind zeta function of F. It can be shown that the infinite series of
(12.5) is convergent for Re(s) > 1, and so defines a holomorphic function of
s there, which can be continued as a meromorphic function of s to the whole
s-plane. Moreover ζF has a simple pole at s = 1, and

(12.6) Ress=1ζF (s) = 2rF (2π)cF [WF : 1]−1|DF |−1/2hF RF ,

where hF is the class number of F and RF the regulator of F. This result
is due to Dedekind, and its proof can be found in any advanced textbook of
algebraic number theory.

Let K be a quadratic extension of F. Then ζK(s) = ζF (s)L(s, λ) with a
certain function L(s, λ), called the L-function of a character λ, defined by
L(s, λ) =

∑
A λ(A)N(A)−s, where λ is a multiplicative map I → {±1, 0}.

It can be shown that L(s, λ) is an entire function. From (12.6) we see that
L(1, λ) is easy factors times (hK/hF )·(RK/RF ). Thus we can ask the following
natural question: Is there a formula for RK/RF ? Indeed, RK/RF is the
quotients of two determinants, which involve many units, and so it is desirable
to express it with fewer units. We can actually give an answer not only for a
quadratic extension, but also for an extension of an arbitrary degree.

To be explicit, denote by ΦF the set {ϕ1, . . . , ϕr+s} with ϕi of §12.2. Let
K be an extension of F of degree m (> 1). Put b = tK−tF and take a disjoint
decomposition ΦK = Ψ ∪Ψ ′ such that #Ψ ′ = #ΦF and the restrictions of the
members of Ψ ′ to F give the members of ΦF up to equivalence. Put
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(12.7) U =
{
u ∈ EK

∣
∣NK/F (u) = 1

}
.

Then we have:

Theorem 12.15. In the above setting we have #Ψ = b and U/(U∩WK) ∼=
Zb. Moreover, let η1, . . . , ηb be elements of U that generate U/(U∩WK) and
let Ψ = {ψ1, . . . , ψb}. Put R(K/F ) =

∣
∣ det

(
ei log ψi(ηj)

)∣
∣, where ei = 1 if

ψi is real and ei = 2 if ψi is imaginary. Then

(12.8) RK/RF = [WF : NK/F (WK)]−1[EF : NK/F (EK)]R(K/F ).

Thus RK/RF is a rational number times a determinant of size b. The proof
is not difficult; we refer the reader to [S01], in which some identities between
the class numbers and regulators of number fields are given.

Exercises. 1. Prove that (1 +
√−31)/2 generates P 3 with a prime ideal

P of Q(
√−31) dividing 2. Show that the class number of Q(

√−31) is 3.
2. With F = Q(

√
101) determine the decomposition of all rational primes

less than 10 in F, and show that the class number of F is one.

13. Ideals in an extension of a number field

In this section F denotes an algebraic number field and K an extension of
F of degree d <∞; JK resp. JF denotes the maximal order of K resp. F.

Lemma 13.1. We have XJK ∩ F = X for every fractional ideal X of F.

Consequently the map X 	→ XJK defines an injective homomorphism of the
ideal group I F of F into the ideal group I K of K.

Proof. We easily see that XJK is a fractional ideal in K. Suppose XJK =
Y JK for another fractional ideal Y in K. Put A = X−1Y. Then AJK = JK ,

so that A ⊂ JK ∩ F = JF , and similarly A−1 ⊂ JF , and so A = JF . Thus
X = Y. Given X, put Z = XJK ∩ F. Then Z is a fractional ideal in F and
X ⊂ Z, and so XJK ⊂ ZJK ⊂ XJK . Thus XJK = ZJK , and so X = Z. This
completes the proof.

Lemma 13.2. N(XJK) = N(X)d for every X ∈ I F .

Proof. It is sufficient to prove this when X is integral. By Lemma 10.5
we can find α ∈ F× such that αX−1 is an integral ideal prime to N(XJK).
Put Y = αX−1. Then by Lemma 10.5(iii), N(Y ) is prime to N(XJK). Now
N(XJK)N(Y JK) = N(αJK) = |NK/Q(α)| = |NF/Q(α)|d = N(αJF )d =
N(X)dN(Y )d. Since N(Y ) is prime to N(XJK), we see that N(XJK) divides
N(X)d. This is valid for every integral ideal X, and so N(Y JK) divides N(Y )d.

Thus we obtain N(XJK) = N(X)d.

13.3. Let P be a prime ideal in F and let Q1, . . . , Qg be the prime factors
of PJK in K. Then we have
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(13.1) PJK = Qe1
1 · · ·Qeg

g

with positive integers ei. Since P = Qi∩JF , we can view JF /P as a subfield of
JK/Qi. Put fi = [JK/Qi : JF /P ]. Counting the number of elements in these
fields, we obtain N(Qi) = N(P )fi . By Lemma 13.2 and (13.1) we obtain
N(P )d = N(P )e1f1 · · ·N(P )egfg , and hence

(13.2) [K : F ] = d =
∑g

i=1 eifi,

which is a generalization of (10.6). We write fi = f(Qi/P ) and ei = e(Qi/P ).
We say that P is ramified in K if ei > 1 for some i, and that P is unram-
ified in K if e1 = · · · = eg = 1.

We are going to define a homomorphism NK/F : I K → I F . First, given
a prime ideal Q in K, let P = Q ∩ F and f = [JK/Q : JF /P ]. (If we start
from P, then Q is one of the Qi.) We then put NK/F (Q) = P f , and extend
the map NK/F to the whole I K multiplicatively.

13.4. Let us apply Theorem 11.5 to the case where F is an algebraic
number field. Take a prime ideal P of F and take Qi, ei, and fi as in (13.2);
put ni = eifi. Let ν (resp. μi) be the order function associated with P

(resp. Qi) (see §10.12). The e−1
i μi are extensions of ν to K, which are

clearly different. Let F ∗ (resp. K∗
i ) be the ν-completion of F (resp. μi-

completion of K.) Comparing (13.2) with Theorem 11.5(iii), we see that the
set {Uσ}σ∈S of Theorem 11.3 is exactly {K∗

i }g
i=1, and the e−1

i μi are exactly
the extensions μσ of ν to K determined in Theorem 11.5. Then we easily see
that f(Qi/P ) = f(K∗

i /F ∗) and e(Qi/P ) = e(K∗
i /F ∗); also, by (11.3) and

(11.4) we have

(13.3) K ⊗F F ∗ ∼= K∗
1 ⊕ · · · ⊕K∗

g ,

(13.4) NK/F (a)=
g∏

i=1

NK∗
i

/F∗(a), TrK/F (a)=
g∑

i=1

TrK∗
i
/F∗(a) (a ∈ K).

Let us now take F = Q; let ϕ be a nonarchimedean valuation of K, and λ

the order function of K corresponding to ϕ. By Theorem 6.14 the restriction
of ϕ to Q is equivalent to ϕp for some prime number p. Replacing ϕ by
its suitable power, we may assume that λ = νp on Q. Take P = pZ in the
above discussion. Then we see that λ must be e−1

i μi for some i. Thus ϕ is
equivalent to ϕQi in the sense of §10.12.

Theorem 13.5. The map NK/F : I K → I F has the following proper-
ties, in which X denotes a fractional ideal in K :

(1) NK/F (X) is the JF -submodule of F generated by NK/F (ξ) for all ξ ∈ X.

(2) NK/F (αJK) = NK/F (α)JF for every α ∈ K×.

(3) NL/F (X) = NK/F

(
NL/K(X)

)
if L is a finite extension of K.

(4) NK/Q(X) = N(X)Z.
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(5) N
(
NK/F (X)

)
= N(X).

(6) If K is a Galois extension of F and G=Gal(K/F ), then NK/F (X)JK =
∏

σ∈G Xσ.

Proof. To prove (2), we use the notation of §13.4. Since e−1
i μi is the

extension of ν to K∗
i , the proof of Theorem 9.5 shows that ν

(
NK∗

i
/F∗(α)

)
=

ni e−1
i μi(α) = fiμi(α) for α ∈ K. Therefore by (13.4) we have ν

(
NK/F (α)

)
=

∑g
i=1 fiμi(α). We can put αJK =

∏
P

∏g
i=1 Q

μi(α)
i , where P runs over the

prime ideals in F and {Qi}g
i=1 is the set of prime factors of P in K. Thus

NK/F (αJK) =
∏

P P
∑

i
fiμi(α) = NK/F (α)JF , which is (2).

To prove (1), let ξ ∈ X. Then ξX−1 ⊂ JK , and so our definition of
NK/F (ξX−1) shows that NK/F (ξX−1) ⊂ JF . Employing (2), we see that
NK/F (ξ)NK/F (X−1) ⊂ JF , and so

(∗) NK/F (ξ) ∈ NK/F (X) for every ξ ∈ X.

Given any prime ideal P in F, Lemma 10.5(i) guarantees an element α of K

such that αX−1 +PJK = JK . Then α ∈ X and NK/F (αX−1), because of its
definition, must be prime to P. Combining this with (∗), we obtain (1).

To prove (6), put Y =
∏

σ∈G Xσ and let ξ ∈ X. Then NK/F (ξ) =
∏

σ∈G ξσ ∈ Y, and so NK/F (X)JK ⊂ Y by (1). Suppose NK/F (X)Y −1 ⊂ Q

with a prime ideal Q in K; put P = Q ∩ F. By Lemma 10.5(i), there ex-
ists an element α of K× such that αX−1 + PJK = JK . Then α ∈ X and
(αX−1)σ + PJK = JK for every σ ∈ G, and so NK/F (α)Y −1 + PJK = JK .

Since NK/F (α)Y −1 ⊂ NK/F (X)Y −1 ⊂ JK , we have NK/F (X)Y −1 +Q = JK ,

a contradiction. Thus NK/F (X)Y −1 = JK , which proves (6). The remaining
assertions (3), (4), and (5) follow easily from our definition.

14. The discriminant and different

14.1. In this section F is either an algebraic number field of finite degree or
its completion at a prime ideal. We call F local in the latter case. We denote
by J or JF the maximal order of F or the valuation ring of F, accordingly;
K is a finite algebraic extension of F of degree n and JK the maximal order
of K. Also, when F is local, by a fractional ideal in K we understand a J-
submodule of K of rank 1, which we call an integral ideal if it is contained in
JK .

Let F̃ be an algebraic closure of F, and let σ1, . . . , σn be all the differ-
ent isomorphic embeddings of K into F̃ over F. Given α ∈ K, put h(x) =
∏n

i=1(x − ασi) and δK/F (α) = h′(α). If we take α = ασ1 , then δK/F (α) =
∏

i>1(α − ασi). Clearly h(x) belongs to F [x], and K = F (α) if and only if
δK/F (α) �= 0, in which case h is the minimal polynomial of α over F.

The different of K relative to F is the integral ideal d(K/F ) in K

determined by
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(14.1) d(K/F )−1 =
{
x ∈ K | TrK/F (xJK) ⊂ JF

}
.

To make this definition meaningful, we consider the F -bilinear form (α, β) 	→
TrK/F (αβ) of K ×K to F, which is nondegenerate by Theorem 7.8(i). Let X

be the right-hand side of (14.1). Then by Lemma 4.4, X is a JF -lattice in K.

Clearly JKX ⊂ X, and so X is a fractional ideal in K. From Lemma 8.8 we
see that JK ⊂ X, and so X−1 ⊂ JK , which establishes d(K/F ) as an integral
ideal in K. We note that

(14.1a) TrK/F

(
d(K/F )−1

)
= JF .

To show this, put A = TrK/F

(
d(K/F )−1

)
. By (14.1), A ⊂ JF ; also {0} �=

TrK/F (JK) ⊂ A. Thus A is an integral ideal, and so TrK/F

(
A−1d(K/F )−1

)
=

A−1A = JF . By (14.1) we have A−1d(K/F )−1 ⊂ d(K/F )−1. Therefore A−1 ⊂
JK ∩ F = JF , and so A = JF as expected.

We now put

(14.2) D(K/F ) = NK/F

(
d(K/F )

)

and call D(K/F ) the relative discriminant of K over F. This is an integral
ideal in F.

Theorem 14.2. If L is a finite extension of K, then

d(L/F ) = d(L/K)d(K/F ).

Proof. We have

TrL/F

(
d(K/F )−1d(L/K)−1

)
= TrK/F

(
TrL/K

(
d(K/F )−1d(L/K)−1

))

= TrK/F

(
d(K/F )−1TrL/K(d(L/K)−1)

) ⊂ TrK/F

(
d(K/F )−1JK

) ⊂ JF ,

and so d(K/F )−1d(L/K)−1 ⊂ d(L/F )−1. On the other hand,

TrK/F

(
JKTrL/K(d(L/F )−1)

)
= TrL/F

(
d(L/F )−1

) ⊂ JF ,

and so TrL/K(d(L/F )−1) ⊂ d(K/F )−1. Thus TrL/K

(
d(K/F )d(L/F )−1

) ⊂
JK , which implies that d(K/F )d(L/F )−1 ⊂ d(L/K)−1. Combining this with
the inclusion we already have, we obtain our theorem.

Lemma 14.3. If α ∈ JK and K = F (α), then
{
ξ ∈ K | TrK/F

(
ξJF [α]

) ⊂ JF

}
= δK/F (α)−1JF [α].

Proof. Let h(x) and σi be as in §14.1; put αi = ασi . Recall that for
every g(x) =

∑n−1
i=0 bix

i ∈ F [x] we have

(14.3) g(x) =
n∑

i=1

g(αi)
h′(αi)

h(x)
x− αi

.
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Comparing the coefficients of xn−1 on both sides, we obtain bn−1 =
∑n

i=1

h′(αi)−1g(αi) = TrK/F

(
h′(α)−1g(α)

)
. Now take β ∈ h′(α)−1J [α]. Then for

every γ ∈ J [α] we can put βγ = h′(α)−1g(α) with some g of the above type
with coefficients in J, and so TrK/F (βγ) = bn−1 ∈ J. Conversely, suppose
β ∈ K and TrK/F

(
βJ [α]

) ⊂ J. Put h′(α)β = g(α) with g ∈ F [x], deg(g) < n.

Put f(x) = h(x)/(x−α). Then f ∈ J [α][x], and (14.3) can be written g(x) =
∑n

i=1 βσifσi(x). Each coefficient of the last sum belongs to TrK/F

(
βJ [α]

)

which is contained in J, so that g ∈ J [x]. Thus β ∈ h′(α)−1J [α]. This proves
our lemma.

Theorem 14.4. (i) The ideal d(K/F ) is generated by δK/F (α) for all
α ∈ JK such that K = F (α). Moreover,

(14.4) δK/F (α)d(K/F )−1 =
{
ξ ∈ K | ξJK ⊂ JF [α]

}

for such an α.

(ii) The ideal D(K/F ) is generated by NK/F

(
δK/F (α)

)
for all α ∈ JK .

Proof. Since TrK/F

(
d(K/F )−1JF [α]

) ⊂ JF , by Lemma 14.3, d(K/F )−1

⊂ δK/F (α)−1JF [α] ⊂ δK/F (α)−1JK , and so δK/F (α)JK ⊂ d(K/F ). Take any
ξ ∈ K. Then by Lemma 14.3,

ξJK ⊂ JF [α] ⇒ TrK/F

(
ξδK/F (α)−1JK

) ⊂ JF ⇒ ξδK/F (α)−1 ∈ d(K/F )−1

⇒ ξJK ⊂ δK/F (α)d(K/F )−1 ⇒ ξJK ⊂ JF [α],

which proves (14.4). We also see that δK/F (α) ∈ d(K/F ) if α ∈ JK and K =
F (α). That d(K/F ) is generated by the δK/F (α) will be proven in §14.14.
Once (i) is established, (ii) follows from it and Theorem 13.5(1). Notice also
that NK/F

(
δK/F (α)

)
= ±Δ(1, α, . . . , αn−1) by (7.8) if n = [K : F ].

From (14.4) we immediately obtain

Corollary 14.5. JK = JF [α] ⇐⇒ d(K/F ) = δK/F (α)JK .

Theorem 14.6. Suppose F is local. Then K is unramified over F if and
only if d(K/F ) = JK .

Proof. Suppose that K is unramified over F ; then by Theorems 9.7 and
9.9(i), K = F (γ) and JK = JF [γ] with a primitive m-th root of unity γ,

where m = qn − 1. Observe that m ∈ J×
F . Let g be the minimal polynomial

of γ over F, and let xm − 1 = g(x)h(x). Then g′(γ)h(γ) = mγm−1 ∈ J×
K ,

and so δK/F (γ) = g′(γ) ∈ J×
K . Thus d(K/F ) ⊃ δK/F (γ)JK = JK , so

that d(K/F ) = JK . Next assume that K is ramified over F. By Theorem
9.7(i), K is a totally ramified extension of an unramified extension M of F.

Then d(K/F ) = d(K/M)d(M/F ) = d(K/M). Thus our task is to show that
d(K/M) �= JK . This is included in the following theorem.
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Theorem 14.7. Suppose F is local; let e = e(K/F ) and let π be a prime
element of K; further let d(K/F ) = πtJK with t ∈ Z. Then t = e − 1 if
e ∈ J×

F and t ≥ e if e /∈ J×
F .

Proof. Take M as above. Let f(x) = xe+c1x
e−1+· · ·+ce be the minimal

polynomial of π over M. Let λ be the normalized order function of M, and
μ its extension to K. Then μ(π) = e−1. Let H be the Galois closure of K over
M. Then f(x) =

∏e
i=1(x − πi) with the conjugates πi of π over M. Let κ

be the extension of μ to H. Since κ is unique, we have κ(πi) = μ(π) = e−1.

Therefore λ(ce) = 1 and λ(ci) > 0 for every i. Since λ(M×) = Z, we have
λ(ci) ≥ 1 for every i, and δK/M (π) = f ′(π) = eπe−1 + (e− 1)c1π

e−2 + · · ·+
ce−1. Therefore, if e ∈ J×

F , then μ
(
δK/M (π)

)
= (e−1)/e. This combined with

Theorem 9.9(ii) and Corollary 14.5 shows that d(K/F ) = d(K/M) = πe−1JK .

If e /∈ J×
F , then μ

(
δK/M (π)

) ≥ 1, which proves the other case.

Theorem 14.8. If F is an algebraic number field, then D(F/Q) = DF Z.

Proof. Let {αi}n
i=1 be a Z-basis of JF . Then (14.1) shows that

d(F/Q)−1 =
{ n∑

i=1

biαi

∣
∣
∣
∣

n∑

i=1

biTrF/Q(αiαj) ∈ Z for every j

}

.

Therefore N(d(F/Q)) = [d(F/Q)−1 : JF ] = | det(TrF/Q(αiαj))| = |DF |, and
so D(F/Q) = NF/Q(d(F/Q)) = N(d(F/Q))Z = DF Z.

14.9. Let us now assume that F is an algebraic number field. For a prime
ideal P in F we let FP denote the P -completion of F and JP its valuation
ring. Given a finite-dimensional vector space V over F and a J-lattice L in
V, we put VP = V ⊗F FP and denote by LP the JP -span of L in VP . Observe
that LP is the closure of L in VP ; it is a JP -lattice in VP and compact. If
ϕ : V × V → F is an F -bilinear form and L′ =

{
x ∈ V

∣
∣ϕ(x, L) ⊂ J

}
, then

L′ is a J-lattice in V by Lemma 4.4. Moreover, it can easily be shown that

(14.5) L′
P =

{
x ∈ VP

∣
∣ϕP (x, LP ) ⊂ JP

}
,

where ϕP is the FP -bilinear extension of ϕ to VP × VP .

Take a finite algebraic extension K of F and put KP = K ⊗F FP . Let
Q1, . . . , Qg be the prime factors of P in K; denote by KQi the Qi-completion
of K. Then (13.3) can be written

(14.6) KP = KQ1 ⊕ · · · ⊕KQg .

Moreover, as will be proven in §21.8, we have

(14.7) JK ⊗JF JP = JQ1 ⊕ · · · ⊕ JQg .

Let X = Qa1
1 · · ·Qag

g S with integers ai and a fractional ideal S of K that
does not involve the Qi. Let Q∗

i be the maximal ideal of JQi . Then
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(14.8) X ⊗JF JP = (Q∗
1)a1 ⊕ · · · ⊕ (Q∗

g)ag .

This can easily be shown by observing that every ideal of
⊕g

i=1 JQi is of the
form

⊕g
i=1(Q

∗
i )

bi .

Theorem 14.10. Suppose F is an algebraic number field; let Q be a prime
ideal in K and let P = Q∩F. Then P is ramified in K if and only if P divides
D(K/F ); Q is ramified over F if and only if Q divides d(K/F ). Moreover, let
e = e(Q/P ). If e /∈ P, then Qe−1 is the exact power of Q dividing d(K/F ); if
e ∈ P, then Qe divides d(K/F ).

Proof. Take ϕ(α, β) = TrK/F (αβ) in (14.5) and apply the result to
(14.1). Employing the second formula of (13.4), we obtain

d(K/F )−1 ⊗ JP =
{

(xi) ∈
⊕g

i=1 KQi

∣
∣
∣
∣

g∑

i=1

TrKQi
/FP

(xiJQi) ⊂ JP

}

=
⊕g

i=1 d(KQi/FP )−1.

Put d(KQi/FP ) = (Q∗
i )

ti with ti ∈ Z. Then by (14.8) we have d(K/F ) =
S
∏g

i=1 Qti

i with an integral ideal S prime to P. This proves the first part of
our theorem. The remaining part follows from Theorem 14.7.

Theorem 14.11. Suppose F is an algebraic number field; let α be an
element of JK such that K = F (α). Let h(x) be the minimal polynomial
of α over F, and P a prime ideal of F prime to d(K/F )−1δK/F (α). Let
h(x) =

∏g
i=1 ki(x)ei be the decomposition of h (the class of h modulo P [x])

in (JF /P )[x] with different irreducible polynomials ki. Then we have PJK =
Qe1

1 · · ·Qeg
g with suitable prime ideals Qi in K such that N(Qi) = N(P )fi

with fi = deg(ki).

Proof. Put n = [K : F ] and C = δK/F (α)d(K/F )−1. By (14.4), C ⊂
JF [α]. Suppose P is prime to C. Then JK = PJK + C = PJK + JF [α].
Let PJK = Qa1

1 · · ·Qar
r with prime ideals Qi in K and ai ∈ Z. We have

JF [α] = JF ⊕JF α⊕· · ·⊕JF αn−1, PJF [α] = P ⊕Pα⊕· · ·⊕Pαn−1, PJF [α] ⊂
PJK∩JF [α], and JF [α]/(PJK∩JF [α]) ∼= JK/PJK

∼= JK/Qa1
1 ⊕· · ·⊕JK/Qar

r .

The number of elements of the last direct sum is
∏

i N(Qi)ai = N(PJK) =
N(P )n by Theorem 13.2. We see that

[
JF [α] : PJF [α]

]
= [JF : P ]n = N(P )n.

Thus we obtain PJK ∩ JF [α] = PJF [α], and JK/PJK
∼= JF [α]/PJF [α]. Now

JF [x]/hJF [x] ∼= JF [α]. Put Φ = JF /P. Given γ ∈ JF [α], take t(x) ∈ JF [x]
so that γ = t(α) and assign t(x) (mod h) in Φ[x]/(h) to γ. Then we obtain
a homomorphism of JF [α] onto Φ[x]/(h). It is easy to see that its kernel is
PJF [α]. Thus

r⊕

i=1

JK/Qai

i
∼= JK/PJK

∼= JF [α]/PJF [α] ∼= Φ[x]/(h) ∼=
g⊕

i=1

Φ[x]/(kei

i ).

It is easy to prove that the rings JK/Qai

i and Φ[x]/(kei

i ) are indecomposable
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in the sense defined in Lemma 1.7; see Exercise 1 at the end of Section 10.
Therefore by that lemma, after changing the ordering, we have r = g and
JK/Qai

i
∼= Φ[x]/(kei

i ) for every i, and so N(Qi)ai = N(P )eifi , where fi =
deg(ki). Looking at the set of nilpotent elements, we find that JK/Qi

∼=
Φ[x]/(ki). Thus N(Qi) = N(P )fi , and so ai = ei. This completes the proof.

Remark. The prime ideal Qν corresponding to ki can be determined as
follows. With α as above, for a fixed i, the element ki(α) of JF [α] goes to
an invertible element of Φ[x]/(kej

j ) if j �= i. Therefore ki(α) ∈ Qν for exactly
one ν. Then e(Qν/P ) = ei and f(Qν/P ) = deg(ki).

Corollary 14.12. Suppose F is an algebraic number field; let α be an
element of JK such that K = F (α). Let h(x) be the minimal polynomial
of α over F. If h(x) =

∏g
i=1 �i(x) in (JF /P )[x] with different irreducible

polynomials �i, then PJK = Q1 · · ·Qg with different prime ideals Qi in K

such that N(Qi) = N(P )fi with fi = deg(�i).

Proof. In this case we see that h modulo Q for any prime factor Q of P

has no multiple root, and therefore h′(α) /∈ Q. Thus δK/F (α) is prime to Q,

and so the above theorem is applicable.

Lemma 14.13. Let Q be a prime ideal in K and let P = Q∩F. Then the
following assertions hold:

(i) For ξ ∈ JK we have JQ = JP [ξ] if JQ = JP [ξ] + Q2JQ.

(ii) Such a ξ indeed exists.

Proof. Suppose ξ ∈ JK and JQ = JP [ξ] + Q2JQ. Take a prime element
π of KQ. Then π − π1 ∈ π2JQ with some π1 ∈ JP [ξ]. Clearly π1 is a
prime element of KQ, and so π2JQ = π2

1JQ. Thus JQ = JP [ξ] + π2
1JQ. Since

π1 ∈ JP [ξ], we can show, by induction, that JQ = JP [ξ] + πk
1JQ for every

k ∈ Z, > 0. The set JP [ξ], being a JP -lattice, is closed, and so we obtain
JQ = JP [ξ]. This proves (i). To prove (ii), take γ ∈ KQ so that JQ = JP [γ];
see Exercise 3 at the end of Section 9. Take also ξ ∈ JK so that ξ−γ ∈ Q2JQ.

Then JQ = JP [ξ] + Q2JQ, which proves (ii).

14.14. Let us now prove that d(K/F ) is generated by δK/F (α) as stated
in Theorem 14.4. If F is local, JK = JF [α] for some α; see Exercise 3 at the
end of Section 9. Then Corollary 14.5 gives the desired fact. Thus we take F

to be global. Our task is to show that given a prime ideal Q in K, there exists
an element α of JK such that K = F (α) and δK/F (α)d(K/F )−1 is prime to
Q. Put P = Q∩F and PJK = QeT with an integral ideal T in K prime to Q.

By Lemma 14.13, we have JQ = JP [ξ] with a suitable ξ ∈ JK . Replacing ξ

by 1+ξ if necessary, we may assume that ξ /∈ Q. In view of (1.1), we can find
α ∈ T such that α− ξ ∈ Q2. Then JQ = JP [α]+Q2JQ, and so JQ = JP [α] by
Lemma 14.13(i). Also, α /∈ Q. We may assume that K = F (α). (Indeed, take
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η ∈ JK so that K = F (η) and replace α by p2νη + α with 0 �= p ∈ P and
0 < ν ∈ Z. If p2νη +α and p2μη +α belong to the same proper subfield of K

for μ �= ν, then η belongs to that subfield, a contradiction. Since there are
only finitely many subfields of K, we have K = F (α′) with α′ = p2νη +α for
a suitable ν, without losing the properties JQ = JP [α′], α′ ∈ T, and α′ /∈ Q.)
Now JK = JF [α] + Qm for every m ∈ Z, > 0. (Indeed, let ε ∈ JK ; then ε =
∑t

i=0 ciα
i with ci ∈ JP , t ∈ Z. Take bi ∈ JF so that bi− ci ∈ PmJP and put

β =
∑t

i=0 biα
i. Then ε−β ∈ JK∩PmJP ⊂ Qm.) Put A = δK/F (α)d(K/F )−1

and let 0 �= c ∈ JF ∩A. If c is prime to P, then A is prime to P, which settles
our problem. Suppose cJF = P sX with 0 < s ∈ Z and an integral ideal
X prime to P. By Lemma 10.5(i), there is an element ζ of F× such that
JF = P + ζX−1. Put Y = ζX−1. Then ζJF = XY, and so ζJF is prime
to P, and ζαsJK = ζαsJF [α] + ζαsQes. Clearly ζαsJF [α] ⊂ JF [α]; also,
ζαsQes ⊂ XY T sQes = XY P sJK ⊂ cJK ⊂ AJK ⊂ JF [α], as can be seen
from (14.4). Thus ζαsJK ⊂ JF [α], and so ζαs ∈ A by (14.4). Since both ζ

and α are prime to Q, A must be prime to Q as expected. This completes
the proof.

14.15. Let us now consider the case [K : F ] = 2 with local or global F.

Let σ be the nontrivial automorphism of K over F. Then δK/F (α) = α−ασ.

Thus d(K/F ) is generated by α − ασ for all α ∈ JK . Thus, if [K : F ] = 2,

Corollary 14.5 can be written

(14.9) JK = JF [α] ⇐⇒ d(K/F ) = (α− ασ)JK .

Take F = Q and K = Q(
√

m ) with a square-free integer m �= 1 as in
§10.15. Then from (10.10a, b) and (14.9) we obtain

(14.10a) d(K/Q) =
√

mJK if m− 1 ∈ 4Z,

(14.10b) d(K/Q) = 2
√

m JK if m− 1 /∈ 4Z.

Exercises. 1. Let F = Q(α), α3 = p, with a prime number p of the form
p = 3t− 1, 3 � t. Prove in the following steps that J = Z[α].

(a) Compute the discriminant of Z[α], and show that [J : Z[α]] = 3epf

with integers e and f.

(b) Show that Zp[α] is the valuation ring of Qp(α).
(c) Showing that α + 1 satisfies an Eisenstein equation with respect to 3,

prove that Z3[α] is the valuation ring of Q3(α).
(d) Complete the proof by showing that if a+bα+cα2 ∈ J with a, b, c ∈

Q, then a, b, c ∈ Zq for every prime q. (Hint: Employ Theorem 9.9(ii).)
2. Employing Theorem 12.6, prove that Q(

√−1) has no nontrivial unram-
ified extension.

3. Prove that if K = F (c) �= F and c2 ∈ F, then d(K/F ) = cAJK with a
fractional ideal A in F.
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4. Let K and L be finite extensions of F contained in an algebraic closure
of F. Prove:

(i) d(KL/L) divides d(K/F ); (ii) if a prime ideal of F is unramified both
in K and in L, it is unramified in KL; (iii) if d(K/F ) is prime to d(L/F ),
then d(KL/L) = d(K/F )JKL and d(KL/F ) = d(K/F )d(L/F )JKL.

5. Let Q(
√

m) and Q(
√

n) be quadratic fields with discriminant m and n.

Show that Q(
√

m,
√

n) is unramified over Q(
√

mn) if n is prime to m.

6. Prove that if [F : Q] = 3 and DF is square-free, then F (
√

DF ) is
unramified over Q(

√
DF ). (Hint: Show that F (

√
DF ) is cyclic over Q(

√
DF ).)

15. Adeles and ideles

15.1. In this section F denotes an algebraic number field of finite degree,
and J its maximal order. We now consider the valuations ϕP and ϕi in-
troduced in §§10.12 and 12.2. As shown in §§12.4 and 13.4, these represent
all the equivalence classes of valuations of F. We call each equivalence class
of valuations of F a prime of F ; we call it an archimedean prime or a
nonarchimedean prime of F, according to the nature of the correspond-
ing valuations. We denote by a (resp. h) the set of all archimedean (resp.
nonarchimedean) primes of F, and put v = a ∪ h. Thus each element of h
is represented by ϕP with a prime ideal P in F, and each element of a is
represented by ϕi as in §12.2.

For each v ∈ v we denote by Fv the completion of F with respect to the
valuations belonging to v, and call it the v-completion of F. We call an
archimedean prime v real or imaginary according as Fv

∼= R or Fv
∼= C.

For x ∈ Fv we define |x|v as follows: if v corresponds to a prime ideal P, then
|x|v = ϕP (x); if v is real archimedean and corresponds to σi of §12.2, then
|x|v = ϕi(x); if v is imaginary and corresponds to τi, then |x|v = ϕr+i(x)2.
Then (12.1) can be written

(15.1)
∏

v∈v

|x|v = 1 for every x ∈ F×.

Let K be a finite algebraic extension of F. We say that a prime v ∈ h is
ramified or unramified in K according as the prime ideal corresponding
to v is ramified or unramified in K in the sense of §13.3. For v ∈ a we say
that v is ramified in K if v is real and v has an extension in K that is
imaginary. Otherwise we say that v is unramified in K.

15.2. For v ∈ h and a fractional ideal A in F we denote by Av the closure
of A in Fv. In particular, Jv is the valuation ring of Fv and Av is the Jv-linear
span of A in Fv. We now define the adele ring FA of F by

(15.2) FA =
{

x ∈
∏

v∈v

Fv

∣
∣
∣
∣ xv ∈ Jv for almost all v ∈ h

}

.
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We easily see that FA is a ring with respect to componentwise addition and
multiplication. Also we can view Fv for each v ∈ v as a subring of FA

through the standard injection Fv →
∏

v∈v Fv. Identifying an element x of F

with the element of FA whose components are all equal to x, we view F as a
subring of FA. We put Fa =

∏
v∈a Fv, which can be identified with F ⊗Q R,

as shown in Theorem 12.3(iii). If v ∈ a, Fv is either R or C and so is locally
compact. The same is true for v ∈ h, as shown in Lemma 6.9, which also
shows that both Jv and J×

v are open in Fv and compact.
Put B = Fa ×

∏
v∈h Jv. Then B has a structure of a locally compact

topological (additive) group with respect to the standard product topology.
We make FA a topological group by taking B to be its open subgroup. Then
FA is locally compact.

Lemma 15.3. (i) Let X be a fractional ideal in F and let Y = Fa ×∏
v∈h Xv. Then FA = F + Y and X = F ∩ Y.

(ii) For every finite subset p of h the projection of F on Fa ×
∏

v∈p Fv

is dense. (We will prove a similar result in a stronger form in Lemma 15.10.)

Proof. The last equality of (i) is clear. As for the first equality, it is
sufficient to prove it when X = J, since cJ ⊂ X for some c ∈ F×. Given
z ∈ FA, take a ∈ J, �= 0, so that azv ∈ Jv for every v ∈ h. Such an a exists
because of our definition of FA. In view of (1.1) we can find b ∈ J such that
b− azv ∈ aJv whenever a /∈ J×

v . Then we see that a−1b− zv ∈ Jv for every
v ∈ h, that is, z ∈ F +

(
Fa ×

∏
v∈h Jv

)
. This proves (i).

Next, denote by J ′ the image of J under the natural projection map of F

into Fa. By Theorem 12.3(iv), J ′ is a lattice in Fa, and so there is a compact
subset C of Fa that covers Fa/J ′. Let t = Max

{|ξv|v
∣
∣ ξ ∈ C, v ∈ a

}
. To prove

(ii), it is sufficient to show that given ε ∈ R, > 0, 0 < N ∈ Z, ξ ∈ Fa, and
(ηv)v|N ∈ ∏

v|N Fv, there exists an element α of F such that |ξv − α|v < ε

for every v ∈ a and ηv − α ∈ NJv for every v|N. Replacing ξ and ηv by
their suitable integer multiples, we may assume that ηv ∈ Jv for every v|N.

Since J/NJ ∼= ∏
v|N Jv/NJv, we can find β ∈ J such that β − ηv ∈ NJv

for every v|N. Take a positive integer k so that (1 + kN)−1Nt < ε. Since C

covers Fa/J ′, we can find γ ∈ J such that |(1 + kN)N−1(ξv − β) − γ|v ≤ t

for every v ∈ a. Put α = β + (1 + kN)−1Nγ. Then |ξv − α|v < ε for every
v ∈ a and α− ηv ∈ NJv for every v|N. This proves (ii).

Theorem 15.4. F is discrete in FA, and FA/F is compact.

Proof. Let J ′ be the image of J under the projection map of FA onto Fa.

Then J ′ is a lattice in Fa (see Theorem 12.3(iii, iv)), and so we can find an open
subset B of Fa such that B ∩ J ′ = {0}. Then F ∩ (B ×∏

v∈h Jv) = {0}, and
so F is discrete in FA. Next, take a compact subset C of Fa so that C covers
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Fa/J ′. Put D = C×∏
v∈h Jv. Then D is compact, and Fa ⊂ D+J. Therefore

D+J = Fa×
∏

v∈h Jv, and so D+F ⊃ D+J +F = (Fa×
∏

v∈h Jv)+F = FA

by Lemma 15.3. This shows that FA/F is compact.

15.5. The idele group of F is the group F×
A of the invertible elements

of FA. We easily see that

(15.3) F×
A =

{
x ∈∏

v∈v F×
v

∣
∣ xv ∈ J×

v for almost all v ∈ h
}
.

We consider F× as a subgroup of F×
A through the injection F× → F×

A obtained
from the injection F → FA of §15.2. We also consider F×

v for each v ∈ v a
subgroup of F×

A through the natural injection F×
v → F×

A . We put

(15.4) F×
a =

{
x ∈ F×

A

∣
∣xv = 1 for every v ∈ h

}
,

(15.5) F×
h =

{
x ∈ F×

A

∣
∣xv = 1 for every v ∈ a

}
.

These are subgroups of F×
A , and F×

A = F×
a F×

h . For x ∈ F×
A we denote its

projections to F×
a and F×

h by xa and xh. Put

(15.6) U = F×
a ×∏

v∈h J×
v .

Then U has a structure of a locally compact topological (multiplicative) group
with respect to the standard product topology. We make F×

A a topological
group by taking U to be its open subgroup. Then F×

A is locally compact.
This topology of F×

A is not induced from the topology of FA.

For x ∈ F×
A and a fractional ideal Y in F we denote by xY the fractional

ideal in F such that (xY )v = xvYv. To see that such a fractional ideal exists,
let p =

{
v ∈ h

∣
∣ xv /∈ J×

v or Yv �= Jv

}
. Then p is a finite set, and xvYv = Jv

if v /∈ p. For each v ∈ p let P(v) denote the prime ideal in F corresponding
to v. Then xvYv = (P(v)Jv)mv with mv ∈ Zv. Then define xY =

∏
v∈p Pmv

(v) ,

which gives the desired ideal.
In particular, xJ is a fractional ideal for x ∈ F×

A . Clearly the map x 	→
xJ gives an isomorphism of F×

A/U onto the ideal group of F, and also an
isomorphism of F×

A/(F×U) onto the ideal class group of F. If the class number
of F is 1, then F×

A = F×F×
a

∏
v∈h J×

v . In particular, for F = Q we have

(15.6a) Q×
A = Q×R×

∏

p

Z×
p .

15.6. Given x ∈ F×
A , we define its idele norm |x|A by

(15.7) |x|A =
∏

v∈v |x|v,

where |x|v = |xv|v with | |v of §15.1. We put then

(15.8) D =
{
x ∈ F×

A

∣
∣ |x|A = 1

}
.

From (15.1) we see that |ξ|A = 1 for every ξ ∈ F×, and so F× ⊂ D. Also,
from the definition of |x|v for v ∈ h we see that
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(15.9a) |xh|A = N(xJ)−1 for every x ∈ F×
A ,

(15.9b) |ξh|−1
A = |ξa|A = |NF/Q(ξ)| for every ξ ∈ F×.

For x ∈ F×
A we put

(15.10) T (x) = #S(x), S(x) =
{
α ∈ xJ

∣
∣ |α|v ≤ |x|v for every v ∈ a

}
,

where #X is the number of elements in a set X. Since the projection of xJ

to Fa is a lattice, T (x) is well defined (that is, it is finite, not ∞). We easily
see that T (βx) = T (x) for every β ∈ F×.

Theorem 15.7. F× is discrete in F×
A and D/F× is compact.

Proof. To prove the first assertion, it is sufficient to prove that J× is
discrete in U, since U is open and U ∩ F× = J×. Observe that

D/[F×(D ∩ U)] = D/(D ∩ F×U) ∼= (F×UD)/(F×U) ⊂ F×
A/(F×U).

Thus D/[F×(D ∩ U)] is finite. Therefore, to prove that D/F× is compact,
it is sufficient to prove that [F×(D ∩ U)]/F× is compact. Now this group is
isomorphic to (D∩U)/J×, since J× = F×∩U. Put Y = D∩F×

a . Then D∩U =
Y
∏

v∈h J×
v . Thus our aim is to show that [Y

∏
v∈h J×

v ]/J× is compact. Define
the map λ : F×

a → Rr+s and V as in Theorem 12.9. Let J∗ be the projection
of J× to F×

a . We showed in Theorem 12.9 that λ(J∗) is a lattice in V. (In
that theorem we viewed F× as a subset of F×

a , and so J∗ is J× there.) Now
λ maps Y/J∗ onto V/λ(J∗), which is compact. Thus we can find a compact
subset C of Y such that λ(C) covers V/λ(J∗). Put X = Ker(λ)C. Since
Ker(λ) is compact, X is compact. We easily see that X covers Y/J∗, and so
X
∏

v∈h J×
v covers (Y

∏
v∈h J×

v )/J×. This proves our theorem.

Lemma 15.8. The notation being as in (15.10), there exists a constant
C > 1 depending only on F such that |x|A < CT (x) for every x∈F×

A .

Proof. Take a Q-basis {ei}n
i=1 of F contained in J. Replacing {ei} by

{kei} with a suitable integer k, we may assume that |ei|v ≥ 1 for every i

and every v ∈ a. Put E = Max
{|ei|v

∣
∣ 1≤ i ≤ n, v ∈ a

}
and take an integer

λ> nE. Since the projection of F to Fa is dense, given x∈F×
A , we can find

an element β of F such that |2λ|v < |βx|v < |3λ|v for every v ∈ a. Take a
positive integer μ so that μβxJ ⊂ J and put x′ = μβx. Then |x′|A = |x|A
and T (x′) = T (x). Thus, replacing x by x′, we may assume that xJ ⊂ J

and |2μλ|v < |x|v < |3μλ|v for every v ∈a. Let y be the element of F×
A such

that yh =1 and yv =μλ for every v∈a. Now, for α=
∑n

i=1 νiei with νi∈Z
such that |νi| ≤ μ, we have α ∈ J = yJ and |α|v ≤ |nμ|vE < |μλ|v for every
v∈a. (This is so even for imaginary v, as |nμ|v =n2μ2.) Thus α∈S(y), and so
T (y) ≥ (2μ+1)n > μn. Put X =xJ. If γ∈S(y), then γ∈J and γ belongs to a
residue class of J modulo X. Let r be the smallest integer > μn/N(X). Then
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one of the residue classes modulo X must contain r elements ξ1, . . . , ξr

belonging to S(y). Then the r elements ξi − ξ1 for 1 ≤ i ≤ r belong to
S(x). By (15.9), N(X) = |xh|−1

A , and so we have T (x)|x|−1
A > μn|xa|−1

A >

μn(3μλ)−n =(3λ)−n. This proves our lemma.

Lemma 15.9. Let u ∈ a. If a �= {u}, then g× has an element ε such
that |ε|u > 1 and |ε|v <1 for every v ∈ a, �= u.

Proof. Take C as in Lemma 15.8. Let p be the set of all v in h
corrresponding to the prime ideals p such that N(p) ≤ C. Then p is a finite
set. Let Y =

{
y∈F× ∣

∣C−1≤|y|v≤1 for every v∈h
}
. If y∈Y, v∈h, /∈ p, and

π is a prime element at v, then |π|v <C−1 ≤ |yv| ≤ 1, and so |y|v = 1. Thus
y is a v-unit for every v ∈h, /∈ p. Let μv be the normalized order function
at v. Then the image of Y under the map y 	→ (

μv(y)
)
v∈h

is finite. Two
elements y and y′ of Y have the same image under this map if and only if
y/y′∈g×, and so Y =

⋃
β∈B g×β with a finite subset B of Y. Take an element

x of F×
A such that xv = 1 for every v∈h, and |x|v < |β|v for every β∈B and

every v∈a, �= u. We can take x so that |x|A = C, since a �= {u}. By Lemma
15.8, T (x) �= ∅. Thus there is an element α of J such that |αa|A ≤ |x|A = C.

Then 1 = |α|A = |αa|A|αh|A ≤ C|αh|A ≤ C|α|v for every v∈h, since α∈J.

Therefore α ∈ Y, and so α = βε with some β ∈ B and ε ∈ g×. Then for
v∈a, �= u, we have |ε|v = |α/β|v ≤ |x|v/|β|v < 1. Since ε∈ g× and |ε|A = 1,

we have |ε|u > 1. This proves our lemma.

Lemma 15.10. Let p be a finite subset of h and let a = {u} ∪ b with
an arbitrarily fixed u ∈ a. Given (ξv) ∈∏

v∈p∪b Fv and ε > 0, there exists an
element α ∈ F such that |α − ξv|v <ε for every v ∈ p ∪ b, |α|u > 1/ε, and
α ∈ gv for every v ∈ h, /∈ p.

Proof. In this proof ε1, ε2, etc. mean small positive numbers. By Lemma
15.3(ii) there is an element β ∈ F such that |β − ξv|<ε1 for every v∈p ∪ b.

Put x=
{
v∈h

∣
∣ v /∈p, β /∈gv

}
; let x be the integral ideal such that xv = β−1gv

for every v ∈ x and xv = gv for every v ∈ h, /∈ x. Let R be a complete set of
representatives for g/x, and q an integral ideal such that qv �= gv if and only
if v ∈ p. If h is a multiple of the class number of F, then qh = cg with c ∈ g.

Taking a suitably large h, we can take c so that |cζ|v < ε2 for every ζ ∈ R

and every v ∈ p. By Lemma 15.9 there exists an element δ of g× such that
|δ|v < 1 for every v ∈ b. Replacing δ by its suitable power, we may assume
that |δcζ|v <ε3 for every ζ ∈ R and every v ∈ b. Since δc is prime to x, we
have δcζ +1 ∈ x for some ζ ∈ R. Put γ = δcζ +1. Then γ ∈ g, and in view of
our definition of x we see that γβ ∈ gv for v ∈ h, /∈ p. We can take γβ to be
the desired α of our lemma in a weaker form in which the condition on |α|u
is dropped. Indeed, if v ∈ p, then |γ − 1|v = |δcζ|v = |cζ|v <ε2, and if v ∈ b,
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then |γ − 1|v = |δcζ|v < ε3. Therefore, with suitable ε1, ε2, and ε3, we have
|γβ − ξv|v <ε for v ∈ p ∪ b as expected. To include the condition on |α|u,

pick any prime w ∈ h, /∈ p. Replacing p by {w}∪p, we find an element α of
F such that 0< |α|w <ε4, |α−ξv|v <ε for v ∈ p∪b, and α ∈ gv for v ∈ h, /∈
{w} ∪ p. Then 1 = |α|A ≤ ε4|α|u

∏
v∈p∪b |α|v ≤ ε4|α|u

∏
v∈p∪b(|ξv|v + ε).

Taking a sufficiently small ε4, we obtain |α|u > 1/ε as desired.

16. Galois extensions

The notation is the same as in Section 14. We first assume that F is an
algebraic number field.

Theorem 16.1. Let K be a Galois extension of F of degree d, P a prime
ideal in F, and Q a prime ideal in K that divides P. Put G = Gal(K/F ),
e = e(Q/P ), and f = f(Q/P ). Then the following assertions hold:

(1) Let Q1, . . . , Qg denote all the different prime factors of P in K. Then
the ideals Qσ for σ ∈ G are exactly Q1, . . . , Qg with each Qi repeated ef

times.
(2) Let Z =

{
σ ∈ G | Qσ = Q

}
. Then [Z : 1] = ef, [G : Z] = g, and

d = efg.

(3) PJK = (Q1 · · ·Qg)e.

(4) e(Qi/P ) = e and f(Qi/P ) = f for every i.

Proof. Clearly for every σ ∈ G, Qσ must coincide with one of the Qi.

Suppose there is an i such that Qi �= Qσ for every σ ∈ G. Then Qσ
i �= Q for

every σ ∈ G. By Lemma 10.5(i), αQ−1 +
∏

σ∈G Qσ
i = JK for some α ∈ K×.

Then α ∈ Q and αJK = αQ−1Q, so that αJK is prime to
∏

σ∈G Qσ
i . On the

other hand, NK/F (α) ∈ Q ∩ JF = P ⊂ Qi, a contradiction. Thus Qi = Qσ

for some σ ∈ G. Then we easily see that the Qσ for all σ ∈ G coincide with
the Qi repeated [Z : 1] times. Thus d = g[Z : 1]. Clearly e(Qσ/P ) = e and
f(Qσ/P ) = f for every σ ∈ G, and hence we obtain (4) and (3). By (13.2),
we obtain d = efg, so that [Z : 1] = ef and g = [G : Z].

The group Z is called the decomposition group of Q (relative to F ).
We write Z = Z(Q/P ). Clearly σ−1Z(Q/P )σ = Z(Qσ/P ) for every σ ∈ G.

Lemma 16.2. The notation being as in Theorem 16.1, put

M =
{
a ∈ K | aσ = a for every σ ∈ Z

}
, R = Q ∩M.

Then e(Q/R) = e(Q/P ), f(Q/R) = f(Q/P ), e(R/P ) = f(R/P ) = 1, and
RJK = Qe.

Proof. Since Z = Gal(K/M), the decomposition group of Q relative
to M is the whole Z. Applying Theorem 16.1(2) to K/M instead of K/F,
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we find that e(Q/R)f(Q/R) = [Z : 1] = e(Q/P )f(Q/P ). Since e(Q/P ) =
e(Q/R)e(R/P ) and f(Q/P ) = f(Q/R)f(R/P ), we obtain our assertions.

Lemma 16.3. The notation being as above, let kQ = JK/Q and kP =
JF /P. To each σ ∈ Z assign its natural action on kQ. Then we obtain a
surjective homomorphism of Z onto Gal(kQ/kP ).

Proof. The only point is the surjectivity. Take θ ∈ JK so that kQ =
kP (θ), where a denotes the class of a (mod Q). Put h(x) =

∏
σ∈Z(x − θσ).

Then h ∈ JM [x]. Since f(R/P ) = 1, we have kR = kP , and so h has
coefficients in kP . Now h(θ) = h(θ) = 0, and so h(θ

τ
) = 0 for every τ ∈

Gal(kQ/kP ). Since h(x) =
∏

σ∈Z(x− θσ), we have θ
τ

= θσ for some σ ∈ Z,

which proves the surjectivity.

Lemma 16.4. The notation being as above, put

T =
{
σ ∈ Z | aσ − a ∈ Q for every a ∈ JK

}
.

Then [T : 1] = e, [Z : T ] = f, T is normal in Z, Z/T is cyclic, and the ho-
momorphism of Lemma 16.3 gives an isomorphism of Z/T onto Gal(kQ/kP ).

Proof. The last assertion is clear, since T is the kernel of the homo-
morphism of Lemma 16.3. Thus [Z : T ] = [Gal(kQ/kP ) : 1] = f, so that
[T : 1] = [Z : 1]/[Z : T ] = e. Also, Z/T, being isomorphic to Gal(kQ/kP ),
must be cyclic.

The group T is called the inertia group of Q (relative to F ). We write
T = T (Q/P ). Clearly α−1T (Q/P )α = T (Qα/P ) for every α ∈ G.

Lemma 16.5. The notation being as above, put

L =
{
a ∈ K | aσ = a for every σ ∈ T

}
, S = Q ∩ L.

Then RJL = S, SJK = Qe, and f(Q/S) = 1.

Proof. Apply Lemma 16.4 to the extension K/L. Then T = Gal(K/L)
and T is the decomposition group and also the inertia group of Q relative to
L. Therefore we easily obtain our assertions.

Notice that L is a Galois extension of M, but L and/or M may or may not
be normal over F. The decomposition of the type PJM = R1 · · ·Rg in M can
happen in some cases, but is false in general.

16.6. Since kP is a finite field with N(P ) elements, Gal(kQ/kP ) is cyclic,
and generated by the automorphism x 	→ xN(P ). Therefore Lemma 16.3 guar-
antees an element ϕ of Z such that

(16.1) aϕ ≡ aN(P ) (mod Q) for every a ∈ JK .
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Such a ϕ is called a Frobenius automorphism of K at Q. Notice that
Z/T is cyclic and generated by ϕT. The coset ϕT is uniquely determined;
in particular, if T = {1} (which is the case if and only if P is unramified in
K), then ϕ is uniquely determined by Q. In such a case, we can speak of the
Frobenius automorphism at Q, and we put

(16.2) ϕ =
[
K/F

Q

]

.

Then ϕ has order f, and for every α ∈ G we have

(16.3)
[
K/F

Qα

]

= α−1

[
K/F

Q

]

α.

Notice that f is the order of an element of G. This is a nontrivial condition
on f. For example, if Gal(K/F ) is a noncyclic group of order 4, we have
f(Q/P ) ≤ 2. On the other hand, if Gal(K/F ) is cyclic of order d, then
f(Q/P ) = d can happen.

16.7. The above discussion is applicable to the local case. Indeed, let K

be a Galois extension of a local field F in the sense of §14.1; let P = Q ∩ F

with a prime ideal Q in K. Theorem 16.1, as well as the symbols Z and T,

is meaningful. However, since Q is unique for P in this case, we have G = Z

and g = 1. Thus M = F and PJK = Qe.

16.8. Let us now take our setting to be that of §§13.3 and 13.4, assuming
that K is a Galois extension of F. Identify FP with the closure of F in KQ.

Then we easily see that KQ is the composite of K and FP , and KQ is a
Galois extension of FP ; moreover Gal(KQ/FP ) is canonically isomorphic to
Gal(K/(K ∩ FP )). Define M and R as in Lemma 16.2; let M∗ be the closure
of M in KQ. Then M∗ can be identified with the R-completion of M. Since
e(R/P ) = f(R/P ) = 1, we have M∗ = FP . Thus M ⊂ K ∩ FP . On the other
hand, [K : M ] = ef = [KQ : FP ] = [K : K ∩ FP ]. Therefore M = K ∩ FP .

Theorem 16.9. Let the notation be as in Theorem 16.1 and the above
lemmas. Let E be a subfield of K containing F and let H = Gal(K/E). Then
ZσH 	→ Qσ∩E gives a bijection of Z\G/H onto the set of all the prime factors
of P in E. Moreover, Z(Qσ/(Qσ ∩ E)) = σ−1Zσ ∩ H, T (Qσ/(Qσ ∩ E)) =
σ−1Tσ ∩H, and

e((Qσ ∩E)/P ) = [σ−1Tσ : σ−1Tσ ∩H ] = [T : T ∩ σHσ−1],

e((Qσ ∩ E)/P )f((Qσ ∩ E)/P ) = [σ−1Zσ : σ−1Zσ ∩H ] = [Z : Z ∩ σHσ−1].

Proof. Clearly Qσ ∩E is a prime ideal in E dividing P. Let A be a prime
factor of P in E. By Theorem 16.1(1), A ⊂ Qσ for some σ ∈ G, and so
A = Qσ ∩ E. Suppose Qσ ∩ E = Qτ ∩ E. By Theorem 16.1(1) with E as F,

we have Qσ = Qτα for some α ∈ H. Then τασ−1 ∈ Z, so that τ ∈ ZσH.
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Conversely, if τ = ζσβ with β ∈ H and ζ ∈ Z, then Qτβ−1
= Qζσ = Qσ,

and so Qσ ∩ E = Qτβ−1 ∩ E = (Qτ ∩ E)β−1
= Qτ ∩ E. This proves the first

assertion. The remaining part follows easily from the definition of Z and T.

Corollary 16.10. Let the notation be as in Theorem 16.9. Then we have
e((Q ∩ E)/P ) = 1 if and only if E ⊂ L; e((Q ∩ E)/P ) = f((Q ∩ E)/P ) = 1
if and only if E ⊂ M.

This follows immediately from the above theorem.

16.11. Let us now assume that G is abelian, in which case we say that K

is abelian over F. Then M is a Galois extension of F, and hence taking M to
be K in Theorem 16.1(3), we obtain PJM = R1 · · ·Rg. If we take E to be M

in Theorem 16.9, then we can put Ri = Qi ∩M, and so RiJK = Qe
i . Assume

that e = 1. Then, by (16.3) we have
[

K/F
Qα

]
=
[

K/F
Q

]
for every α ∈ G. Thus

the Frobenius automorphism in question depends only on P, and not on the

choice of its prime factor in K. Therefore we denote it by
(

K/F

P

)

. Since

PJK =
⋂

σ∈G Qσ, from (16.1) we obtain, for ϕ =
(

K/F

P

)

,

(16.4) aϕ ≡ aN(P ) (mod PJK) for every a ∈ JK .

Let I K/F be the group of all the fractional ideals in F not involving prime
ideals ramified in K. For X ∈ I K/F we take its prime decomposition X =
∏

P P a(P ) with P unramified in K and a(P ) ∈ Z. Then we put

(16.5)
(

K/F

X

)

=
∏

P

(
K/F

P

)a(P )

.

Clearly X 	→
(

K/F

X

)

is a homomorphism of I K/F into Gal(K/F ). Though

we will not discuss class field theory in this book, we note at least one of its

basic facts: the map X 	→
(

K/F

X

)

is surjective.

Lemma 16.12. Let K be a finite abelian extension of F as above, and M

a subfield of K containing F. Let P be a prime ideal in F unramified in K.

Then
(

K/F

P

)

restricted to M gives
(

M/F

P

)

.

This follows immediately from (16.4).

Exercises. 1. Let M be a finite extension of F, and K the smallest
Galois extension of F containing M. Prove: (i) a prime of F is ramified in
K if and only if it is ramified in M ; (ii) a prime of F decomposes completely
in M if and only if it decomposes completely in K.
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2. Let K be a cyclic extension of F of degree qm, m > 1, with a prime
number q, and M a proper subfield of K containing F. Prove that a prime
of M ramified over F is ramified in K.

3. Enumerate all possible types of prime decomposition in Q
(√

3,
√−5

)

and give an example of a prime for each type.
4. Do the same for Q

(
p1/5, e2πi/5

)
with a rational prime p �= 5, p4 �≡ 1

(mod 25).
5. Let K and K ′ be Galois extensions of F contained in an extension of

F such that K ∩K ′ = F. Let P = Q∩K and P ′ = Q∩K ′ with a prime ideal
Q in KK ′. Prove:

(i) If both P and P ′ are unramified over F, then Q is unramified over F.

(ii) If Q is unramified over F, then
[
KK ′/F

Q

]

=
[
K/F

P

] [
K ′/F

P ′

]

under

suitable identification of Galois groups.
6. Let K be a Galois extension of F such that Gal(K/F ) is isomorphic

to Sn, n > 2; let L and M be the subfields of K corresponding to Sn−1 and
An, respectively. Prove that if D(L/F ) is square-free and divides D(M/F ),
then every prime ideal of M is unramified in K. (This gives an example of
a nonsolvable unramified extension.)

17. Cyclotomic fields

In the following we work within Q, and denote by ζ a primitive m-th root
of unity contained in Q with an integer m > 1.

Lemma 17.1. Let P n = P (n) be the set of all primitive n-th roots of
unity; put g(x; n) =

∏
ξ∈P n

(x − ξ). Then, g has coefficients in Z, and for
1 ≤ n ∈ Z, 1 ≤ r ∈ Z, and a prime number � not dividing n, we have

g(x; n�r) = g(x�r

; n)/g(x�r−1
; n).

Proof. The first assertion is easy. Clearly

g(x�r

; n) =
∏

ξ∈P n

(
x�r − ξ

)
=
∏

η

(x− η),

where η runs over the set Y (�r, n) of all numbers such that η�r ∈ P n. Ob-
serving that P (n�r) is the set of all η ∈ Y (�r, n) not belonging to Y (�r−1, n),
we obtain our assertion.

Lemma 17.2. (1) If ζ ′ is another primitive m-th root of unity, then
(1− ζ′)/(1− ζ) is a unit.

(2) If m has two different prime factors, then 1− ζ is a unit.
(3) 1 + ζ is a unit if m is odd.
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Proof. Since ζ′ = ζa with some a ∈ Z, we see that (1 − ζ′)/(1 − ζ) is
an algebraic integer. Exchanging ζ′ for ζ, we obtain (1). Next, Lemma 17.1
shows that g(1, m) = 1 if m has two different prime factors, which proves
(2). Finally, if m is odd, then −ζ is of order 2m, and so (3) follows from (2).

Theorem 17.3. Suppose that m is odd or 4|m. Then a prime number p

is ramified in Q(ζ) if and only if p|m.

Proof. Let K = Q(ζ) and let f(x) be the minimal polynomial for ζ over
Q. Then δK/Q(ζ) =

∏
(ζ − ξ), where ξ runs over the roots of f other than

ζ. Let d = deg(f). Then the product can be written ζd
∏

(1 − ζ−1ξ), which
divides

∏
η(1− η), where η runs over all the roots of (xm− 1)/(x− 1). Since

the last quotient takes the value m for x = 1, we can conclude that δK/Q(ζ)
divides m, and so d(K/Q) ⊃ mJK by Theorem 14.4. Thus, by Theorem
14.10, p is unramified in K if p �m. (Up to this point everything is all right
for any m > 1.) The converse part will be proven after the proof of Theorem
17.5.

Theorem 17.4. Let ϕ be Euler’s function of §2.1. Then [Q(ζ) : Q] =
ϕ(m), g(x; m) is irreducible, and Gal

(
Q(ζ)/Q

)
is isomorphic to (Z/mZ)×.

Moreover, for a prime number p that does not divide m let f be the order
of p (mod m) in (Z/mZ)× and let g = ϕ(m)/f. Then pJK = Q1 · · ·Qg with
g different prime ideals Qi in K such that N(Qi) = pf .

Proof. Let K = Q(ζ) and G = Gal(K/Q). To each σ ∈ G take an integer
a ∈ Z such that ζσ = ζa. Then we easily see that σ 	→ a (mod m) defines
an injective homomorphism of G into (Z/mZ)×. Therefore K is abelian over

Q. Take a prime number p not dividing m, and put σ =
(

K/Q
pZ

)

. This

is meaningful since p is unramified in K. Then ζσ − ζp ∈ pJK by (16.4).
Suppose ζσ �= ζp. The proof of Lemma 17.3 shows that ζσ − ζp divides m,

and hence p|m, a contradiction. Thus ζσ = ζp. Now take any positive integer
b prime to m. Since b is the product of some primes not dividing m, we
can find an element τ of G such that ζτ = ζb. Thus our assertion concerning
Gal

(
Q(ζ)/Q

)
follows easily from this fact. Also we find that

(17.1) ζτ = ζb if τ =
(

Q(ζ)/Q
bZ

)

and 0 < b ∈ Z, (b, m) = 1.

This means that the inverse map of the homomorphism σ 	→ a (mod m)

can be obtained by a 	→
(

Q(ζ)/Q
aZ

)

for 0 < a ∈ Z. Thus, if p (mod m)

has order f in (Z/mZ)×, then
(

Q(ζ)/Q
pZ

)

has order f, which must be the

residue class degree as noted in §16.6. Therefore we obtain the last assertion
of our theorem.
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Theorem 17.5. Suppose m = �r with a prime number � and 0 < r ∈ Z;
assume r > 1 if � = 2; put K = Q(ζ). Then (1 − ζ)JK is a prime ideal in
K, �JK = (1− ζ)dJK , d(K/Q) = δK/Q(ζ)JK = (1 − ζ)eJK , and |DK | = �e,

where d = ϕ(�r) = [K : Q] and e = r�r − �r−1(r + 1). Thus � is completely
ramified in K.

Proof. Put g(x) = g(x; �r). Taking n = 1 in Lemma 17.1, we obtain
g(x) = (x�r − 1)/(x�r−1 − 1) =

∑�−1
ν=0 xν�r−1

, and so
∏

ξ∈P (�r)

(1 − ξ) = g(1) = �.

Put R = (1 − ζ)JK . By lemma 17.2(1), R = (1 − ξ)JK for every ξ ∈ P (�r),
so that Rd = �JK . Therefore R must be a prime ideal and 1 − ζ is a prime
element, and so “the R-part” of d(K/Q) is δK/Q(1 − ζ)JK . Since d(K/Q)
involves no other primes and δK/Q(ζ − 1) = δK/Q(ζ), we obtain d(K/Q) =
δK/Q(ζ)JK = g′(ζ)JK . Now g′(ζ)(ζ�r−1 − 1) = �rζ�r−1. Since ζ�r−1 ∈ P (�),
we have (ζ�r−1 − 1)JK = R�r−1

, and so g′(ζ)JK = Re with e = rd − �r−1.

Thus we obtain all the formulas stated in our theorem.

Let us now prove the “if”-part of Theorem 17.3. Denote by K(m) the
field Q(ζ). We can put m = m1 · · ·ms, where each mi is a prime power �r

as above; put Ki = K(mi). Then K(m) is the composite of K1, . . . , Ks. If
p|m, then p|mi for some i. The above theorem shows that p is completely
ramified in Ki, and hence is ramified in K(m).

Theorem 17.6. If K = Q(ζ) with a primitive m-th root of unity ζ, then
JK = Z[ζ].

Proof. If 2|m and 4 �m, then −ζ2 is of order m and Z[ζ] = Z[ζ2]. There-
fore changing (ζ, m) for (ζ2, m/2) in such a case, we may assume that m is
odd or 4|m. Take mi and Ki as above. We prove our theorem by induction
on s. If s = 1, our assertion follows from Theorem 17.5 and Corollary 14.5.
Let L = K2 · · ·Ks and ξ = ζm1 . We assume JL = Z[ξ] by induction. Now
d(K1L/L) = d(K1/Q)JK by Exercise 4 at the end of Section 14. This equals
δK1/Q(ζ1)JK , where ζ1 is a primitive m1-th root of unity. Since no prime is
ramified in K1 ∩ L, we have K1 ∩ L = Q, and hence δK1/Q(ζ1) = δK/L(ζ1).
Therefore JK = JL[ζ1] by Corollary 14.5, and so JK = Z[ξ][ζ1] ⊂ Z[ζ], which
completes the proof.

17.7. Theorem 17.4 shows that the prime decomposition of p in Q(ζ) is
determined by p (mod m). The same idea works for quadratic fields. Given
a square-free integer m �= 1, Put c = |m| if m − 1 ∈ 4Z and c = 4|m| if
m− 1 /∈ 4Z. Let χ be the real primitive character modulo c of Theorem 3.7;
put τ = τ(χ). By (3.8b), we have τ2 = χ(−1)c. Since χ(−1)c is m or 4m as
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shown in the proof of that theorem, we have Q(
√

m ) = Q(τ) ⊂ Q(ζ), where
ζ = e(1/c). Let G = Gal

(
Q(ζ)/Q

)
, F = Q(

√
m ), and H = Gal

(
Q(ζ)/F

)
.

Then G/H = Gal
(
F/Q

)
. Let σ =

(
Q(ζ)/Q

pZ

)

with a prime number p prime

to c. Then ζσ = ζp by (17.1), and so τσ =
∑c

a=1 χ(a)ζap = χ(p)τ by (3.8a).

Now by Lemma 16.12, σ gives
(

F/Q
pZ

)

, and so
(

F/Q
pZ

)

= 1 if and only

if χ(p) = 1. Since
(

F/Q
pZ

)

= 1 if and only if p splits into the product of

two prime ideals in F, from (10.13) we obtain χ(p) =
(

m

p

)

for odd p. This

gives a conceptual interpretation of Theorem 3.7. The crucial point is that

Q(
√

m ) ⊂ Q(ζ). Suppose m − 1 ∈ 4Z; then we can consider σ =
(

F/Q
2Z

)

and obtain τσ = χ(2)τ. Thus the behavior of the prime 2 in F is determined
by χ(2), as stated in (10.15).

It should also be noted that the proof of Theorem 3.4 is essentially the same
as what we are explaining here, except that the Frobenius automorphism does
not appear explicitly there.

The same method is applicable to other subfields of Q(ζ) : Q(ζ + ζ−1), for
example. But we leave the details of the discussion in this case to the reader.



CHAPTER IV

ALGEBRAS OVER A FIELD

18. Semisimple and simple algebras

18.1. Let us first recall the notion of an algebra over a field that we
introduced in §11.1. By an algebra over a field F, or simply by an F -algebra,
we understand an associative ring A which is also a vector space over F such
that (ax)(by) = abxy for a, b ∈ F and x, y ∈ A. If A has an identity element,
we denote it by 1A, or simply by 1. Identifying a with a1A for every a ∈ F,

we can view F as a subring of A. In such a case the identity element of F

can be identified with 1A, and we denote it simply by 1. An F -algebra A

with identity element is called a division algebra if every nonzero element
of A is invertible. For example, F itself is a division algebra. A subring
of A that is a vector subspace of A over F is called a subalgebra. In this
book we always assume that an F -algebra is of finite dimension over F unless
otherwise stated. In fact, an arbitrary field extension of F is an F -algebra,
and such will be the only type of F -algebra we need in this book that is not
necessarily of finite dimension over F.

Hereafter in this section A denotes an F -algebra with identity element. Let
W be a right or left A-module. Since F ⊂ A, W is a vector space over F.

Clearly W is finite-dimensional over F if and only if W is finitely generated
over A.

Given a right or left A-module W, we denote by EndA(W ) the ring con-
sisting of all A-endomorphisms of W into itself. Clearly EndA(W ) is an
F -algebra, provided W is finitely generated over A. We can view A as a
right A-module by right multiplication. We will often denote this right A-
module by A[r]. For every a ∈ A left multiplication by a defines an element
of EndA(A[r]). Conversely, given f ∈ EndA(A[r]), put a = f(1). Then for
x ∈ A[r] we have f(x) = f(1)x = ax. This means that EndA(A[r]) consists
of the endomorphisms obtained from left multiplication by the elements of A,

and we easily see that EndA(A[r]) is isomorphic to A.

We call a right A-module V irreducible if V �= {0} and V has no nontrivial
A-submodule other than V itself. Take a nonzero element x of such a V. Since
xA is an A-submodule of V other than {0}, we have V = xA. We can similarly
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discuss an irreducible left A-module. Thus a right or left irreducible A-module
is of finite dimension over F.

Lemma 18.2. Let V1 and V2 be irreducible right A-modules. Then an
A-homomorphism of V1 into V2 is either 0 or a bijection.

Proof. Let α be a nonzero A-homomorphism of V1 into V2. Then α(V1) is
an A-submodule of V2 other than {0}, and so α(V1) = V2, as V2 is irreducible.
Thus α is surjective. Also, Ker(α) is an A-submodule of V1, which is different
from V1, as α �= 0, and so the irreducibility of V1 implies that Ker(α) = {0}.
Thus α is injective. This proves our lemma.

Lemma 18.3. If V is an irreducible right A-module, then EndA(V ) is a
division algebra.

Proof. We first observe that EndA(V ) �= {0}, as it contains the identity
map of V onto itself, which is not 0. By Lemma 18.2, every nonzero element
of EndA(V ) is invertible, and so our lemma holds.

Lemma 18.4. Let V be a right A-module such that V =
∑

i∈I Wi with a
family of irreducible right A-modules {Wi} indexed by a finite set I. Given an
A-submodule U of V, we can find a subset J of I such that V is the direct sum
of U and the modules Wi for i ∈ J.

Proof. Take any subset J of I such that U and the modules Wi for i ∈ J

form a direct sum. Denote that direct sum by X. If V = X, the matter is
settled. Suppose V �= X ; then Wk �⊂ X for some k ∈ I. Then Wk ∩ X is
an A-submodule of Wk different from Wk, and so Wk ∩ X = {0}, as Wk is
irreducible. Then X and Wk form a direct sum. Replacing J by J ∪ {k},
repeat the same argument. Since V =

∑
i∈I Wi and I is finite, we eventually

reach our desired conclusion.

18.5. Given a right A-module V, put B = EndA(V ) and C = EndB(V ).
We write the action of the elements of B on V always on the left, and the
action of those of C on the right. Thus, for β ∈ B, γ ∈ C, and x ∈ V, the
image of x under β is written βx, and the image of x under γ is xγ. Put

(18.1) Y =
{
α ∈ A

∣
∣V α = 0

}
.

It can easily be seen that Y is a two-sided ideal of A. Then A/Y has a structure
of an F -algebra and V can be viewed as a right A/Y -module, or rather A/Y

can be viewed as a subalgebra of C. Consequently every C-submodule of
V is an A-submodule. Notice that B = EndC(V ). To prove this, let α ∈
EndC(V ). Since A/Y ⊂ C, we have α ∈ EndA(V ) = B. On the other hand,
C = EndB(V ), and so B ⊂ EndC(V ), which proves the desired fact.
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We call a right A-module V completely reducible if V is the sum of
finitely many irreducible right A-modules. We include {0} in this class of
modules.

18.6. An F -algebra A with identity element is called right semisimple
(resp. left semisimple) if every right (resp. left) A-module is completely re-
ducible. We will eventually show in Corollary 18.17 that A is right semisimple
if and only if it is left semisimple. A right ideal of A can be viewed as a right
A-module. It is called minimal if it is irreducible as a right A-module. In
the following lemmas what we prove in terms of right A-modules and right
ideals are valid also with the word left in place of right.

An F -algebra A with identity element is called simple if A has no two-sided
ideal other than {0} and A.

Lemma 18.7. An F -algebra A with identity element is right semisimple
if A as a right A-module is completely reducible.

Proof. Suppose A is completely reducible. Let V be a right A-module.
Take elements x1, . . . , xr of V so that V = x1A + · · · + xrA. Let X be
the direct sum of r copies of A viewed as a right A-module. Clearly X is
completely reducible. Define ϕ : X → V by ϕ(a1, . . . , ar) =

∑r
i=1 xiai

for (a1, . . . , ar) ∈ X with ai ∈ A and let N = Ker(ϕ). Then N is an A-
submodule of X and V is A-isomorphic to X/N. Applying Lemma 18.4 to X

and N, we have X = N⊕M with an A-submodule M of X that is completely
reducible. Thus V, being isomorphic to M, is completely reducible, which
proves our lemma.

18.8. Let V be a right A-module and W the direct sum of r copies of
V. Then W consists of all (v1, . . . , vr) with vi ∈ V. Let B = EndA(V ). We
are going to show that EndA(W ) is isomorphic to Mr(B). For that purpose
denote by ωi the map V → W that identifies V with the i-th summand of
W, and by πi the map W → V that is the projection to the i-th summand
of W. Given α ∈ EndA(W ), put αij = πi ◦ α ◦ ωj . Then αij ∈ B. We see
that α(0, . . . , 0, xj 0, . . . , 0) = (α1jxj , . . . , αrjxj), and so α(x1, . . . , xr) =
(y1, . . . , yr) with yi =

∑r
j=1 αijxj . Assigning the matrix (αij) ∈ Mr(B) to

α, we easily see that EndA(W ) is isomorphic to Mr(B). For instance, since
idW =

∑r
k=1 ωk ◦ πk, for α, β ∈ EndA(W ) corresponding to (αij) and (βij)

we have
(αβ)ij = πi ◦ αβ ◦ ωj = πi ◦ α ◦ (

∑r
k=1 ωk ◦ πk) ◦ β ◦ ωj

=
∑r

k=1 πi ◦ α ◦ ωk ◦ πk ◦ β ◦ ωj =
∑r

k=1 αik ◦ βkj .

Also, given αij ∈ B, put γ =
∑r

i,j=1 ωi ◦ αij ◦ πj . Then πk ◦ γ ◦ ω� = αkl.

A special case of our setting is worthy of a separate statement as follows.
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Lemma 18.9. Let D be a division F -algebra and let D1
r denote the set

of all (1 × r)-matrices [d1 · · · dr] with di ∈ D, viewed as a left D-module.
Then the following assertions hold.

(i) Every (nontrivial) left D-module (which is finite-dimensional over F by
our convention made in §18.1) is isomorphic to D1

r for some r.

(ii) Let A = Mr(D), and let A act on D1
r by right matrix multiplication.

Then EndD(D1
r) = A and EndA(D1

r) = D.

(iii) D1
r is an irreducible right A-module.

Proof. Let V be a left D-module and let 0 �= y ∈ V. Then Dy is an
irreducible left D-submodule of V. Indeed, if 0 �= z ∈ Dy we have z = dy

with d ∈ D, �= 0, and so Dz = Ddy = Dy, which proves the desired fact. Now
V = Dx1 + · · ·+ Dxs with some xi ∈ V. Applying Lemma 18.4 to V, we find
that V = De1⊕· · ·⊕Der with a suitable subset {e1, . . . , er} of {x1, . . . , xs}.
Clearly [d1 · · · dr] 	→

∑r
i=1 diei gives a D-isomorphism of D1

r onto V. This
proves (i). Though the equality EndD(D1

r) = A of (ii) is a special case of what
we did in §18.8, this case is much simpler. Indeed, given α ∈ EndD(D1

r), let
eiα =

∑r
j=1 aijej with aij ∈ D. Then (

∑r
i=1 diei)α =

∑r
j=1(

∑r
i=1 diaij)ej,

and so α corresponds to right multiplication by the matrix [aij ], from which
we easily obtain EndD(D1

r) = A. To prove (iii), let 0 �= u1 ∈ D1
r . Then Du1 is

an irreducible left D-module, and so by Lemma 18.4, D1
r = Du1 ⊕ · · · ⊕Dut

with suitable u2, . . . , ut. Looking at the dimension of D1
r over F, we find that

t = r. For each i ≤ r and 0 �= d ∈ D we can find an element βi ∈ A such that
u1βi = dei. Thus dei ∈ u1A, and so D1

r = u1A, which proves (iii). Finally let
E = EndA(D1

r). Let Vk be the subset of A consisting of the matrices whose
j-th row is 0 if j �= k. Then A = V1 ⊕ · · · ⊕ Vr and each Vi is isomorphic to
D1

r . Taking A to be W of §18.8, we obtain EndA(A[r]) ∼= Mr(E). As noted
in §18.1, A ∼= EndA(A[r]). Thus Mr(D) ∼= Mr(E). Clearly D ⊂ E, and so
D = E, which completes the proof.

Lemma 18.10. Let A be a right semisimple algebra and let A =
⊕

i∈I Wi

with minimal right ideals Wi of A (see Lemma 18.7). Then every irreducible
right A-module is isomorphic to Wi for some i.

Proof. Let V be an irreducible right A-module. Then V = xA with some
x ∈ V, and the map a 	→ xa for a ∈ A is an A-homomorphism of A onto V,

whose kernel is
{
a ∈ A

∣
∣ xa = 0

}
. Denote this kernel by N. Then N is a right

ideal of A. By Lemma 18.4, A = N ⊕M, M =
⊕

i∈J Wi with a subset J of
I. Then V ∼= A/N ∼= M and M = Wi for some i, as V is irreducible. This
proves our lemma.

Theorem 18.11. The following conditions on an F -algebra A with iden-
tity element are mutually equivalent:
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(i) A is right semisimple and all irreducible right A-modules are isomor-
phic.

(ii) A can be decomposed to a direct sum of finitely many minimal right
ideals that are A-isomorphic to each other.

(iii) A is isomorphic to a matrix algebra Mr(D) with a division algebra D.

Proof. Let A = Mr(D) as in (iii). Define Vk as in the proof of Lemma
18.9. Clearly Vk is a right ideal of A isomorphic to D1

r , which is an irreducible
right A-module by Lemma 18.9(iii). Since A = V1⊕ · · · ⊕Vr, this proves that
(iii) ⇒ (ii). Clearly (i) ⇒ (ii). If we assume (ii), then A is right semisimple by
Lemma 18.7, and (i) holds by Lemma 18.10. Suppose A[r] is isomorphic to the
direct sum of r copies of an irreducible right A-module V. Let D = EndA(V ).
By Lemma 18.3, D is a division algebra. As shown in §18.8, End(A[r]) ∼=
Mr(D). Since A ∼= End(A[r]) as noted in §18.1, this proves (ii) ⇒ (iii), and
completes the proof.

Theorem 18.12. An F -algebra A with identity element is simple if and
only if A is isomorphic to a matrix algebra Mr(D) with a division algebra D.

Moreover, the isomorphism class of D and r are determined by A.

Proof. Suppose A is simple, that is, A has no two-sided ideal other than
{0} and A itself. Take a minimal right ideal R of A, and let E = EndA(R).
By Lemma 18.3, E is a division algebra. We can put R = Ee1 ⊕ · · · ⊕ Eer

with some elements ei. Let W be the direct sum of r copies of R and let
g = (e1, . . . , er) ∈ W. Consider the map α 	→ gα, defined for α ∈ A, of
A into W. If gα = 0, then eiα = 0 for every i, and so Rα = {0}. All
such α form a two-sided ideal of A, which is clearly different from A, as we
cannot have α = 1. Thus gα = 0 only if α = 0. Therefore our map gives
an isomorphism of A[r] onto the submodule gA of W. By Lemma 18.4, gA is
isomorphic to the direct sum of s copies of R with an integer s ≤ r. Thus
A satisfies (ii) of Theorem 18.11, and (iii) of the same theorem shows that
A is isomorphic to a matrix algebra over a division algebra. If A = Mr(D),
then by (ii) and (iii) of Lemma 18.9, D is determined as EndA(V ) with an
irreducible right A-module V, and V must be isomorphic to D1

r . Thus D and
r are determined by A. That Mr(D) for any division algebra D is simple can
be shown by taking D to be Z of the following lemma.

Lemma 18.13. Let Z be an associative ring with identity element, and
let S = Mn(Z). Then every two-sided ideal of S is of the form Mn(Y ) with
a two-sided ideal Y of Z.

Proof. For x =
∑

i,j aijeij ∈ Mn(Z) with aij ∈ Z and the standard
matrix units eij write aij = pij(x). Given a two-sided ideal X of S, put
Yij = pij(X). Since eiixejj = pij(x)eij , we see that Yijeij ⊂ X. Also, we have
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Yij = Y11 for all (i, j), since e1ieijej1 = e11 and ei1e11e1j = eij . Clearly Y11

is a two-sided ideal of Z, which proves our lemma.

Lemma 18.14. Let A be a simple F -algebra. Then every two right A-
modules of the same dimension over F are A-isomorphic.

Proof. This is because A has property (i) of Theorem 18.11.

Lemma 18.15. Let A = Mr(D) with a division algebra D, and let e be a
nonzero element of A such that e2 = e. Then eAe ∼= Ms(D) with 0 < s ≤ r.

Proof. Let V = D1
r . Then D = EndA(V ) and A = EndD(V ) by Lemma

18.9(ii). Put f = 1−e. Then ef = fe = 0, f2 = f, and V = V e⊕V f. Clearly
eAe ⊂ EndD(V e). Let α ∈ EndD(V e). Define β ∈ EndF (V ) by β = α on
V e and β = 0 on V f. Then β ∈ EndD(V ) = A and α = eβe ∈ eAe. This
proves that eAe = EndD(V e). By Lemma 18.9, EndD(V e) ∼= Ms(D) with
s = [V e : F ]/[D : F ], which proves our lemma.

Theorem 18.16. An F -algebra A with identity element is right semisim-
ple if and only if A is a direct sum of a finite number of simple algebras.

Proof. Suppose A = A1 ⊕ · · · ⊕As with simple algebras Ai. We can put
Ai =

⊕ri

j=1 Nij with minimal right ideals Nij of Ai. Since AiAk = {0} for
i �= k, we see that each Nij is a right ideal of A, which is clearly minimal. We
have A =

⊕s
i=1

(⊕ri

j=1 Nij

)
, and so by Lemma 18.7, A is right semisimple.

Conversely suppose A is right semisimple. We can put A[r] =
⊕t

i=1 Wi,

where Wi is isomorphic to the direct sum of si copies of an irreducible right
A-module Vi such that Vi is not isomorphic to Vk if i �= k. By Lemma 18.2
every A-homomorphism of Wi into Wk is 0 if i �= k. Therefore EndA(A[r])
can be identified with

⊕t
i=1 EndA(Wi), and EndA(Wi) ∼= Msi(Di) with Di =

EndA(Vi), as shown in §18.8. Since Vi is irreducible, Di is a division algebra.
We have seen in §18.1 that A ∼= EndA(A[r]), and so A ∼= ⊕t

i=1 Msi(Di), which
completes the proof.

Corollary 18.17. An F -algebra A with identity element is right semisim-
ple if and only if it is left semisimple.

Proof. Using the word left instead of right, we can show that A is a direct
sum of a finite number of simple algebras if and only if A is left semisimple,
and so we obtain our corollary.

Hereafter an algebra A is called semisimple if it is right or left semisim-
ple. A simple F -algebra is commutative if and only if it is a finite algebraic
extension of F, and therefore a semisimple F -algebra is commutative if and
only if it is the direct sum of a finite number of finite algebraic extensions of
F.
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Lemma 18.18. (i) Let D be a division algebra over F. Given α ∈ D, let
F [α] denote the set of all elements of D of the form c0 + c1α + · · · + cnαn

with ci in F and 0 ≤ n ∈ Z. Then F [α] is a finite algebraic extension of F.

(ii) If F is an algebraically closed field, then F is the only division algebra
over F.

(iii) If F is as in (ii), then every simple algebra over F is a matrix algebra
Mn(F ).

Proof. Let F [X ] be the polynomial ring in one indeterminate X over
F, and let I =

{
g ∈ F [X ]

∣
∣ g(α) = 0

}
. Then the map h(X) 	→ h(α) gives

an isomorphism of F [X ]/I onto F [α]. Since D is a division ring and finite-
dimensional over F, the ideal I must be a prime ideal other than {0}, and so
F [α] is a field. This proves (i). If F is algebraically closed, we have F [α] = F,

which means that D = F. This proves (ii). The last assertion follows from
this combined with Theorem 18.12.

18.19. Let G be a finite group and F a field. We denote by F [G] the set of
all formal sums

∑
γ∈G aγγ with aγ ∈ F. This set has a structure of a vector

space over F with respect to formal addition and multiplication by elements
of F. We can make it an F -algebra by defining

(∑

γ∈G

aγγ
)(∑

δ∈G

bδδ
)

=
∑

γ, δ

aγbδγδ =
∑

ε∈G

cεε with cε =
∑

γ∈G

aγbγ−1ε.

This algebra is called the group algebra of G over F. In fact we do not need
this in our later treatment, but we prove its semisimplicity as stated in the
following theorem, since the result is very basic and its proof is nontrivial.

Theorem 18.20. If G is of order h and h1F �= 0 (that is, if the charac-
teristic of F is 0 or does not divide h), then F [G] is semisimple.

Proof. Put A = F [G]. Let V be a left A-module. Our task is to show
that V is completely reducible. Let U be an A-submodule of V. Take a vector
subspace X of V such that V = U ⊕X. For every x ∈ X and α ∈ G there
is a unique element y ∈ X such that αx − y ∈ U. Put y = Tαx. Then Tα

gives an element of EndF (X) and αx− Tαx ∈ U for every x ∈ X. Moreover,
we easily see that Tαβ = TαTβ for α, β ∈ G. Assuming that h1F �= 0, put
Rx = h−1

∑
α∈G α−1Tαx for x ∈ X. Then R is an F -linear map of X into

V. For every x ∈ X we have x − α−1Tαx ∈ U, and so Rx − x ∈ U. Put
Y = RX. Then x ∈ U + Y for every x ∈ X, and so V = U + X ⊂ U + Y.

Since dim(Y ) ≤ dim(X), we have V = U ⊕ Y. Besides, for β ∈ G and
x ∈ X we have βRx = h−1

∑
α βα−1Tαx = h−1

∑
α βα−1Tαβ−1Tβx =

h−1
∑

γ γ−1Tγ(Tβx) = RTβx ∈ Y. Thus βY ⊂ Y, that is, Y is an A-
submodule. If we start from an irreducible A-submodule U of V, then we
repeat the same procedure on Y, and eventually we can show that V is com-
pletely reducible as expected.
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19. Central simple algebras

19.1. Given an associative ring A with identity element, put

(19.1) Z =
{
a ∈ A

∣
∣ ax = xa for every x ∈ A

}
.

Then Z is a subring of A containing the identity element of A. We call Z the
center of A. We state here seven easy facts on the center of a ring.

(19.2) If A = A1 ⊕ · · · ⊕ As with rings Ai and Zi is the center of Ai, then
Z1 ⊕ · · · ⊕ Zs is the center of A.

(19.3) If Z is the center of A, then the center of Mn(A) consists of the matrices
z1n with z ∈ Z.

(19.4) If D is a division ring, then the center of D is a field.
(19.5) If A is an F -algebra, then the center of A is an F -algebra.
(19.6) If A is a simple F -algebra, then the center of A is a field that is a finite

algebraic extension of F.

(19.7) If A is a semisimple F -algebra, then the center of A is a direct sum of
a finite number of finite algebraic extensions of F.

(19.8) If A is a semisimple F -algebra and the center of A is a field, then A is
simple.

These can easily be verified. Take (19.6), for example. If A is simple, then
by Theorem 18.12, A = Mn(D) with a division algebra D. By (19.3), the
center of A can be identified with the center of D, which is clearly a field. We
leave the details of the proof of the other statements to the reader.

An F -algebra is called central over F if its center is F. Every central
simple algebra over F is of the form Mn(D) with a central division algebra D

over F. In particular, Mn(F ) is a central simple algebra over F.

19.2. Given two F -algebras A and B not necessarily of finite dimension
over F, put C = A ⊗F B. We can make C an F -algebra in such a way that
(a ⊗ b)(a′ ⊗ b′) = aa′ ⊗ bb′ for a, a′ ∈ A and b, b′ ∈ B. To show this,
we first define a map fa, b : A × B → C for fixed a ∈ A and b ∈ B by
fa, b(x, y) = ax⊗by for x ∈ A and y ∈ B. Then fa, b is an F -bilinear map, and
so there is an F -linear map ϕa, b of C into C such that ϕa, b(x⊗y) = fa, b(x, y).
Then ϕa, b(x ⊗ y) = ax ⊗ by. We easily see that (a, b) 	→ ϕa, b is an F -
bilinear map of A × B into Hom(C, C), and so there is an F -linear map
ψ : C → Hom(C, C) such that ψ(a ⊗ b) = ϕa, b for every (a, b) ∈ A × B.

Now we define the law of multiplication (z, w) 	→ zw in C by zw = ψ(z)(w).
It is an easy exercise to show that C is indeed an F -algebra with respect to
this multiplication-law, and clearly (a ⊗ b)(a′ ⊗ b′) = aa′ ⊗ bb′. Hereafter we
understand that A ⊗F B means this F -algebra, and write simply A ⊗ B for
A⊗F B whenever F is clear from the context.
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We easily see that the map a 	→ a ⊗ 1B is an F -linear ring-injection of A

into A⊗B. Let A′ denote the image of this map. Similarly the map b 	→ 1A⊗b

is an F -linear ring-injection of B into A⊗B. Let B′ denote the image of this
map. Then xy = yx for every x ∈ A′ and every y ∈ B′, and A⊗B = A′B′.

Conversely, suppose we have an F -algebra C and two subalgebras A and B

of C that have the following properties: (i) A, B, and C have the same identity
element; (ii) xy = yx for every x ∈ A and every y ∈ B; (iii) C = AB; (iv)
[C : F ] = [A : F ][B : F ]. Then there is an isomorphism of A ⊗ B onto C

that maps x ⊗ y to xy for every x ∈ A and y ∈ B. We leave the proof to
the reader. Thus if conditions (i), (ii), (iii), and (iv) are satisfied, we often
identify C with A⊗B with respect to that isomorphism.

We can easily show that Mr(A) ∼= Mr(F ) ⊗ A for every F -algebra A and
Mrs(F ) ∼= Mr(F )⊗Ms(F ) ∼= Mr

(
Ms(F )

)
.

As a special case, take an arbitrary field extension K of F (not necessarily
of finite dimension over F ) as B. Then we can form A ⊗F K, which we will
often write AK , and call it the scalar extension of A from F to K. Clearly
AK is a K-algebra.

Lemma 19.3. For an F -algebra A denote by Z(A) the center of A. Then
the following assertions hold:

(i) Z(A⊗F B) = Z(A)⊗F Z(B) for every F -algebra B.

(ii) If K is an arbitrary field extension of F, then Z(AK) = Z(A)K .

Proof. Here we do not assume that A and B are of finite dimension
over F. Let {xi}i∈I be an F -basis of A. Then A ⊗ B =

∑
i∈I xi ⊗ B. Let

z =
∑

i∈I xi ⊗ bi ∈ Z(A⊗B). The commutativity of z with 1A⊗ u for every
u ∈ B shows that bi ∈ Z(B) for every i, and so Z(A⊗ B) ⊂ A ⊗ Z(B). Let
{yj}j∈J be an F -basis of Z(B). Since A⊗ Z(B) =

∑
j∈J A ⊗ yj, we can put

z =
∑

j∈J aj⊗yj with aj ∈ A. The commutativity of z with v⊗1B for every
v ∈ A shows that aj ∈ Z(A) for every j. Thus Z(A ⊗ B) ⊂ Z(A) ⊗ Z(B),
which proves (i), as the opposite inclusion is obvious. Taking K as B, we
obtain (ii).

Lemma 19.4. Let B be a central simple algebra over F and A an F -
algebra with identity element, not necessarily of finite dimension over F. Then
every two-sided ideal of A ⊗ B is of the form I ⊗ B with a two-sided ideal I

of A, and vice versa.

Proof. It is sufficient to prove the direct part. Let J be a two-sided ideal
of A⊗B different from {0}, and let I = J ∩A. Clearly I is a two-sided ideal
of A and I⊗B ⊂ J. We can find an F -basis {xν}ν∈N of A such that {xμ}μ∈M

is an F -basis of I with a subset M of N. Then A ⊗ B =
∑

ν∈N xνB and
I ⊗ B =

∑
μ∈M xμB. Let L be the complement of M in N. Suppose J has
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an element w not contained in I ⊗ B. Put w =
∑

ν∈N xνbν with bν ∈ B.

Then bν �= 0 for some ν ∈ L. Modifying w by a suitable element of I ⊗ B,

we may assume that w =
∑

ν∈L xνbν . Let Lw =
{
ν ∈ L

∣
∣ bν �= 0

}
. Then Lw is

a nonempty finite set. Take w so that #(Lw) is the smallest. Fix an element
κ of Lw and put

H =
{
cκ

∣
∣
∑

ν∈Lw
xνcν ∈ J with cν ∈ B

}
.

We easily see that H is a two-sided ideal of B. Since 0 �= bκ ∈ H and B

is simple, we have H = B. Thus 1 ∈ H, and so J has an element z =
∑

ν∈Lw
xνcν with cν ∈ B such that cκ = 1. Let d ∈ B. Then J � dz − zd =

∑
ν∈Lw

xν(dcν − cνd). Since the coefficient of this element for xκ is 0, our
assumption on w implies that dz − zd = 0, that is, dcν = cνd for every
ν ∈ Lw. Since this is so for every d ∈ B, we have cν ∈ F, and so z ∈ A∩J = I.

This is a contradiction, as cκ = 1 and κ /∈ M. Thus I ⊗B = J as expected.

Theorem 19.5. Let B be a central simple algebra over F. Then the fol-
lowing assertions hold.

(i) If A is simple, then A⊗B is simple.
(ii) If A is semisimple, then A⊗B is semisimple.
(iii) If A is central simple over F, then A⊗B is central simple over F.

Proof. Assertion (i) follows from Lemma 19.4. Next, if A is semisimple,
then A = A1 ⊕ · · · ⊕As with simple algebras Ai, and so A⊗B = (A1 ⊗B)⊕
· · · ⊕ (As ⊗ B). Thus (ii) follows from (i). Finally, (iii) follows from (i) and
Lemma 19.3(i).

Theorem 19.6. Let K be an arbitrary (not necessarily finite) field exten-
sion of F, and B an F -algebra. Then B is central simple over F if and only
if BK is central simple over K.

Proof. From Lemma 19.3(ii) we see that Z(B) = F if and only if Z(BK)
= K. Thus our question is whether the algebras in question are simple. Sup-
pose B is central simple over F. Then taking K as A in Theorem 19.5 (i), we
see that BK is simple. Conversely, suppose BK is central simple over K. Let
I be a two-sided ideal of B different from {0}. Then I⊗K is a two-sided ideal
of BK different from {0}, and so I ⊗K = BK . Thus I = B, which shows that
B is simple, and our proof is complete.

Theorem 19.7. Let F̄ be an algebraic closure of F. Then an F -algebra A

is central simple over F if and only if A⊗ F̄ is isomorphic to a matrix algebra
Mn(F̄ ) with some n.

Proof. This follows from Theorem 19.6 combined with Lemma 18.18(iii).
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Theorem 19.8. If A is a central simple algebra over F, then [A : F ] is
the square of an integer.

Proof. This follows immediately from Theorem 19.7.

19.9. By an anti-isomorphism of a ring A to a ring B we mean an
additive bijection x 	→ xα of A onto B such that (xy)α = yαxα for every
x, y ∈ A. We call such an α an anti-automorphism of A if A = B. We also
call α an involution of A if A = B and (xα)α = x for every x ∈ A. For
example, if A = Mn(F ), then the transpose map x 	→ tx is an involution of A.

If the rings are F -algebras and α is F -linear, we call α an anti-isomorphism
or an anti-automorphism over F.

If A has an identity element and Z is the center of A, then every anti-
automorphism of A induces an automorphism of Z.

Given an F -algebra A with identity element, we can construct an F -algebra
A′ that is anti-isomorphic to A over F as follows. We take A′ as a vector
space over F to be a copy of A; then we define a law of multiplication on
A′ to be (a, b) 	→ ba, where ba is the product considered in the algebra
A. Then x 	→ x of A onto A′ is an anti-isomorphism of A onto A′ over F.

(Traditionally A′ is called the reciprocal of A, but for simplicity we dispense
with that terminology.)

Theorem 19.10. Let A be a central simple algebra over F, and B a simple
F -algebra. Suppose there exist two F -linear ring-injections σ and τ of B

into A that send 1B to 1A. Then there is an element γ of A× such that
zτ = γzσγ−1 for every z ∈ B.

Proof. We prove this for two F -linear anti-isomorphisms σ and τ of
B onto subalgebras of A that send 1B to 1A. This reformulation is valid, as
we can replace B by an algebra anti-isomorphic to B over F, which can be
obtained as in §19.9. Put C = A ⊗ B, which is simple by Theorem 19.5(i).
We define a right action of C on A by putting x(a⊗ b) = bσxa for x, a ∈ A

and b ∈ B. Since (b1b2)σ = bσ
2 bσ

1 , the action defines a structure of a right
C-module on A. (More precisely, we put x

(∑
i ai ⊗ bi

)
=
∑

i bσ
i xai, and we

have to prove that this is indeed a well-defined action, but we leave the details
to the reader.) We denote this right C-module by Aσ. Taking τ in place of
σ, we obtain another right C-module Aτ . By Lemma 18.14, Aσ and Aτ are
C-isomorphic, that is, there exists an F -linear bijection f of A onto A such
that f(bσxa) = bτf(x)a for every a, x ∈ A and every b ∈ B. Taking x = 1A

and b = 1B, we obtain f(a) = f(1A)a. Put γ = f(1A). Then A = f(A) = γA,

and so γ ∈ A×. Also, we have γbσ = f(bσ) = bτγ for every b ∈ B, which
proves our theorem.

Taking A = B and τ to be the identity map of A to itself, we obtain the



90 IV. ALGEBRAS OVER A FIELD

following result.

Corollary 19.11. Let A be a central simple algebra over F, and let σ be
an F -linear automorphism of A. Then there exists an element γ of A× such
that xσ = γxγ−1 for every x ∈ A.

Theorem 19.12. Let A be a central simple algebra over F, and A′ an F -
algebra anti-isomorphic to A over F ; let r = [A : F ]. Then A⊗A′ ∼= Mr(F ).

Proof. Put C = A⊗A′. Let x 	→ xι be an F -linear anti-isomorphism of
A′ onto A. We can view A as a right C-module by the action x(a⊗ b) = bιxa

for a, x ∈ A and b ∈ A′. (This is a special case of what was done in the proof
of Theorem 19.10.) By Theorem 19.5(iii), C is a central simple algebra over
F. Now, the action of C on A defines an F -linear homomorphism ϕ of C into
EndF (A). Then Ker(ϕ) is a two-sided ideal of C, which cannot be C, as ϕ is
nontrivial. Since C is simple, we have Ker(ϕ) = {0}, and so ϕ is injective. We
have [C : F ] = r2 = [EndF (A) : F ]. Consequently, C ∼= EndF (A) ∼= Mr(F ) as
expected.

Lemma 19.13. Let A = Mr(D) with a division algebra D over F, W a
finitely generated A-module, and let B = EndA(W ). Then B ∼= Ms(D) with
some s and [W : F ]2 = [A : F ][B : F ].

Proof. Let V = D1
r . By Lemma 18.9, V is an irreducible right A-module

and EndA(V ) = D. By Theorem 18.11, W is isomorphic to the direct sum
of s copies of V for some s. As explained in §18.8, B ∼= Ms(D). Then
[W : F ]2 = s2r2[D : F ]2 = r2[D : F ]s2[D : F ] = [A : F ][B : F ]. This proves
our lemma.

Theorem 19.14. Let A be a central simple algebra over F, B a simple
subalgebra of A such that 1B = 1A, and let C =

{
x ∈ A

∣
∣ xb = bx for every

b ∈ B
}
. (This set C is called the commutor of B in A.) Then the following

assertions hold:
(i) C is a simple algebra;
(ii) B is the commutor of C in A;
(iii) [A : F ] = [B : F ][C : F ].
(iv) Let B′ be an algebra anti-isomorphic to B and let A ⊗F B′ ∼= Mμ(P )

with a division algebra P and some μ. Then C ∼= Mν(P ) with some ν.

Proof. We can put A = Mr(D) with a central division algebra D over F.

Let V = D1
r . Then V is an irreducible right A-module and D = EndA(V ) by

Lemma 18.9. With B′ as in (iv), we can view V as a left (D ⊗ B′)-module
by putting (d ⊗ e′)w = dwe for d ∈ D and e ∈ B, where e 	→ e′ is an anti-
isomorphism of B onto B′. We easily see that C = EndD⊗B′(V ). By Theorem
19.5(i), D ⊗ B′ is simple. Taking D ⊗ B′ and V to be A and W in Lemma
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19.13, we find that C (which corresponds to B of that lemma) is simple, and
[V : F ]2 = [C : F ][D : F ][B : F ], and so [A : F ] = r2[D : F ] = [C : F ][B : F ].
Let E be the commutor of C in A. Then B ⊂ E and [A : F ] = [C : F ][E : F ],
and so [B : F ] = [E : F ]. Thus B = E, which gives (ii). Let P be as in (iv).
Then D⊗F B′ ∼= Mμ/r(P ). Thus, when we view D⊗B′ as A of Lemma 19.13,
P becomes D of that lemma, and so C ∼= Mν(P ) with some ν by that lemma.
This proves (iv) and completes the proof.

Theorem 19.15. Let A be a central simple algebra over F and let [A :
F ] = m2. Let K be a subalgebra of A that is a field and such that 1K = 1A.

Further let B be the commutor of K in A. Then B is a central simple algebra
over K and [B : K] = s2 with an integer s such that m = s[K : F ]. In
particular, [K : F ] = m if and only if K is the commutor of K in A, in which
case A⊗F K ∼= Mm(K).

Proof. Clearly K ⊂ B. By Theorem 19.14, B is simple and K is the
commutor of B in A. Thus B is a central simple algebra over K. Put [B : K]
= s2. Then m2 = [A : F ] = [K : F ][B : F ] = [K : F ]2s2, which proves the
main part of our theorem. If [K : F ] = m, then B = K, and vice versa. In
such a case, take B = C = K in Theorem 19.14. Then both B′ and P there
coincide with K, and so A⊗F K ∼= Mm(K), which completes the proof.

Lemma 19.16. If D is a central division algebra over F different from F,

then D contains a separable extension of F different from F.

Proof. Let z ∈ D, /∈ F. By Lemma 18.18(i), F [z] is an algebraic extension
of F different from F, and so there is no problem if the characteristic of F is 0.

Suppose F has characteristic p with a prime number p. If F [z] is not purely
inseparable over F, then F [z] contains a nontrivial separable extension of F.

So, assume that F [z] is purely inseparable over F. Then [F [z] : F ] = q and
zq ∈ F with a power q = pe, 0 < e ∈ Z. Put u = zpe−1

. Then up ∈ F and
[F [u] : F ] = p. Define an F -linear automorphism σ of D by σ(x) = uxu−1.

We view σ as an element of EndF (D). We easily see that σp = 1; also σ �= 1,

as u /∈ F. Thus (σ − 1)p = 0 and σ − 1 �= 0. Take the largest integer r

such that (σ − 1)r �= 0; then 1 ≤ r < p. Take y ∈ D so that (σ − 1)ry �= 0,

and put a = (σ − 1)r−1y and b = (σ − 1)ry. Then 0 �= b = σ(a) − a and
σ(b) − b = (σ − 1)r+1y = 0, because of our choice of r. Put c = b−1a. Then
σ(c) = σ(b)−1σ(a) = b−1(b+a) = c+1. This means that σ gives a nontrivial
automorphism of F [c], so that F [c] is not purely inseparable over F. Thus we
can find a nontrivial separable extension of F contained in D.

Theorem 19.17. Let D be a central division algebra over F. Then D

contains a separable extension M of F such that [D : F ] = [M : F ]2.
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Proof. Let [D : F ] = m2. Our assertion is obvious if m = 1, and so we
assume m > 1. By Lemma 19.16, D contains a separable extension K of F

different from F. Take such a K with the maximum value of [K : F ], and
suppose [K : F ] �= m. Let B be the commutor of K in A. By Theorem 19.15,
B is a central simple algebra over K and [B : K] = s2 with an integer s

such that m = s[K : F ]. Since B ⊂ D, B is a division algebra. Now we
have s > 1, and so by Lemma 19.16, B contains a separable extension L of K

different from K. Then L is a separable extension of F and [L : F ] > [K : F ],
a contradiction. Therefore [K : F ] = m and we obtain our theorem.

19.18. Let A be an F -algebra with identity element. An F -linear homo-
morphism ρ : A → Mr(F ) such that ρ(1A) = 1r is called a representation
of A of degree r. We call ρ faithful if it is injective. Two F -linear repre-
sentations ρ and ρ′ of A are said to be equivalent over F if they are of
the same degree, say r, and there exists an element T of GLr(F ) such that
ρ′(α) = Tρ(α)T−1 for every α ∈ A.

In general, every right or left A-module V produces a ring-homomorphism
A → EndF (V ). Identifying EndF (V ) with Mn(F ), where n = [V : F ], we
obtain a representation of A. Conversely, from a representation of A we can
construct a right or left A-module.

Define a right A-module A[r] as in §18.1 and put n = [A : F ]. Then right
multiplication by the elements of A defines an F -linear ring-homomorphism
A → EndF (A[r]). This is certainly injective, as we are assuming that A has
an identity element. Since EndF (A[r]) ∼= Mn(F ), we thus obtain a faith-
ful representation ρr : A → Mn(F ), which we call a right regular rep-
resentation of A. This depends on the choice of an F -basis of A, but it
is determined up to equivalence. Similarly let A[l] denote the vector space
A viewed as a left A-module. Then left multiplication defines an F -linear
ring-injection A → EndF (A[l]), and consequently we obtain a representation
ρl : A→Mn(F ), which we call a left regular representation of A.

Theorem 19.19. (i) Every two representations of a simple algebra of the
same degree are equivalent.

(ii) If A is semisimple, then a right regular representation of A over F is
equivalent to a left regular representation of A over F.

Proof. In view of what we said in §19.18 about the correspondence be-
tween representations and A-modules, (i) follows from Lemma 18.14. As for
(ii), we can reduce the problem to the case where A is simple by means of
Theorem 18.16. For simple A, the result follows from (i).

Theorem 19.20. Let A be a simple algebra over F and Z the center of
A. Suppose that Z is separable over F ; let [Z : F ] = m and [A : Z] = n2 (see
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Theorem 19.8). Further let ρ be a right or left regular representation of A

over F and F̄ an algebraic closure of Z. Then there exists a representation
τ : A → Mmn(F̄ ) such that ρ is equivalent over F̄ to the direct sum of n

copies of τ. Moreover, put, for α ∈ A,

(19.9) hα(x) = det
[
x1mn − τ(α)

]

with an indeterminate x. Then hα has coefficients in F and hα(x)n =
det

[
x1t − ρ(α)

]
, t = mn2, for every α ∈ A.

This will be proved in §19.23.

19.21. Let A be a simple algebra over F. Taking a representation τ of A

as in the above theorem, we define a multiplicative map NA/F : A → F and
an F -linear map TrA/F : A→ F by

(19.10) NA/F (α) = det
[
τ(α)

]
, TrA/F (α) = tr

[
τ(α)

]
(α ∈ A).

We call these the reduced norm and the reduced trace of α. That these
are indeed the numbers belonging to F follows from the fact that hα of (19.9)
has coefficients in F. Clearly NA/F (c) = cmn and TrA/F (c) = mnc for c ∈ F.

If A = Mn(F ) in particular, then NA/F (α) = det(α) and TrA/F (α) = tr(α)
for every α ∈ Mn(F ). Indeed, in this case we have m = 1 and we can take
τ to be the identity map of Mn(F ) onto itself.

If K is a finite separable extension of F, then NK/F and TrK/F of (19.10)
(with K as A) coincide with those of (7.1). Indeed, take A = Z = K in
Theorem 19.20. Then ρ = τ and hα(x) = det[x1m − ρ(α)] for every α ∈ K.

Therefore the desired fact is already proved in Theorem 7.8(iv).

Lemma 19.22. Let A be a simple algebra over F and Z the center of A.

Then Z is a finite algebraic extension of F. Suppose that Z is separable over
F. Then A⊗F L is semisimple for any finite or infinite extension L of F.

Proof. The first assertion is already stated as (19.6). Let Ω be a Galois
extension of L that contains an F -linear isomorphic image of Z. Take Z as
K in the setting of Theorem 11.3. Thus we let S = InjF (Z, Ω)/G with G =
Gal(Ω/L) and Uσ = ZσL. Then Z⊗F L ∼= ⊕

σ∈S Uσ. Take a Z-basis {xν}t
ν=1

of A. Then A⊗F L =
⊕t

ν=1 xν(Z ⊗F L) =
⊕

σ∈S

⊕t
ν=1 xνUσ. We view Z as

a subfield of Uσ under the map z 	→ zσ ∈ Uσ. Then A ⊗Z Uσ =
∑t

ν=1 Uσ,

and so A⊗F L =
⊕

σ∈S(A⊗Z Uσ). Since A⊗Z Uσ is central simple over Uσ,

we see that A⊗F L is semisimple. This proves our lemma.

19.23. Proof of Theorem 19.20. We can put A = Mr(D) with a central
division algebra D over Z. Put also [D : Z] = s2, [Z : F ] = m, and n = rs.

Then [A : F ] = mn2. By Theorem 19.17, D contains a separable extension L

of Z such that [L : Z] = s. Then L is separable over F and [L : F ] = ms. Let
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Y be a Galois extension of F containing an F -linear isomorphic image of L.

We then consider AY = A ⊗F Y, whose center is ZY = Z ⊗F Y by Lemma
19.3(ii). We apply Theorem 11.3 to Z⊗F Y by taking (Z, Y ) as (K, L) there.
Then G = Gal(Y/Y ) = {1} and S = InjF (Z, Y ) = Gal(Y/Z)\Gal(Y/F ),
which has m elements. By that theorem there exists an isomorphism ψ :
ZY → ⊕

σ∈S Uσ, Uσ = ZσY, such that ψ(a ⊗ b) = (aσb)σ∈S for a ∈ Z and
b ∈ Y. Since Uσ = Y, we see that

⊕
σ∈S Uσ is the direct sum of m copies of

Y. We have AY = Mr(DY ) with DY = D ⊗F Y. Now ψ can be extended to
a Y -linear isomorphism

(19.11) ϕ : AY →
⊕

σ∈S

Mn(Uσ).

Indeed, as shown in the proof of Lemma 19.22, AY =
⊕

σ∈S(A⊗Z Uσ), where
Z is identified with the subfield Zσ of Uσ. We have A = Mr(D), and so
A⊗Z Uσ = Mr(D⊗Z Uσ). Since Uσ = Y, which contains an isomorphic image
of the field L such that[D : Z] = [L : Z]2, the last statement of Theorem 19.15
shows that D⊗Z Uσ

∼= Ms(Uσ). Thus A⊗Z Uσ
∼= Mrs(Uσ), which establishes

the isomorphism of (19.11).
Let ρ be a regular representation of A over F. This can be extended natu-

rally to a regular representation of AY over Y. Since Uσ = Y, the isomorphism
of (19.11) shows that ρ is equivalent to diag[ρσ]σ∈S with a regular represen-
tation of Mn(Uσ) = Mn(Y ) over Y. Now a regular representation of Mn(Y )
over Y is equivalent to the direct sum of n copies of the identity map of
Mn(Y ) onto itself. Therefore ρσ is equivalent to the direct sum of n copies
of the identity map of Mn(Uσ) combined with the projection map of AY to
that factor. Define τ : AY →

⊕
σ∈S Mn(Uσ) by τ = diag[τσ]σ∈S , where τσ is

the identity map of Mn(Uσ) onto itself, and define hα by (19.9). Then hα has
coefficients in Y and hα(x)n = det[x1t − ρ(α)]. Take any α ∈ A. Then ρ(α)
has entries in F. Therefore for every σ ∈ Gal(Y/F ) we have

(
hσ

α

)n = hn
α, and

so hσ
α = hα, as hα is monic. Thus hα has coefficients in F. This completes

the proof.

Theorem 19.24. Let A, Z, and F be as in Theorem 19.20, still under the
condition that Z is separable over F. Then the F -bilinear form

(19.12) (x, y) 	→ TrA/F (xy)

is nondegenerate.

Proof. We consider the isomorphsim ϕ of (19.11), using also the sym-
bols Uσ and τ = diag[τσ]σ∈S as in §19.23. We recall that Uσ = Y and τσ

is essentially the projection to Mn(Uσ) = Mn(Y ). If ϕ(α) = (ασ)σ∈S for
α ∈ A, then τσ(α) = ασ and TrA/F (α) =

∑
σ∈S tr(ασ). To prove that the

bilinear form of (19.12) is nondegenerate, it is sufficient to show that its Y -
bilinear extension to AY ×AY is nondegenerate, which is so if (z, w) 	→ tr(zw)
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on Mn(Uσ) ×Mn(Uσ) = Mn(Y ) ×Mn(Y ) is nondegenerate. Since the last
statement is clearly the case, we obtain our theorem.

Lemma 19.25. Let A be an F -algebra whose center is a separable exten-
sion of F. If A⊗F L is semisimple for an extension L of F, then A is simple.

Proof. We use the symbols of the proof of Lemma 19.22. Without as-
suming A to be simple, we obtain A⊗F L =

⊕
σ∈S(A⊗Z Uσ). Our assumption

that A ⊗F L is semisimple implies that A ⊗Z Uσ is semisimple. By Lemma
19.3(ii), Uσ is the center of A ⊗Z Uσ, and so A ⊗Z Uσ is simple by (19.8).
Therefore, by Theorem 19.6, A must be simple.

20. Quaternion algebras

20.1. Let B be an F -algebra with identity element equipped with an F -
linear automorphism x 	→ x′. Given an element γ ∈ F, we can construct
an F -algebra A which contains B as a subalgebra and which has an element
e �= 0 such that

(20.1) A = B ⊕Be, e2 = γ, be = eb′ for every b ∈ B.

Indeed, we consider M2(B) and its subset A consisting of the matrices of the
form

(20.2)
[

a b
γb′ a′

]

with a, b ∈ B.

We easily see that A is a subalgebra of M2(B). Identify an element a of B

with diag[a, a′] and put e =
[

0 1
γ 0

]

. Then a + be is the matrix of (20.2),

and so we have (20.1). Here we do not assume γ �= 0.

There is an important special case in which B is a field. Changing the
notation, take a separable quadratic extension K of F and an element γ ∈ F×.

Let a 	→ aσ be the nontrivial automorphism of K over F. Then the above
discussion produces an F -algebra A such that

(20.3) A = K ⊕Kw, w2 = γ, aw = waσ for every a ∈ K.

We can easily show that

(20.4) K =
{
a ∈ A

∣
∣ ax = xa for every x ∈ K

}
,

and also that F is the center of A. In this case the above embedding of A into
M2(B) becomes the map

(20.5) a + bw 	→
[

a b
γbσ aσ

]

,

which is an F -linear ring-injection of A into M2(K).
To show that A is simple, take a two-sided ideal J of A different from {0}

and A. We can let K⊗K act on J by
(∑

i ai⊗bi

)
x =

∑
i aixbi for ai, bi ∈ K
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and x ∈ J. Then J is a left (K⊗K)-module. Let V be an irreducible (K⊗K)-
submodule of J. Since K⊗K is the direct sum of two copies of K (see §11.4),
V must be of dimension 2 over F, and so if we fix a nonzero element v of V,

then Kv = vK = V. Thus, for a ∈ K there is a unique element aτ of K such
that av = vaτ , and clearly τ gives an automorphism of K over F. If τ is the
identity map of K, then v ∈ K by (20.4), which implies that 1 = v−1v ∈ V,

and so J = A. Thus τ = σ, and so avw−1 = vw−1a for every a ∈ K. Again
by (20.4), vw−1 ∈ K, and so v is invertible, which means that J = A, a
contradiction. This proves that A is simple.

20.2. We call an F -algebra A a quaternion algebra if A is central
simple over F and [A : F ] = 4. From Theorem 18.12 we see that a quaternion
algebra is either isomorphic to M2(F ) or a central division algebra D over F

such that [D : F ] = 4. Given a separable quadratic extension K of F and an
element γ ∈ F×, we can construct an algebra A by (20.3). Since it is central
simple over F, it is a quaternion algebra. We denote this quaternion algebra
by {K, γ}. We note an easy fact:

(20.6) {K, 1} ∼= M2(F ).

Indeed, if γ = 1 in (20.3), then we have 0 = 1 − w2 = (1 + w)(1 − w) and
1 ± w �= 0, as Kw ∩K = {0}. Thus {K, 1} is not a division algebra, and so
we obtain (20.6).

As a special case we obtain the Hamilton quaternion algebra

(20.7) H = R + Ri + Rj + Rk.

Indeed, take F = R, K = C, and γ = −1; identify R + Ri with C by
putting i =

√−1; put also w = j and k = ij. Then we rediscover the
standard multiplication table of the quaternion units i, j, k. Thus we can put
H = {C, −1}.

Instead of a quadratic extension of F, we can take K = F ⊕ F. Define
an automorphism σ in this case by (a, b)σ = (b, a) for (a, b) ∈ F ⊕ F.

The base field F is the subalgebra of F ⊕ F consisting of the elements (c, c)
with c ∈ F. Taking K = F ⊕ F as B in (20.1), we obtain a subalgebra of

M2(K) consisting of
[

(x, y) (z, w)
(γw, γz) (y, x)

]

with x, y, z, w in F. If we iden-

tify M2(K) with M2(F ) ⊕ M2(F ), the subalgebra in question consists of([
x z

γw y

]

,

[
y w
γz x

])

. Taking the projection to the first summand M2(F ),

we see that the algebra is isomorphic to M2(F ). Thus we use the symbol
{K, γ} also for K = F ⊕ F. This will naturally appear when we extend the
base number field to its completion at a prime.
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Theorem 20.3. Let A be a quaternion algebra over F and K a quadratic
extension of F. Then AK

∼= M2(K) if and only if there is an F -linear ring-
injection of K into A.

Proof. The “if”-part is a special case of Theorem 19.15. Conversely,
suppose AK

∼= M2(K). Let V be the vector space consisting of all the two-
dimensional row vectors with components in K, viewed as a right A-module
with respect to right matrix multiplication. Since A is simple and [V : F ] =
4 = [A : F ], by Lemma 18.14, V is A-isomorphic to A[r] of §18.1. Then, as
noted there, A ∼= EndA(A[r]). Now left multiplication by the elements of K

on V defines elements of EndA(V ), which means that there is an F -linear
ring-injection of K into EndA(V ). This completes the proof, as EndA(V ) ∼=
EndA(A[r]) ∼= A.

Lemma 20.4. Let A be a quaternion algebra over F, and K a separable
extension of F contained in A different from F. (Such a K always exists if A

is a division algebra; see Lemma 19.16.) Then [K : F ] = 2 and A = {K, γ}
with a suitable γ ∈ F×. Consequently every division quaternion algebra over
F can be given as {K, γ} with suitable K and γ.

Proof. Clearly [K : F ]|4. The center of A is F, and so A �= K. Thus
[K : F ] = 2. Let σ be a nontrivial automorphism of K over F. By Theorem
19.10, there exists an element w of A× such that aσ = w−1aw for every
a ∈ K. Then K + Kw is a subalgebra of A different from K, and clearly
A = K + Kw. Now aw2 = w2a for every a ∈ K and w2 commutes with w,

and so w2 belongs to the center of A, that is, w2 ∈ F. Putting γ = w2, we
find that A = {K, γ}.

20.5. Define a bijection ι of M2(F ) onto itself by

(20.8)
[

a b
c d

]ι

=
[

d −b
−c a

]

.

Then we can easily verify that ι has the following properties, in which x

denotes an arbitrary element of M2(F ) :

(20.9) xxι = det(x), x + xι = tr(x),

(20.10) (xι)ι = x,

(20.11) xι = j · txj−1 with j =
[

0 −1
1 0

]

.

From (20.10) and (20.11) we see that ι is an F -linear involution of M2(F ).
(See §19.9 for the definition of an involution.)

Theorem 20.6. Every quaternion algebra A over F has a unique F -linear
involution ι such that ξ + ξι ∈ F and ξξι ∈ F for every ξ ∈ A. Moreover,



98 IV. ALGEBRAS OVER A FIELD

ξ + ξι = TrA/F (ξ) and ξξι = NA/F (ξ) with the symbols TrA/F and NA/F of
(19.10).

Proof. For A = M2(F ) we have such an involution as shown above.
Suppose A is a division algebra. By Lemma 20.4 we can put A = {K, γ} =
K+Kw as in (20.3) with a separable quadratic extension K of F and γ ∈ F×.

Observe that the map of (20.5) sends aσ−bw to
[

aσ −b
−γbσ a

]

=
[

a b
γbσ aσ

]ι

.

This means that if we view A as a subset of M2(K) by means of the injection
of (20.5), then the involution ι of M2(K) defined by (20.8) sends A onto itself,
and so we obtain an involution of A, which we also denote by ι. If ξ = a+bw,

then ξι = aσ − bw, ξ + ξι = a + aσ ∈ F, and ξξι = aaσ − γbbσ ∈ F. This
proves the existence of an involution with the stated properties. To prove the
uniqueness, let τ be an F -linear involution of A such that ξ + ξτ ∈ F and
ξξτ ∈ F for every ξ ∈ A. Since ξτ = ξ for every ξ ∈ F, our aim is to show
that ξτ is uniquely determined for ξ when ξ /∈ F. Let b = ξ+ξτ , c = ξξτ , and
f(x) = x2−bx+c. Then f(x) = (x−ξ)(x−ξτ ). Suppose A is a division algebra
and ξ /∈ F. Then F [ξ] is an algebraic extension of F different from F. Since
f has coefficients in F and f(ξ) = 0, f must be the minimal polynomial
for ξ over F. Thus ξτ , the other root of f, is the image of ξ under the
nontrivial automorphism of F [ξ], and is uniquely determined. Next suppose
A = M2(F ). We again assume ξ /∈ F. Then the characteristic polynomial of
ξ is the unique monic polynomial g(x) of degree 2 such that g(ξ) = 0, and
so g = f. This means that ξ + ξτ = tr(ξ). Thus ξτ is uniquely determined as
tr(ξ) − ξ when A = M2(F ). Let hξ be the polynomial determined by (19.9)
with ξ as α. Then hξ(ξ) = 0, since τ is injective and hξ

(
τ(ξ)

)
= 0. We

have hξ(x) = (x − ξ)2 if ξ ∈ F. Suppose ξ /∈ F. If A is a division algebra,
then hξ must be the minimal polynomial for ξ over F, and so hξ = f.

The same is true for A = M2(F ) for the reason explained above. Since
hξ(x) = x2 − TrA/F (ξ)x + NA/F (ξ), we obtain the last statement of our
theorem. This completes the proof.

20.6a. We call the involution of a quaternion algebra A over F uniquely
determined as in the above theorem the main involution of A, and denote
it by ι if there is no fear of confusion. We can easily verify that

(20.12) (αξα−1)ι = αξια−1 for every α ∈ A×, ξ ∈ A.

Let AL = A ⊗F L with any extension L of F. Then the L-linear extension of
the main involution of A to AL is the main involution of AL. This follows, for
example, from the first assertion of Theorem 20.6. The main involution of H
coincides with the standard quaternion conjugation, and so NH/R(w) = |w|2
for every w ∈ H, where |w| = (wwι)1/2.
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Lemma 20.7. Let A be a quaternion algebra over a field F of character-
istic different from 2, and let A◦ =

{
α ∈A

∣
∣αι = −α

}
. Then A = F ⊕ A◦,

F =
{
α∈A

∣
∣αι = α

}
, and A◦ =

{
α ∈ A

∣
∣α2 ∈ F, α /∈ F×}.

Proof. For α ∈ A we have 2α = (α + αι) + (α − αι), α + αι ∈ F, and
α−αι ∈ A◦. Thus A = F⊕A◦, as 2 �= 0. We have clearly F =

{
α∈A

∣
∣αι = α

}

and A◦ ∩ F× = ∅. If α ∈ A◦, then α2 = −ααι ∈ F. Conversely, suppose
α2 ∈ F and α /∈ F×; put α2 = e, b = α + αι, and c = ααι. Suppose α /∈ A◦.

Then b �= 0. Since α is a root of both x2 − bx + c and x2 = e, we have
bα = c + e, and so α ∈ F. Thus α = 0 ∈ A◦, a contradiction. This completes
the proof.

Theorem 20.8. Let K be a separable quadratic extension of F and let
α, β ∈ F×. Then the following assertions hold:

(i) There is an F -linear isomorphism of {K, α} onto {K, β} if and only if
α/β ∈ NK/F (K×).

(ii) In particular, {K, α} ∼= M2(F ) if and only if α ∈ NK/F (K×).
(iii) {K, α} ⊗ {K, β} ∼= M2

({K, αβ}).
Proof. Let {K, γ} = K + Kw as in (20.3). Take any s ∈ K× and put

z = sw. Then z2 = ssσw2 = NK/F (s)γ and az = zaσ for every a ∈ K.

Since K + Kw = K + Kz, we see that {K, γ} = {K, NK/F (s)γ}, which
proves the “if”-part of (i). Next, put A = {K, α} and B = {K, β}; let ϕ

be an F -linear isomorphism of A onto B. We can put A = K + Ku and
B = K + Kv with u and v such that u2 = α, v2 = β, and u−1au =
v−1av = aσ for every a ∈ K. Applying Theorem 19.10 to ϕ : K → B and
the natural injection K → B, we can find an element y of B× such that
ϕ(a) = yay−1 for every a ∈ K. Put t = y−1ϕ(u)y. Then for a ∈ K we have
at = ay−1ϕ(u)y = y−1ϕ(au)y = y−1ϕ(uaσ)y = y−1ϕ(u)yy−1ϕ(aσ)y = taσ,

and so atv−1 = tv−1a. Thus tv−1 ∈ K by (20.4). Putting tv−1 = d, we
have t2 = v2ddσ = βddσ. Also, t2 = y−1ϕ(u2)y = y−1ϕ(α)y = α, and
so α/β = ddσ ∈ NK/F (K×), which proves the “only if”-part of (i), and
completes the proof of (i). Then (ii) follows from (i) and (20.6).

To prove (iii), we use the same symbols A, B, u, and v. We view K⊗K as
a subset of A ⊗B. There is an isomorphism ψ : K ⊗K → K ⊕K such that
ψ(a⊗ b) = (ab, aσb); see §11.4. For x, y ∈ K denote by [x, y] the element of
K ⊗K such that ψ([x, y]) = (x, y) ∈ K ⊕K. Let e = [1, 0] and f = [0, 1].
Then e2 = e, f2 = f, and ef = fe = 0. Now (u ⊗ 1)−1(a ⊗ b)(u ⊗ 1) =
aσ ⊗ b for a, b ∈ K, and so (u ⊗ 1)−1[ab, aσb](u ⊗ 1) = [aσb, ab]. Thus
(u ⊗ 1)−1[x, y](u ⊗ 1) = [y, x]. Similarly we obtain (1 ⊗ v)−1[x, y](1 ⊗ v) =
[yσ, xσ], and (u⊗v)−1[x, y](u⊗v) = [xσ, yσ]. Consequently (u⊗1)−1e(u⊗1) =
(1 ⊗ v)−1e(1 ⊗ v) = f and (u ⊗ v)−1e(u ⊗ v) = e. Now A ⊗ B = K ⊗K +
(K ⊗K)(u⊗ 1)+ (K ⊗K)(1⊗ v) + (K ⊗K)(u⊗ v). Put K ′ = (K ⊗K)e and
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w = e(u ⊗ v)e. Then K ′ =
{
[x, 0]

∣
∣x ∈ K

}
, which is isomorphic to K. We

have e(A ⊗ B)e = K ′ + K ′w, w2 = αβe, and w[x, 0] = [xσ , 0]w. Therefore
e(A ⊗ B)e ∼= {K ′, αβ} ∼= {K, αβ}. If {K, αβ} is a division algebra, then
Lemma 18.15 shows that A⊗B ∼= M2

({K, αβ}). If {K, αβ} ∼= M2(F ), then
the same lemma shows that A⊗B ∼= M4(F ). This proves (iii).

Lemma 20.9. Let A be a quaternion algebra over a field F of charac-
teristic different from 2. Let Ac be the commutator subgroup of A× and
A1 =

{
x ∈ A× ∣

∣xxι = 1
}
. Then Ac = A1.

Proof. Clearly Ac ⊂ A1 and A1 ∩F× = {±1}. We first consider the case

A = M2(F ). Then A1 = SL2(F ). Let δ =
[

0 1
γ 0

]

and ε = diag[c, −c] with

γ, c ∈ F×. Then δε = −εδ, and so −1 ∈ Ac. (This is valid even when A is

a division algebra, since we can take A to be the set of elements
[

a b
γbσ aσ

]

with a, b in a quadratic extension K of F as in §20.1, and find an element a

of K× such that aσ = −a.) Now every element of A1 is conjugate either to

±
[

1 b
0 1

]

or to β = diag[a, a−1]. Since −1 ∈ Ac, we consider α =
[

1 b
0 1

]

.

Let ξ = diag[1, −1] and η =
[

1 b/2
0 1

]

. Then α = ξ−1η−1ξη ∈ Ac. As for

β, we have β = ζωζ−1ω−1 with ζ = diag[a, 1] and ω =
[

0 1
−1 0

]

. This

proves that Ac = A1 when A = M2(F ). Next suppose A is a division algebra;
let β ∈ A1, /∈ F×. Then F [β] is a quadratic extension of F and ι gives a
nontrivial automorphism of F [β], and so there exists an element γ of A×

such that ξι = γ−1ξγ for every ξ ∈ F [β]; see Theorem 19.10 or Lemma 20.4.
By Lemma 1.8, β = αια−1 with α ∈ F [β]×. Then β = γ−1αγα−1 ∈ Ac. This
completes the proof.

21. Arithmetic of semisimple algebras

21.1. Let F be the field of quotients of an integral domain g. We are
interested only in the following two cases: (i) F is an algebraic number field
of finite degree and g is the ring of all algebraic integers in F ; (ii) F is a
finite algebraic extension of Qp and g is the integral closure of Zp in F. We
call a field of type (i) a global field, and that of type (ii) a local field. In
this section, we employ the terms global and local fields only in these senses.
Thus, a local field always means a nonarchimedean one. (This is essentially
the same setting as in Section 14, in which we used J for the maximal order
in F. For a certain technical reason we use g in this section instead of J.) In
§4.1 we defined the notion of a g-lattice. In the local case, g is a principal
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ideal domain; in the global case g saisfies (4.1), as shown in §10.1, and also
in Lemma 10.6. Thus Lemma 4.2 holds in both cases.

In both local and global cases we call a g-lattice in F a g-ideal. If F is
global, this is the same as a fractional ideal in F. A g-ideal is called integral
if it is contained in g. We call a g-lattice simply a lattice if there is no fear
of confusion. Let A be a semisimple F -algebra. By an order in A we mean
a subring of A containing g that is a g-lattice in A. An order o is called
maximal if there is no order, other than o itself, containing o. For two g-
lattices a and b in A we denote by ab the g-lattice spanned by the products
xy with x ∈ a and y ∈ b. Given an order o in A, we call a g-lattice a in
A a right (resp. left or two-sided) o-ideal if ao ⊂ a (resp. oa ⊂ a or
oao⊂a). An o-ideal is not necessarily contained in o, but it always contains
an invertible element of A.

21.2. We can extend the notion of integrality introduced in §8.1 to the
elements of an F -algebra A with identity element with a local or global F. We
call an element α of A integral over g if

(21.1) αn + c1α
n−1 + · · ·+ cn = 0

with ci ∈ g and n > 0. In that case we have g[α] =
∑n−1

i=0 gαi, for the same
reason as in the proof of Lemma 8.3. (Here we understand that α0 = 1. This
causes some confusion when A is not a division ring, but later we consider
integral elements only when A is a division algebra.) Conversely if α belongs
to a subring B of A that is a finitely generated g-module, then α is integral
over g. Indeed, suppose α ∈ B with a subring B of the form B =

∑k
i=1 gβi of

A. Put C =
⋃∞

ν=1

(∑ν
i=0 gαi

)
. This is a g-submodule of B, and so by Lemma

4.2, we can put C =
∑m

i=1 gγi with suitable γi. All these γi are contained in
∑ν

i=0 gαi for a sufficiently large ν. Then αν+1 is a g-linear combination of
{αi}ν

i=0, which shows that α is integral over g.

Consequently, if α is an element of an order o, then α is integral over g

since the powers of α are contained in a finitely generated g-module.
If A is a field, then it is a finite algebraic extension of F, and all the elements

of A integral over g form a ring. In the global case, the ring is the set of
all algebraic integers in A, which we called the maximal order of A in §8.9,
which is indeed maximal in the sense we defined in §21.1. If F is local, then,
as shown in Theorem 9.5(5), the integral closure of g is the valuation ring of
A, which is a free g-module of rank [A : F ]. Thus A has a unique maximal
order, which is the valuation ring of A.

Lemma 21.3. Given a g-lattice x in a semisimple algebra A over F, let
o1 =

{
α ∈ A

∣
∣αx ⊂ x

}
and o2 =

{
α ∈ A

∣
∣ xα ⊂ x

}
. Then o1 and o2 are orders

in A. (These are called the left order and the right order of x.)
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Proof. Put [A : F ] = n and take any free g-module a of rank n in A.

We can find elements c and d of F× such that ca ⊂ x ⊂ da. Let ρ be a
left regular representation of A defined with respect to a g-basis of a. Then
α ∈ o1 ⇒ cd−1ρ(α) ∈ Mn(g) and ρ(α) ∈ Mn(g) ⇒ cd−1α ∈ o1. From this we
see that o1 is a g-lattice in A. Clearly o1 is a subring of A containing g, and
so it is an order in A. The case of o2 is similar.

Lemma 21.4. For a semisimple F -algebra A the following two assertions
hold:

(i) Every order in Mn(A) containing the standard matrix units of Mn(A)
can be written Mn(S) with an order S in A.

(ii) Such an order Mn(S) is maximal if and only if S is maximal.

Proof. For x =
∑

i,j aijeij ∈ Mn(A) with aij ∈ A and the standard
matrix units eij write aij = pij(x). Given an order R in Mn(A) containing
the eij , put Sij = pij(R). Since eiixejj = aijeij , we see that Sijeij ⊂ R. Also,
we have Sij = S11 for all (i, j), since e1ieijej1 = e11 and ei1e11e1j = eij .

Clearly S11 is an order in A, and R = Mn(S11). If S11 is contained in a larger
order T, then R � Mn(T ), which means that S11 is maximal if R is maximal.
Next, given a maximal order S in A, let R be an order containing Mn(S).
By (i) we have R = Mn(Q) with an order Q in A. Then S ⊂ Q, and hence
S = Q, as S is maximal. Thus Mn(S) = R, which completes the proof.

21.5. We now assume that F is an algebraic number field of finite degree.
We denote by a and h the sets of archimedean primes and nonarchimedean
primes of F respectively, and put v = a∪h as we did in Section 15. Further
we denote by g the maximal order of F. For every v ∈ v we denote by Fv

the v-completion of F. In particular, for v ∈ h and a g-ideal a we denote
by av the v-closure of a in Fv, which coincides with the gv-linear span of a

in Fv. If F = Q, there is only one archimedean prime, which we often denote
by ∞. Thus v = {∞} ∪ h if F = Q, and Q∞ = R.

Given a finite-dimensional vector space X over F and a g-lattice L in X,

we put Xv = X ⊗F Fv for every v ∈ v, and denote by Lv the gv-linear span
of L in Xv if v ∈ h. In particular, if A is an F -algebra and S is an order in A,

then Sv is an order in Av. Since Xv is isomorphic to Fn
v for some n, Lemma

6.9 shows that Xv has a structure of a locally compact additive group, and
also that every gv-lattice in Xv is an open compact subgroup of Xv. For a
g-lattice L in X, we see that Lv is a gv-lattice in Xv, and is the closure of L

in Xv.

Lemma 21.6. With F and X as above, let L be an arbitrarily fixed g-
lattice in X. Then the following assertions hold:

(i) If M is a g-lattice in X, then Lv = Mv for almost all v. Moreover,
L ⊂M (resp. L = M) if Lv ⊂ Mv (resp. Lv = Mv) for every v ∈ h.
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(ii) Given a gv-lattice Nv in Xv for each v ∈ h such that Nv = Lv for
almost all v, there exists a g-lattice M in X such that Mv = Nv for every
v ∈ h.

(iii) If Y is a subspace of X and L is a g-lattice in X, then (L ∩ Y )v =
Lv ∩ Yv for every v ∈ h.

(iv) Let x ∈ X. If x ∈ Lv for every v ∈ h, then x ∈ L.

Proof. To prove (i), take an F -basis {ei}n
i=1 of X contained in L ∩M

and take c ∈ g, �= 0, so that c(L + M) ⊂ ∑n
i=1 gei. Put H =

∑n
i=1 gc−1ei.

Then cH ⊂ L∩M ⊂ L + M ⊂ H. Clearly Lv = Mv if v �c, which is the first
part of (i). Since g/cg is isomorphic to

∏
v|c(gv/cgv), we easily see that the

map x (mod cH) 	→ (
x (mod cHv)

)
v|c for x ∈ H gives an isomorphism of

H/cH onto
∏

v|c(Hv/cHv). We can also find uv ∈ g for each v|c such that
uv − 1 ∈ cgv and uv ∈ cgw for v �= w|c. Assume now Lv ⊂ Mv for every
v ∈ h. Let x ∈ L. Since x ∈ Lv ⊂Mv and M is dense in Mv, we can find an
element yv of M for each v|c such that x − yv ∈ cHv. Put z =

∑
v|c uvyv.

Then z ∈M and x−z ∈ cHv for every v|c. In view of the above isomorphism,
this means that x−z ∈ cH ⊂ M, so that x ∈ M. Thus L ⊂M. If Lv = Mv for
every v ∈ h, then exchanging L and M, we obtain M ⊂ L, and hence L = M.

To prove (ii), changing L suitably, we may assume that L is isomorphic to
g1

n with some n. Put p =
{

v ∈ h
∣
∣Nv �= Lv

}
. Take b ∈ g, �= 0, so that

bNv ⊂ Lv for every v ∈ p. Changing Nv for bNv, we may assume that
Nv ⊂ Lv for every v ∈ h. Defining p for this new {Nv}v∈h, take c ∈ g, �= 0,

so that cLv ⊂ Nv for every v ∈ p. Then cLv ⊂ Nv for every v ∈ h, and
the map x (mod cL) 	→ (

x (mod cLv)
)

v|c for x ∈ L gives an isomorphism
of L/cL onto

∏
v|c(Lv/cLv). Let M be the g-submodule of L containing cL

such that M/cL is sent to
∏

v|c(Nv/cLv). Clearly cLv ⊂ Mv ⊂ Nv for every
v|c, and Mv = Nv if v � c. Given v|c and y ∈ Nv, we can find, in view of
the above isomorphism, an element x of M such that x − y ∈ cLv. Then
y ∈ M + cLv ⊂ Mv, which shows that Mv = Nv as expected. As for (iii),
take an F -basis {ei}n

i=1 of X so that Y =
∑n

i=m Fei. By Theorem 10.19(i)
we have L =

∑n
i=1 Aigi with fractional ideals Ai and an F -basis {gi}n

i=1 of
X such that gi ∈

∑n
k=i Fek. Then Y =

∑n
i=m Fgi and L ∩ Y =

∑n
i=m Aigi,

from which we obtain (iii). Applying (i) to L and gx + L, we obtain (iv).
This comletes the proof.

Lemma 21.7. Let A be a semisimple algebra over a local or global field F.

Then the following assertions hold:
(i) A has an order. Moreover, given an order R in A, there exists a maximal

order S in A containing R.

(ii) If F is global, then an order S in A is maximal if and only if Sv is
maximal for every v ∈ h.
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(iii) Suppose F is global; let Λ be a g-lattice in A. Given an order Rv in
Av for each v ∈ h, suppose that Rv = Λv for almost all v. Then there exists
an order S in A such that Sv = Rv for every v ∈ h.

(iv) If A is commutative (F local or global), then A has a unique maximal
order.

Proof. Take an F -basis {εi}n
i=1 of A. Then εiεj =

∑n
k=1 cijkεk with

cijk ∈ F. Take b ∈ g, �= 0, so that bcijk ∈ g for every {i, j, k}. Put T =
g+

∑n
i=1 gbεi. Then clearly T is an order in A. To prove the remaining part of

(i), let A = A1⊕ · · ·⊕Ar with simple algebras Ai and 1A = e1 + · · ·+ er with
the identity element ei of Ai. Given an order R in A, put R′ =

∑r
i=1 Rei.

We easily see that Rei is an order in Ai, R′ is an order in A, and R ⊂ R′. If
Si is a maximal order in Ai containing Rei, then

∑r
i=1 Si is a maximal order

containing R. Thus it is sufficient to prove the existence of S in (i) when A is
simple. Assuming A to be simple, denote by K the center of A and by r the
maximal order of K. Let R be an order in A and let U = rR. Then U is an
order in A containing both R and r. Therefore replacing F and g by K and
r, we may assume that A is central simple over F. Let R be an order in A and
R′ an order in A containing R. Take an F -basis {εi}n

i=1 of A contained in R.

Since (x, y) 	→ TrA/F (xy) is nondegenerate, we can find {ηi}n
i=1 in A such

that TrA/F (εiηj) = δij . Given α ∈ R′, put ci = TrA/F (αεi). Then ci ∈ g by
Lemma 21.9 below. Clearly α =

∑n
i=1 ciηi, and so R′ ⊂∑n

i=1 gηi. Thus every
order containing R is contained in

∑n
i=1 gηi. Therefore in view of Lemma 4.2,

there must be a maximal order containing R.

In the setting of (iii), by Lemma 21.6(ii) there exists a g-lattice S in A such
that Sv =Rv for every v ∈ h. For x, y ∈ S we have (S + gxy)v =Sv + gvxy ⊂
Rv = Sv for every v, so that S + gxy ⊂ S, that is, xy ∈ S. Similarly 1 ∈ S.

Thus S is an order in A. This proves (iii). To prove (ii), take an order S in
A. Suppose S � T with an order T in A. By Lemma 21.6(i), Sv �= Tv for
some v, so that Sv is not maximal. Conversely, suppose Su is not maximal
for some u ∈ h. Then Su � Yu with an order Yu in Au. By (iii), there exists
an order Z in A such that Zv =Sv for every v ∈ h, �= u, and Zu =Yu. Clearly
S � Z, so that S is not maximal. This proves (ii).

To prove (iv), take A = A1 ⊕ · · · ⊕ Ar as before, assuming A to be com-
mutative. Then Ai is a finite algebraic extension of F, which has a unique
maximal order Si, as explained in the last paragraph of §21.2. We have seen
that every order in A is contained in

⊕r
i=1 Si. Thus

⊕r
i=1 Si is the unique

maximal order in A. This proves (iv) and completes the proof.

21.8. Let us now prove (14.7). We take K there to be A in the above
lemma. By (iv) above, KP has a unique maximal order, which must be the
right-hand side of (14.7), since JQi is the maximal order of KQi . On the other
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hand, by Lemma 21.7(ii), JK ⊗ JP is maximal in KP . Therefore we obtain
(14.7).

Lemma 21.9. Let A be a simple algebra over a local or global field F, and
R an order in A. Then TrA/F (α) ∈ g for every α ∈ R.

Proof. Given 0 �= α ∈ R, put S =
⋃∞

m=1

(∑m
i=1 gαi

)
. Then S is a g-

submodule of R, and so by Lemma 4.2, S =
∑s

j=1 gβj with some βj . Then
we can find n such that βj ∈

∑n
i=1 gαi for every j. Then αn+1 ∈∑n

i=1 gαi.

Thus we obtain a monic polynomial p(x) of degree n + 1 in g[x] such that
p(α) = 0. Define hα by (19.9). Let ρ be a regular representation of A over F

and q(x) the minimal polynomial of α over F, which is clearly the minimal
polynomial of ρ(α) over F. Then q divides p, and so q ∈ g[x] by Theorem
8.6. Now the characteristic polynomial of ρ(α) is a power of hα as shown in
Theorem 19.20, and also it divides a power of q. Thus hα divides a power of
q, and so hα ∈ g[x] again by Theorem 8.6. Since TrA/F (α) is a coefficient of
hα, we obtain our lemma.

21.10. Hereafter we consider F and g in the local case. We denote by p

and μ the maximal ideal of g and the normalized order function of F, and
put q = #(g/p).

Let X be a finite-dimensional vector space over F. Then X, being isomorphic
to the product of a finite number of copies of F, has a natural structure of a
locally compact topological group, in which every g-lattice is an open compact
subset. If X is of dimension n, then every g-lattice is a free g-module of
rank n. If A is an F -algebra and o is an order in A, then A×, with the
topology induced from that of A, has a natural structure of a locally compact
topological group. Let Um =

{
1 + x

∣
∣x ∈ pmo

}
for 0 < m ∈ Z. This is clearly

a subgroup of o×, and compact, as it is homeomorphic to the compact set
pmo. Since Um is of finite index in o×, we see that o× is compact. Also,
since the pmo for 0 < m ∈ Z form a base of open neighborhoods of 0 in A,

the groups Um form a base of open neighborhoods of 1 in A×.

Lemma 21.11. If X is a finite-dimensional vector space over a local field
F, then every compact subset of X is contained in a g-lattice in X.

Proof. Let Y be a compact subset of X. Take any g-lattice L in X. Then
Y ⊂ ⋃

y∈Y (y + L). Since y + L is open, we have Y ⊂ ⋃
p∈P (p + L) with a

finite subset P of Y. Then
∑

p∈P (gp + L) is a g-lattice containing Y.

We insert here three elementary lemmas.

Lemma 21.12. Put F×2 =
{
x2

∣
∣ x ∈ F×}, g×2 =

{
x2

∣
∣ x ∈ g×

}
, and

1+a =
{
x ∈ g

∣
∣x−1 ∈ a

}
for a g-ideal a. Then the following assertions hold:
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(i) 1 + 4pm =
{

a2
∣
∣ a ∈ 1 + 2pm

}
for 0 < m ∈ Z; in particular, 1 + 4p ⊂

g×2.

(ii) F×2 is an open and closed subgroup of F×.

(iii) g× =
{
u2 + x

∣
∣ u ∈ g×, x ∈ p

}
= g×2(1 + p) if 2 ∈ p.

Proof. Clearly 1+4pm ⊃ {
a2
∣
∣ a ∈ 1+2pm

}
. Conversely, let c∈pm, m>

0. By Hensel’s lemma, there exists an element d∈g such that d2 − d − c =
0. Changing d for 1 − d if necessary, we may assume that d /∈ p. Then
(1 + 2d−1c)2 = 1 + 4c, which proves the equality of (i). Taking m = 1, we
obtain the last part of (i). Since 1 + 4p is open in F×, (ii) follows from (i).
Suppose 2 ∈ p; then (g/p)× is of odd order, and so x 	→ x2 is a surjective
map of (g/p)× onto itself. From this we obtain (iii).

Lemma 21.13. Let K be a quadratic extension of F, r the valuation
ring of K, q the maximal ideal of r, ρ the generator of Gal(K/F ), and
d = d(K/F ) = qe with 0 ≤ e ∈ Z. Put

U =
{
u ∈ r×

∣
∣uuρ = 1

}
, U0 =

{
uρ/u

∣
∣u ∈ r×

}
.

Then the following assertions hold:
(i) For v ∈ r we have r = g[v] if and only if d = (v − vρ)r.
(ii) [U : U0] = 1 or 2 according as K is unramified or ramified over F.

(iii) U0 =
{
a ∈ U

∣
∣ a− 1 ∈ d

}
.

(iv) x ∈ U, /∈ U0 =⇒ (x− 1)q = d.

(v) If d �= r, then (1+ ps)∩NK/F (r×) ⊂ NK/F (1 + qs) for 0 < s ∈ Z, and
(1 + ps) ∩NK/F (r×) = NK/F (1 + qs) if 0 < s ≤ e.

Proof. Assertion (i) is already given in (14.9). To prove (ii), define a
homomorphism g : K× → U by g(a)=aρ/a. By Lemma 1.8 this is surjective
and g−1(U0)=F×r×, and so we have [U : U0]= [K× : F×r×], from which we
obtain (ii). If d= r, (iii) follows from (ii). Suppose d �= r; let a=uρ/u with
u ∈ r×. Then a− 1=(uρ − u)/u ∈ d. Therefore, to prove (iii), it is sufficient
to show that U is different from the right-hand side of (iii). Since U =g(K×),
U is generated by U0 and πρ/π with a prime element π of K. By Theorem
9.9(ii), r=g[π]. If πρ/π−1 ∈ d, then d=(πρ−π)r ⊂ πd, a contradiction. This
proves (iii). If x ∈ U and x /∈ U0 as in (iv), then d �= r and x=(πρ/π)(uρ/u)
with u ∈ r×. Putting y=πu, we have (x−1)q=(yρ−y)y−1q=d, as r=g[πu].
This proves (iv).

To prove (v), write simply N for NK/F and take y ∈ K× so that yyρ−1 ∈ ps

with s > 0. Then y ∈ r×. Since y − yρ ∈ d, we have y2 − 1 ∈ q, so that
±y − 1 ∈ q. Put x = ±y − 1 and xr = qm with m ∈ Z. If m ≥ s, then
yyρ = N(1 + x) ∈ N(1 + qs) as expected. If m < s, then x + xρ + xxρ =
yyρ−1 ∈ q2s. Put z = ∓xρ/x. Then zzρ = 1 and 1−zy = (x+xρ +xxρ)/x ∈
q2s−m ⊂ qs, so that N(y) = N(zy) ∈ N(1 + qs), which proves the first part
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of (v). If 0<s≤e �= 0, then TrK/F (q−s)⊂TrK/F (q−e)=g by (14.1a), and so
TrK/F (qs)⊂ps. From this we easily obtain N(1+qs)⊂1+ps, which combined
with the first part proves the second part of (v). This completes the proof.

Lemma 21.14. The symbols K, r, and ρ being as in Lemma 21.13, sup-
pose that K is unramified over F. Then there exists an element u of r such
that uuρ = 1, r = g[u], and u− uρ is a unit.

Proof. Let q be the maximal ideal of r. Then r/q is a quadratic ex-
tension of g/p. We can find an element α of r/q, not contained in g/p,

whose norm to g/p is 1, since there are q + 1 elements in r/q with norm 1
if q = #(g/p). Then the equation for α over g/p can be written in the form
x2 + ax + 1 ≡ 0 with a ∈ g. By Hensel’s lemma, K contains an element u

such that u2 +au+1 = 0. Then uuρ = 1 and u−uρ is a unit, as the equation
is separable over g/p. By Lemma 21.13(i) we have r = g[u].

Theorem 21.15. We have [F× : NK/F (K×)] = 2 for a quadratic exten-
sion K of a local field F.

Proof. If K is unramified over F, this is a special case of Theorem 9.10(ii),
which we already proved. Therefore we assume K to be ramified over F, and
use the symbols q, e, U, and N of Lemma 21.13 and its proof. We first prove

(21.2a) g× �= NK/F (r×) if K is ramified over F.

Suppose 2 /∈ p. By Theorem 9.9(ii), r = g[π] with a prime element π of
K. Then for a, b ∈ g we have N(a + bπ) − a2 ∈ p. Since a 	→ a2 is not a
surjective map of (g/p)× onto itself, this proves (21.2a). Next suppose 2 ∈ p;
then e ≥ 2 by Theorem 14.7. Suppose g× = N(r×). Then N(1 + qe−1) =
1 + pe−1 and N(1 + qe) = 1 + pe by Lemma 21.13(v). Thus N gives a
surjective homomorphism of 1 + qe−1 onto 1 + pe−1. By Lemma 21.13(iii, iv),
U ⊂ 1 + qe−1. Therefore the inverse image of 1 + pe is U(1 + qe), and so
[1 + qe−1 : U(1 + qe)] = [1 + pe−1 : 1 + pe] = q, where q = [g : p]. On the
other hand [1 + qe−1 : 1 + qe] = q, and U(1 + qe) �= 1 + qe, in view of Lemma
21.13(ii, iv). This is a contradiction, and so we obtain (21.2a). We complete
the proof of our theorem after the proof of Theorem 21.23. At the same time
we will prove

(21.2b) [g× : NK/F (r×)] = 2 if K is ramified over F.

In general, a semisimple algebra A over F may have many maximal orders,
but if it is a division algebra, the matter is simpler. Indeed, every division
algebra over F has a unique maximal order, say O, and every one-sided O-
ideal is two-sided and principal as will be shown in Theorem 21.17 below. We
first prove:
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Theorem 21.16. Let D be a central division algebra over F and let n =
[D : F ]1/2. Then there is a map λ : D → Z ∪ {∞} with the following
properties:

(1) λ = nμ on F.

(2) λ(xy) = λ(x) + λ(y).
(3) λ(x + y) ≥ Min{λ(x), λ(y) }.
(4) TrD/F (z) ∈ g if λ(z) ≥ 0.

Proof. Put λ(x) = μ
(
ND/F (x)

)
for x ∈D, where ND/F is the reduced

norm map; see §19.21. Clearly we have (1) and (2). To prove (3), we may
assume that xy �= 0. Assuming λ(x) ≤ λ(y), put z = x−1y and K = F [z].
Then λ(z)≥ 0 and K is a subfield of D. For b ∈K such that K = F [b] let
gb(x) denote the minimal polynomial of b over F, which coincides with the
characteristic polynomial of b as an element of EndF (K). Define ρ and hb

as in Theorem 19.20 by taking D as A there. Viewing D as a left K-module,
we see that the characteristic polynomial of ρ(b) is a power of gb, and so
hb = gs

b with a positive integer s. Then ND/F (b) = NK/F (b)s. Taking z as
b, we find that μ

(
NK/F (z)

)
= s−1λ(z) ≥ 0. Let r be the valuation ring of

K. As shown in the proof of Theorem 9.5, an element y of K belongs to
r if and only if μ

(
NK/F (y)

) ≥ 0. (The symbol ν there is μ here.) Thus
z ∈ r, and so 1 + z ∈ r. Then λ(1 + z)= s · μ(NK/F (1 + z)

) ≥ 0. Therefore
λ(x+ y)=λ

(
x(1+ z)

)
=λ(x)+λ(1+ z) ≥ λ(x), which proves (3). We see also

that TrD/F (z)=s ·TrK/F (z)∈g if λ(z) ≥ 0, which is (4).

Theorem 21.17. The notation being as in Theorem 21.16, put

O=
{

x∈D
∣
∣λ(x) ≥ 0

}
and P =

{
x ∈ D

∣
∣λ(x) > 0

}
.

Then the following assertions hold:
(1) O is a unique maximal order of D and consists of all the elements of

D integral over g.

(2) Given k ∈ Z, put Xk =
{

x ∈ D
∣
∣λ(x) ≥ k

}
. Then Xk is a two-sided

O-ideal and Xk = Oc = cO with any element c of D such that λ(c) = k.

Moreover, every right or left O-ideal is a two-sided O-ideal of the form Xk

with an integer k. Write Xk = Pk. (This notation will be justified in the
proof.)

(3) O/P is a finite field containing g/p.

(4)
[
λ(D×) : λ(F×)

]
=
[
O/P : g/p

]
= n; consequently λ(D×) = Z.

(5) pO = Pn.

(6) TrD/F (O) = g.

(7) P1−n =
{
a ∈ D

∣
∣TrD/F (aO) ⊂ g

}
and TrD/F (P1−n) = g.

(8) D has a subfield which is an unramified extension of F of degree n.
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Proof. Clearly O is a subring of D containing g. Given z ∈ D, put
K = F [z]. Since the restriction of λ to K is an order function of K, we
see that z ∈ O if and only if z belongs to the valuation ring of K, which
is so if and only if z is integral over g. This proves the second part of (1).
Since every element of D times a suitable nonzero element of g belongs to
O, we can find an F -basis {yi} of D contained in O. By Theorem 19.24,
we can find another F -basis {xi} of D such that TrD/F (xiyj) = δij . Let
Y =

{
a ∈ D

∣
∣TrD/F (aO) ⊂ g

}
. Then we easily see that O ⊂ Y ⊂ ∑

i gxi.

Therefore O is finitely generated over g. Thus O is an order in D. Since every
element contained in any order in D is integral over g, we obtain (1).

Clearly Xk of (2) is a two-sided O-ideal. Given a right O-ideal A, let c be
an element of A with the smallest value of λ. If λ(y) ≥ λ(c) with y ∈ D,

then λ(c−1y) ≥ 0, so that c−1y ∈ O. Thus y ∈ cO ⊂ A. This shows that
A = cO =

{
x ∈ D

∣
∣λ(x) ≥ λ(c)

}
. Since the last set is a two-sided O-ideal, we

obtain (2) except the fact that Min
{
λ(x)

∣
∣ x ∈ Xk

}
= k, which follows from

the equality λ(D×) = Z given in (4). Assuming that fact, we have P = X1.

If k > 0, clearly Xk is the k-th power of P in the ordinary sense; of course
X0 = O. If k < 0, we easily see that Xk =

{
x ∈ D

∣
∣xP|k| ⊂ O

}
. This justifies

the symbol Pk for Xk.

Next, from (2) we see that O/P has no nontrivial proper one-sided ideals,
so that O/P is a division ring. Clearly p=P∩g, and so g/p can be viewed as
a subfield of O/P. By (2) we have P= zO with some z ∈ O. Put K =F [z],
r=O ∩K, and q=P ∩K. Then q= zr, and pr= qe with a positive integer
e. Then pO=zeO=Pe. Now e ≤ [K : F ] ≤ n. (From the equality hb =gs

b in
the proof of Theorem 21.16 we see that [K : F ] divides n for every subfield
K of D containing F.) Let {bi} be a g-basis of O. Then Pe = pO =

∑
i pbi,

so that [O : Pe]= qn2
. On the other hand, from (2) we see that Pk/Pk+1 is

isomorphic to O/P, and hence [O : Pe] = [O : P]e, so that [O : P] = qn2/e.

In particular this shows that O/P is finite and so commutative. Take an
element s of O so that the class of s modulo P generates O/P over g/p.

Put M =F [s], o=O ∩M, and h=P ∩M. Then we easily see that o/h can
be identified with O/P, so that n2/e = [o/h : g/p] ≤ [M : F ] ≤ n. Since
e ≤ n, we thus obtain e = n = [o/h : g/p] = [O/P : g/p]. Since zn ∈ πO×

with a prime element π of F, we have nλ(z) = λ(π) = n, so that λ(z) = 1,

which implies that λ(D×) = Z. We also note that [M : F ] = n, and so M

is unramified over F, which proves (8). We have g=TrM/F (o) ⊂ TrD/F (O).
Combining this with Theorem 21.16(4), we obtain (6).

Finally, to prove (7), let b ∈ P. Then λ(b) > 0 and it is a well-known fact
(see Exercise 1, (c) at the end of Section 9) that the minimal polynomial of b

over F (that is, gb in the proof of Theorem 21.16) has coefficients in p except
for the highest one, and hence the same is true with hb. Therefore TrD/F (P) ⊂
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p. This means that P1−n = p−1P ⊂ Y. Clearly Y is a right O-ideal, so that
Y = Pk with k ≤ 1 − n. Now p−1 = TrD/F (p−1O) = TrD/F (P−n), and
therefore k > −n, so that k = 1 − n. This proves the first equality of (7).
The second one follows from (6), since O ⊂ P1−n and TrD/F (Y) ⊂ g. This
completes the proof.

Lemma 21.18. Let D and O be as in Theorem 21.17; let V be a free left
D-module of rank r, and H an O-submodule of V that is a g-lattice in V.

Then H is a free O-module of rank r.

Proof. Let L=
∑r

i=1 Oei with a D-basis {ei} of V. Then L is a g-lattice
in V, and so we can find a nonzero element c of g such that cH ⊂ L. Therefore
we may assume that H ⊂ L. Define p : L → O by p

(∑r
i=1 aiei)=a1 for ai ∈

O. Then p(H) is a left ideal of O. If this ideal is {0}, then H ⊂ ∑r
i=2 Oei,

which is impossible, since H is a g-lattice in V. Thus p(H) �= {0}, and by
Theorem 21.17(2), we can put p(H)=Ob with 0 �= b ∈ O. If r=1, then this
shows that H = Obe1, which is the desired result. If r > 1, we can find an
element f of H such that p(f)=b. Given x ∈ H, put p(x)=ab with a ∈ O,

and put also y=x− af. Then y ∈ H and p(y)=0. Put J =H ∩ (∑r
i=2 Oei

)
.

Then y ∈ J, and hence we easily see that H =Of ⊕ J. Applying induction to
J, we obtain our lemma.

Lemma 21.19. Let A be a semisimple F -algebra. Given two maximal
orders R and S in A, there always exists an element α of A× such that
αRα−1 = S.

Proof. Let A=
⊕m

i=1 Ai with simple algebras Ai. As shown in the proof of
Lemma 21.7, every maximal order of A is of the form

⊕m
i=1 Ri with a maximal

order Ri of Ai for each i. Therefore it is sufficient to prove our lemma when A

is simple, in which case A is isomorphic to Mr(D) with a division algebra D.

Take the unique maximal order O in D. Let R be a maximal order in Mr(D).
Put V =D1

r , and let D resp. Mr(D) act on V by left resp. right multiplication.
Then Mr(D) coincides with the ring of all D-linear endomorphisms of V. Let
L=O1

r, H =LR, and T=
{
ξ∈Mr(D)

∣
∣Hξ⊂H

}
. Then L and H are g-lattices

in V, and T is a ring containing R. Now, H is a left O-module, and hence,
by Lemma 21.18, H =

⊕r
i=1 Ofi with elements fi of H. Let {ei}r

i=1 be the
standard D-basis of V =D1

r . We can then define an element α of Mr(D) by
eiα=fi for every i. Then Lα=H. Since HR ⊂ H, we see that LαRα−1 ⊂ L,

which means that αRα−1 ⊂ Mr(O). Since R is a maximal order, we obtain
αRα−1 =Mr(O). This proves our lemma.

Lemma 21.20. If R = Mn(D) and S = Mn(O) with D and O as in
Theorem 21.17, then every two-sided S-ideal is of the form cS with c ∈ D×.
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Proof. Take Z = O and S = Mn(O) in Lemma 18.13. Given a two-sided
S-ideal W, we can find an element b ∈ F× such that bW ⊂ S. By Lemma
18.13, bW = Mn(Y ) with a two-sided ideal Y of O. By Theorem 21.17(2),
Y = dO with d ∈ O. Then W = cS with c = b−1d. This proves our lemma.

Let us now specialize our discussion to the quaternion case.

Theorem 21.21. The notation being as in Theorem 21.17, suppose that
D is a division quaternion algebra; let ι be the main involution of D. Then
O/P is a field with q2 elements, and

O =
{
α ∈ D

∣
∣ααι ∈ g

}
, Pm =

{
α ∈ D

∣
∣ααι ∈ pm

}
(m ∈ Z),

pO = P2, P−1 =
{
α ∈ D

∣
∣TrD/F (αO) ⊂ g

}
, TrD/F (P−1) = g.

Moreover D has a subfield J which is an unramified quadratic extension of F

and an element ω such that D = J + Jω, O = r + rω, P = Oω, ωa = aιω

for every a ∈ J, and ω2 is a prime element of F, where r = O ∩ J.

Proof. The first half up to the equality TrD/F (P−1) = g consists of
special cases of the assertions of Theorem 21.17. Now Theorem 21.17(8)
guarantees an unramified quadratic extension J of F as a subfield of D. By
Lemma 20.4 we can find an element ω of D such that D = J +Jω, ωa = aιω

for every a ∈ J, and ω2 ∈ F×. By Theorem 20.8(i) the isomorphism-class of
{J, γ} with γ ∈ F× is determined by the coset γNJ/F (J×) in J×/NJ/F (J×).
Since J is unramified over F and {J, 1} ∼= M2(F ) by (20.6), Theorem 9.10(ii)
allows us to assume that ω2 is a prime element of F. Put r = O∩J, A = r+rω,

and B =
{

α ∈ D
∣
∣TrD/F (αA) ⊂ g

}
. Then A ⊂ O ⊂ P−1 ⊂ B. Now every

element of D can be written c + ω−1d with c and d in J. This belongs
to B if and only if TrJ/F (rc) ⊂ g and TrJ/F (rd) ⊂ g, which is the case if
and only if c, d ∈ r since J is unramified over F. Thus B = rω−1 + r, and
hence [B : A] = q2 = [O : P]. This shows that A = O and P−1 = B, which
completes the proof.

Theorem 21.22. Let F be either R or a finite algebraic extension of
Qp with a prime number p. Then there exists only one division quaternion
algebra over F up to isomorphism. It is represented by H if F = R; for a
nonarchimedean local field F, it is given as {J, π} with an unramified quadratic
extension J of F and a prime element π of F.

Proof. Let A be a division quaternion algebra over R. Take any z ∈
A, /∈ R. Then R[z] is an algebraic extension of R by Lemma 18.18(i), and
so R[z] ∼= C. By Lemma 20.4, A ∼= {C, γ} with γ ∈ R×. Now NC/R(C×)
consists of all positive real numbers. Thus, by Theorem 20.8(i), A ∼= M2(R) if
γ > 0. If γ < 0, then A ∼= {C, −1} = H. Suppose F is local. That a division
quaternion algebra over F can be given as {J, π} is proved in Theorem 21.21.
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If π′ is another prime element of F, then π′/π ∈ g×, which is contained in
NJ/F (J×) by Theorem 9.10(ii), and so {J, π′} ∼= {J, π} by Theorem 20.8(i).
This completes the proof.

Theorem 21.23. Let B be a quaternion algebra over a local field F. Then
the following assertions hold:

(i) NB/F (B×) = F×.

(ii) Every quadratic extension of F can be F -linearly embedded into B.

Proof. These are obvious if B is a matrix algebra; so we take B to be
D of Theorem 21.21. Take J and ω as in that theorem. Then ωωι = −ω2,

which is a prime element of F. Now F× is generated by g× and any prime
element. By Theorem 9.10(ii), g× = NJ/F (J×) ⊂ NB/F (B×), and so we
obtain (i). Next let K be a quadratic extension of F. If K is ramified over
F, then NK/F (K×) �= F×. Indeed suppose NK/F (K×) = F×; then for every
a ∈ g× there is an element b of K× such that NK/F (b) = a. Then b ∈ r×,

and so g× = NK/F (r×), which contradicts (21.2a). Therefore NK/F (K×) �=
F×. The same holds also when K is unramified over F in view of Theorem
9.10(ii). Therefore in either case we can find an element γ ∈ F× not contained
in NK/F (K×). Then {K, γ} is a division quaternion algebra, and must be
isomorphic to B by Theorem 21.22. This proves (ii).

Returning to Theorem 21.15, suppose K is ramified over F. By (ii) above
and Theorem 20.8(i) the isomorphism classes of quaternion algebras over F

correspond to F×/NK/F (K×). Since we have exactly two isomorphism classes,
we obtain Theorem 21.15. Let π be a prime element of K. Then NK/F (π) is
a prime element of F, and so F× =

⋃
n∈Z NK/F (π)ng×. Since NK/F (K×) =

⋃
n∈Z NK/F (π)nNK/F (r×), we obtain (21.2b).

Lemma 21.24. Let D be a division algebra over a local field, O its unique
maximal order, and T the group consisting of all upper triangular elements
of GLn(D); put E = En = GLn(O). Then GLn(D) = TE.

Proof. This is obvious if n = 1. We prove the general case by induction
on n. We let D resp. Mn(D) act on D1

n by left resp. right multiplication.
Suppose n > 1; let {ei}n

i=1 be the standard basis of D1
n. Given α ∈ GLn(D),

put x = enα =
∑n

i=1 xiei. Then x is the last row of α. By Theorem 21.17(2)
we have

∑n
i=1 xiO = xkO with some k. Put xk = d and y = d−1x. We easily

see that Oy +
∑

k 
=i Oei = O1
n, and so we can find an element ε of GLn(O)

such that enε = y. Then enαε−1 = den, which means that αε−1 =
[

a b
0 d

]

with a ∈ GLn−1(D) and b ∈ Dn−1
1 . By induction we can put a = βγ with an

upper triangular β and γ ∈ En−1. Put ζ = diag[γ, 1]. Then αε−1ζ−1 ∈ T,

which proves our lemma, as ζε ∈ En.
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21.25. Let V be a finite-dimensional vector space over a local or global
field F. Given g-lattices L and M in V, we can associate a g-ideal [L/M ] with
the following properties:

(21.3a) [L/M ][M/N ] = [L/N ],

(21.3b) [L/M ]v = [Lv/Mv] for every v ∈ h if L and M are g-lattices in the
global case,

(21.3c) [L/Lα] = det(α)g if α ∈ GLF (V ),

(21.3d) [L/M ] ⊂ g if M ⊂ L,

(21.3e) [L : M ] = N
(
[L/M ]

)
if M ⊂ L,

(21.3f) [L/M ]L ⊂ M if M ⊂ L.

To show these, put n = [V : F ]. Given L and M in the local case, we can
find an element α ∈ GL(V ) such that Lα = M, since both L and M are free
g-modules of rank n; see Theorem 5.3. If Lβ = M with another β ∈ GL(V ),
then both αβ−1 and βα−1 can be represented by elements of Mn(g), and
so αβ−1 ∈ GLn(g). Thus det(α)g depends only on L and M. Therefore we
define [L/M ] in the local case by (21.3c) and define it in the global case by
(21.3b). Then (21.3a) and (21.3d) are clear. As for (21.3e) and (21.3f), it is
sufficient to prove it in the local case. Then Theorem 5.1 reduces the problem
to the one-dimensional case, and we easily obtain the desired result.

Lemma 21.26. Let A be a central simple algebra over a local or global field
F, and a a g-lattice in A. Then [a/aβ] = NA/F (β)ng, where n = [A : F ]1/2.

Proof. Let ρ be a right regular representation of A over F. Then (21.3c)
shows that [a/aβ] = det

[
ρ(β)

]
g for every β ∈ A×. Since det

[
ρ(β)

]
=

NA/F (β)n as can be seen from (19.9) and (19.10), we obtain our lemma.

Theorem 21.27. Let A be a quaternion algebra over a global field F and
o an order in A. Let d(A/F ) be the product of all the prime ideals in F

corresponding to the primes v ∈ h such that Av is a division algebra. For a
g-lattice a in A put

(21.4) ã =
{
x ∈ A

∣
∣TrA/F (xa) ⊂ g

}
.

Then o is maximal if and only if [õ/o] = d(A/F )2.

Proof. We easily see that ãv =
{
x ∈ Av

∣
∣TrAv/Fv

(xav) ⊂ gv

}
for every

v ∈ h. Suppose o is maximal; then by Lemma 21.7(ii), ov is a maximal order
in Av. By Theorem 21.21, if Av is a division algebra, then [õv/ov] = π2

vgv

with a prime element πv of Fv. If Av is not a division algebra, Lemmas 21.4
and 21.19 allow us to put Av = M2(Fv) and ov = M2(gv). Then we easily
see that [õv/ov] = gv. From these and (21.3b) we obtain [õ/o] = d(A/F )2.
Given an arbitrary order o1 in A, take a maximal order o containing o1.
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Then o1 ⊂ o ⊂ õ ⊂ õ1, and so if [õ1/o1] = [õ/o], then o1 = o, that is, o1 is
maximal. This completes the proof.

We call d(A/F ) the discriminant ideal of A.



CHAPTER V

QUADRATIC FORMS

22. Algebraic theory of quadratic forms

22.1. We take a base field F and consider a finite-dimensional vector space
V over F and an F -valued F -bilinear form ϕ : V ×V → F. We call, as usual,
ϕ symmetric if ϕ(x, y) = ϕ(y, x) for every x, y ∈ V. We put then

(22.1) ϕ[x] = ϕ(x, x) (x ∈ V ).

In this book we make the convention that whenever we speak of ϕ of this type,
the characteristic of F is not 2. Traditionally ϕ[x] is called the quadratic
form associated to the symmetric form ϕ(x, y), but we use the same letter
ϕ for both objects, since one determines the other uniquely, because of the
formula

(22.2) 2ϕ(x, y) = ϕ[x + y]− ϕ[x]− ϕ[y].

We call the pair (V, ϕ) a quadratic space over F. We call ϕ or (V, ϕ)
isotropic if ϕ[x] = 0 for some x ∈ V, �= 0; we call ϕ or (V, ϕ) anisotropic
if ϕ[x] = 0 only for x = 0. (This means that ϕ is anisotropic if V = {0}.) We
call a subspace U of V totally ϕ-isotropic if ϕ(x, y) = 0 for every x, y ∈ U.

We also call ϕ nondegenerate on V if there is no nonzero element x ∈ V

such that ϕ(x, V ) = 0. We call then (V, ϕ) nondegenerate. Whenever we
speak of a nondegenerate quadratic space (V, ϕ), we assume that V �= {0}.
For a subspace X of V on which ϕ is nondegenerate, we put

(22.3) X⊥ =
{
y ∈ V

∣
∣ϕ(y, x) = 0 for every x ∈ X

}
.

This is a subspace of V, and is naturally called the orthogonal complement
of X in V with respect to ϕ. We use this symbol X⊥ whenever V and ϕ are
clear from the context.

For a vector space W over F and an F -linear map α of V into W we
denote by xα the image of x ∈ V under α. If β is an F -linear map of W

into a vector space X over F, then the image of xα under β is (xα)β, and
so the composite map of α and β is αβ. Thus we have (xα)β = x(αβ).

Assuming ϕ to be nondegenerate, we define groups Oϕ and SOϕ by
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Oϕ = O(ϕ) = Oϕ(V ) =
{
α ∈ GLF (V )

∣
∣ϕ[xα] = ϕ[x] for every x ∈ V

}
,

SOϕ = SO(ϕ) = SOϕ(V ) =
{
α ∈ Oϕ(V )

∣
∣ det(α) = 1

}
,

where GLF (V ) denotes the group of all F -linear automorphisms of V. These
are called the orthogonal group of ϕ and the special orthogonal group
of ϕ respectively. From (22.2) we see that ϕ(xα, yα) = ϕ(x, y) for every
α ∈ Oϕ(V ) and every x, y ∈ V. We have [Oϕ : SOϕ] = 2, as Oϕ contains
an element of determinant −1, which can be shown as follows. Since ϕ

is nondegenerate, ϕ[x] �= 0 for some x ∈ F. (Otherwise (22.2) shows that
ϕ = 0.) Then V = Fx⊕ (Fx)⊥. Define an element γ of GLF (V ) by xγ = −x

and yγ = y for every y ∈ (Fx)⊥. Then γ ∈ Oϕ and det(γ) = −1.

Let X be a subspace of V and ψ the restriction of ϕ to X. If ψ is
nondegenerate, the symbols Oψ(X) and SOψ(X) are meaningful. In our later
treatment, however, we will often write these Oϕ(X) and SOϕ(X) without
introducing the symbol ψ.

Given two quadratic spaces (V, ϕ) and (V ′, ϕ′) over F, we say that (V, ϕ)
is isomorphic to (V ′, ϕ′) if ϕ[x] = ϕ′[xf ] for every x ∈ V with an F -linear
bijection f of V onto V ′. We also denote by (V, ϕ) ⊕ (V ′, ϕ′) the quadratic
space (V ⊕V ′, ϕ⊕ϕ′) given by (ϕ⊕ϕ′)(x + x′, y + y′) = ϕ(x, y)+ ϕ′(x′, y′)
for x, y ∈ V and x′, y′ ∈ V ′. Clearly ϕ⊕ ϕ′ is nondegenerate if and only if
both ϕ and ϕ′ are nondegenerate. In such a case, we can view Oϕ ×Oϕ′

as
a subgroup of Oϕ⊕ϕ′

. The element (α, β) of Oϕ × Oϕ′
viewed as an element

of Oϕ⊕ϕ′
will be denoted by α× β or by (α, β).

Theorem 22.2. Let (V, ϕ) = (S, σ) ⊕ (T, τ) = (S′, σ′) ⊕ (T ′, τ ′) with
nondegenerate ϕ. If (S, σ) is isomorphic to (S′, σ′), then (T, τ) is isomorphic
to (T ′, τ ′).

Proof. If there is an element f of Oϕ such that Sf = S′, then f gives
an isomorphism of (T, τ) to (T ′, τ ′), since T = S⊥ and T ′ = (S′)⊥. We prove
the existence of such an f by induction on dim(S). Suppose dim(S) = 1;
then we can put S = Fx and S′ = Fy with elements x and y such that
ϕ[x] = ϕ[y] �= 0. Since ϕ[x + y] + ϕ[x − y] = 4ϕ[x] �= 0, we have ϕ[x + y] �=
0 or ϕ[x − y] �= 0. Changing y for −y if necessary, we may assume that
ϕ[x + y] �= 0. Let U =

(
F (x + y)

)⊥
. Define f ∈ GLF (V ) by uf = −u for

u ∈ U and (x + y)f = x + y. Clearly f ∈ Oϕ. Since x − y ∈ U, we have
(x − y)f = y − x, so that xf = y, which proves the case dim(S) = 1. Next
suppose dim(S) = m > 1. Let h be an isomorphism of (S, σ) to (S′, σ′). Take
any x ∈ S such that ϕ[x] �= 0; put y = xh, R = S ∩ (Fx)⊥, and R′ = Rh.

Then S = Fx ⊕ R and S′ = Fy ⊕ R′. By the above result we can find an
element g of Oϕ such that Fyg = Fx. Now both R and R′g are contained
in (Fx)⊥, and hg gives a bijection of R onto R′g that leaves ϕ invariant.
Since dim(R) = m−1, by induction Oϕ

(
(Fx)⊥

)
has an element k that maps
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R onto R′g. Extend k to an element � of GLF (V ) by putting x� = x. Then
� ∈ Oϕ and we see that S�g−1 = S′, which completes the proof.

This is called Witt’s theorem. It can be generalized to the case of a
hermitian form over a division algebra with an involution; see [S97, Theorem
1.2 and Lemma 1.3], for example.

Lemma 22.3. Given (V, ϕ) with a nondegenerate ϕ as above, let I be a
totally isotropic subspace of V of dimension m, and let {ei}m

i=1 be an F -basis
of I. Then we can find a subspace Z of V and a set of elements {fi}m

i=1 such
that

(22.4a) V = Z +
∑m

i=1(Fei + Ffi),

(22.4b) ϕ(ei, ej) = ϕ(fi, fj) = 0, 2ϕ(ei, fj) = δij for every i and j,

(22.4c) Z =
{
v ∈ V

∣
∣ϕ(ei, v) = ϕ(fi, v) = 0 for every i

}
.

Conversely suppose that V has 2m elements ei, fi satisfying (22.4b); put
I =

∑m
i=1 Fei and I ′ =

∑m
i=1 Ffi; define Z by (22.4c); let ζ denote the

restriction of ϕ to Z. Then I and I ′ are totally isotropic subspaces of V of
dimension m, V = Z ⊕ I ′ ⊕ I, and ζ is nondegenerate.

Proof. The converse part can easily be verified. We prove the first part by
induction on m. Let e1 be a nonzero element of V such that ϕ[e1] = 0. Since
ϕ is nondegenerate, we can find an element x such that ϕ(e1, x) = 1. Put
f1 = x− 2−1ϕ[x]e1. Then ϕ[f1] = 0 and ϕ(e1, f1) = 1. Given such {e1, f1},
define Z by (22.4c) with m = 1. Then the converse part of our lemma gives
(22.4a) in the case m = 1. If we have I =

∑m
i=1 Fei with m > 1, then the

ei for i > 1 belong to the subspace Z just defined for {e1, f1}. Applying our
induction to Z and its subspace

∑m
i=2 Fei, we obtain our lemma.

In the setting of the above lemma we call the expression of (22.4a) with
0 ≤ m ∈ Z a weak Witt decomposition (of V with respect to ϕ); we
call it a Witt decomposition if the restriction of ϕ to Z is anisotropic. In
particular, if Z = {0}, we call it a split Witt decomposition and say that
(V, ϕ) is split. If (22.4a) is a Witt decomposition, we call Z a core subspace
of V with respect to ϕ, and call dim(Z) the core dimension of (V, ϕ), or
simply of ϕ.

Lemma 22.4. For a nondegenerate quadratic space (V, ϕ) the following
assertions hold:

(i) V has a Witt decomposition.
(ii) If (22.4a) is a Witt decomposition and ζ is the restriction of ϕ to

Z, then the integer m and the isomorphism class of (Z, ζ) are completely
determined by the isomorphism class of (V, ϕ).
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(iii) Every totally isotropic subspace of V is contained in a totally isotropic
subspace of V of dimension m with the integer m determined as in (ii).

Proof. There is no problem if ϕ is anisotropic. Suppose V has a nontriv-
ial totally isotropic subspace X. Clearly X is contained in a maximal totally
isotropic subspace I of V. By Lemma 22.3, we can find a weak Witt decom-
position (22.4a) with I in place of

∑m
i=1 Fei. If Z contains a nonzero vector

g such that ϕ[g] = 0, then Fg+I is totally isotropic, which is a contradiction
as I is maximal. Therefore ϕ is anisotropic on Z, so that (22.4a) is a Witt
decomposition. This proves (i). Let V = Z ′ +

∑n
i=1(Fe′i + Ff ′

i) be another
Witt decomposition; suppose n ≥ m. Then, by Theorem 22.2, we can find an
F -linear bijection f of Z onto Z ′+

∑n−m
i=1 (Fe′i +Ff ′

i) such that ϕ[xf ] = ϕ[x]
for every x ∈ Z. Since ϕ is anisotropic on Z, we have m = n, and at the
same time we obtain (ii). Assertion (iii) is also proved, as we have seen that
X ⊂ I.

Lemma 22.5. (i) Given (V, ϕ) with nondegenerate ϕ, let α and β be
F -linear injections of a vector space W into V such that ϕ[xα] = ϕ[xβ] for
every x ∈W. Suppose that ϕ is nondegenerate on Wα. Then there exists an
element γ of Oϕ such that αγ = β. Moreover, such a γ can be taken from
SOϕ if dim(V ) > dim(W ).

(ii) Given (V, ϕ) as in (i), let h and k be nonzero elements of V such
that ϕ[h] = ϕ[k]. Then there exists an element γ of Oϕ such that hγ = k.

Moreover such a γ can be taken from SOϕ if ϕ[h] �= 0 and dim(V ) > 1, or
if ϕ[h] = 0 and dim(V ) > 2.

(iii) With (V, ϕ) as in (i), suppose that ϕ is isotropic and V has core
dimension t; let U = (Fy)⊥ with an element y of V such that ϕ[y] �= 0.

Then U has core dimension ≤ t + 1.

Proof. We can find an F -linear bijection ξ of Wα to Wβ by (xα)ξ = xβ

for x ∈W. Then ϕ[yξ] = ϕ[y] for every y ∈Wα. Applying Theorem 22.2 to
V = (Wα) + (Wα)⊥ = (Wβ) + (Wβ)⊥, we can extend ξ to an element γ

of Oϕ. Then αγ = β. If dim(V ) > dim(W ), we can modify γ by a suitable
element of Oϕ

(
(Wα)⊥

)
so that det(γ) = 1. This proves (i).

As for (ii), suppose ϕ[h] �= 0; define α, β : F → V by xα = xh and
xβ = xk for x ∈ F. Then our assertion follows from (i). Suppose ϕ[h] = 0.

Then, by Lemma 22.3, V has weak Witt decompositions V = X +Fh+Fg =
Y + Fk + F� with subspaces X, Y and elements g, �. By Theorem 22.2 we
can find an element γ of Oϕ such that Xγ = Y, hγ = k, and gγ = �.

If X �= {0}, then we can take γ from SOϕ by modifying it by a suitable
element of Oϕ(X).

To prove (iii), let the notation be as in (22.4a, b, c). Let z = e1 + ϕ[y]f1.

Then ϕ[z] = ϕ[y], and so z = yγ with γ ∈ Oϕ by (ii). Then Uγ = (Fz)⊥,
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and clearly the core dimension of (Fz)⊥ is ≤ t + 1. This completes the proof.

22.6. Let us now express various things by matrices. Given (V, ϕ) with
degenerate or nondegenerate ϕ, take an F -basis {ei}n

i=1 of V. For x =
∑n

i=1 ξiei ∈ V with ξi ∈ F, let x0 be the element of F 1
n whose components

are ξ1, . . . , ξn. Let Φ be the n × n-matrix
[
ϕ(ei, ej)

]n
i,j=1

. Then tΦ = Φ

and ϕ(x, y) = x0Φ · ty0. We call Φ the matrix that represents ϕ with respect
to {ei}n

i=1, or simply a matrix representing ϕ when the basis is not speci-
fied. Clearly ϕ is nondegenerate if and only if det(Φ) �= 0. Hereafter, we
will often (but not always) use the same letter for a quadratic form and the
matrix representing it when the basis is fixed. If we change the basis, then
Φ is changed into αΦ · tα with α ∈ GLn(F ). We can define an isomorphism
α 	→ α0 of GLF (V ) onto GLn(F ) by (xα)0 = x0α0. If ϕ is nondegenerate,
the map α 	→ α0 gives an isomorphism of Oϕ onto the group

(22.5) O(Φ) =
{
β ∈ GLn(F )

∣
∣ βΦ · tβ = Φ

}
.

Naturally we put SO(Φ) = Q(Φ)∩SLn(F ). If (W, ψ) = (V, ϕ)⊕ (V ′, ϕ′) and
ϕ resp. ϕ′ is represented by Φ resp. Φ′, then ψ is represented by diag[Φ, Φ′].

It is an easy exercise to show that every degenerate or nondegenerate ϕ

can be represented by a diagonal matrix. In particular, we have a diagonal
representation of a nondegenerate ϕ with respect to a basis {hi}n

i=1 if and
only if ϕ(hi, hj) = ciδij for every i and j with ci ∈ F×. In such a case we
call {hi}n

i=1 an orthogonal basis of V with respect to ϕ.

If V =
∑m

i=1(Ffi + Fei) is a split Witt decomposition, we will often use
the expression (Hm, 2−1ηm) instead of (V, ϕ), where

(22.6) ηm =
[

0 1m

1m 0

]

.

Thus 2−1ηm is the matrix representing ϕ with respect to the basis {f1, . . . ,

fm, e1, . . . , em

}
. Also we will often put I ′ =

∑m
i=1 Ffi and I =

∑m
i=1 Fei, so

that Hm = I ′⊕ I. More generally, let the notation be as in (22.4a) and let ζ0

be the matrix representing ζ with respect to an F -basis of Z; then both

(22.6a)

⎡

⎣
0 0 1m

0 ζ0 0
1m 0 0

⎤

⎦ and

⎡

⎣
ζ0 0 0
0 0 1m

0 1m 0

⎤

⎦

represent ϕ.

Suppose now ϕ is nondegenerate; put F×2 =
{

a2
∣
∣ a ∈ F× }

. Take Φ as
above. Since det(αΦ · tα) ∈ det(Φ)F×2, the coset (−1)n(n−1)/2 det(Φ)F×2 in
F×/F×2 is completely determined by ϕ. We call this coset the discriminant
(coset) of ϕ, or of (V, ϕ), and denote it by δ0(ϕ) or δ0(V, ϕ). The factor
(−1)n(n−1)/2 may look artificial, but it merely means (−1)n/2 if n ∈ 2Z and
(−1)(n−1)/2 if n /∈ 2Z. We easily see that
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(22.7a) 1 ∈ δ0(ηm),

(22.7b) δ0(ϕ⊕ ϕ′)=δ0(ϕ)δ0(ϕ′) if dim(V ) (that is, the size of ϕ) is even.

Notice that for c ∈ F× we have δ0(cϕ) = δ0(ϕ) if n is even, and δ0(cϕ) =
cδ0(ϕ) if n is odd.

We now consider a field K0 given by

(22.8) K0 = F (δ1/2), δ ∈ δ0(ϕ),

and call K0 the discriminant field of ϕ, or of (V, ϕ). This is either F itself
or a quadratic extension of F ; clearly it does not depend on the choice of δ.

We then define the discriminant algebra K of ϕ, or of (V, ϕ), by

(22.9) K =

{
K0 if K0 �= F,

F ⊕ F if K0 = F.

For such a K, we always denote by ρ the nontrivial automorphism of K over
F ; in particular, (x, y)ρ = (y, x) for (x, y) ∈ F ⊕ F.

If ζ is the restriction of ϕ to a core subspace Z of V, then from (22.7a,
b) we see that δ0(ϕ) = δ0(ζ), and so the discriminant field and algebra of ζ

coincide with those of ϕ.

Lemma 22.7. Suppose that dim(V ) = 2 and ϕ is nondegenerate. Then
ϕ is isotropic if and only if δ0(ϕ) = 1.

Proof. If ϕ is isotropic, then by Lemma 22.3, η1 represents ϕ, and so
δ0(ϕ) = 1. To prove the converse, take an orthogonal basis {x, y} of V ; put
a = ϕ[x] and b = ϕ[y]. Suppose δ0(ϕ) = 1; then ab = −c2 with c ∈ F×, and
ϕ[bx + cy] = 0, so that ϕ is isotropic. This proves our lemma.

22.8. As we defined in §19.9, an involution of an F -algebra A is a bijection
ρ of A onto itself such that (x + y)ρ = xρ + yρ, (xy)ρ = yρxρ, and (xρ)ρ = x,

where xρ denotes the image of x under ρ. We do not necessarily assume that
ρ is F -linear. The restriction of ρ to F is an automorphism of F of order 1
or 2. Given an involution ρ of A, we can define an involution x 	→ txρ of
Mn(A) by (txρ)ij = (xji)ρ.

We also defined in §20.6a the main involution of a quaternion algebra.
Throughout the book we make the following convention: Whenever the letter
ι appears as a superscript, it means the main involution of the quaternion
algebra in question. The letter may be used with a different meaning, but in
that case it is not a superscript.

23. Clifford algebras

23.1. Let V be a finite-dimensional vector space over a field F of charac-
teristic different from 2, and let (V, ϕ) be a quadratic space over F. We do not
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assume that ϕ is nondegenerate, though we will later assume that condition
for the most part of our treatment. As will be proven in §23.3 below, there
exists a pair (A, p) consisting of an F -algebra A and an F -linear map p of V

into A with the following four properties:

(1) A has an identity element; we denote it by 1A.

(2) A as a ring is generated by p(V ) and 1A over F.

(3) p(x)2 = ϕ[x]1A for every x ∈ V.

(4) If (A1, p1) is another pair satisfying (1) and (3), then there exists an
F -linear ring-homomorphism f of A into A1 such that p1 = f ◦p and
f(1A) = 1A1 .

From (4) we easily see that such a pair (A, p) is unique up to isomorphism.
Moreover, p is injective, as will be proven in §23.3. We then call A the
Clifford algebra of ϕ. Identifying x with p(x) for every x ∈ V, we view V

as a subspace of A, so that x2 = ϕ[x] for x ∈ V, as we view F as a subring
of A by identifying b with b1A for every b ∈ F. We denote this algebra A by
A(V, ϕ), and also by A(V ) or A(ϕ), when ϕ or V is clear from the context.

An element x of V is invertible in the ring A if and only if ϕ[x] (= x2) �=
0. Indeed, if x2 �= 0, then (x2)−1 is meaningful as an element of F, and
x−1 = (x2)−1x; conversely, if x is invertible, clearly we cannot have x2 = 0.

When ϕ is clear from the context, we call an element x of V invertible if
ϕ[x] (= x2) �= 0.

If dim(V ) = n and {ei}n
i=1 is an F -basis of V, then the 2n elements

ei1 · · · eis for i1 < · · · < is, 0 ≤ s ≤ n, (with the understanding that the
product means 1 if s = 0) form an F -basis of A; see §23.3 for the proof. If
V = {0}, then naturally ϕ = 0, and we have clearly A(V ) = F.

Once we know that [A(V ) : F ] = 2n, then from (4) we can easily derive:

(23.1) If (A, p) satisfies (1), (2), and (3), and A has dimension ≥ 2n over
F, where n = dim(V ), then A is the Clifford algebra of ϕ.

Since x2 + y2 + xy + yx = (x + y)2 = ϕ[x + y] = ϕ[x] + ϕ[y] + 2ϕ(x, y), we
obtain a basic equality

(23.2) xy + yx = 2ϕ(x, y) for every x, y ∈ V.

We say that x is orthogonal to y with respect to ϕ if ϕ(x, y) = 0, which is
the case if and only if xy = −yx.

If ϕ = 0 on the whole V, then we easily see that A(V ) is the exterior
algebra of V.

23.2. Apply (4) to (A1, p1) with A1 = A and p1 : V → A given by
p1(u) = −u. Then we can find an F -linear ring-homomorphism f of A into
itself such that f(u) = −u for every u ∈ V. We write a′ = f(a). Since V and
F generate A, clearly a 	→ a′ is an F -linear ring-automorphism of A, which
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we call the canonical automorphism of A(V ). Similarly we can define an
F -linear involution (see §22.8) a 	→ a∗ of A(V ) such that u∗ = u for every
u ∈ V. This means (x1 · · ·xs)∗ = xs · · ·x1 for x1, . . . , xs ∈ V. We call it the
canonical involution of A(V ).

We now put

(23.3) A+(V ) =
{
a ∈ A(V )

∣
∣ a′ = a

}
, A−(V ) =

{
a ∈ A(V )

∣
∣ a′ = −a

}
.

We denote these by A±(V, ϕ), and also by A±(ϕ), according to the context.
For m elements x1, . . . , xm ∈ V we have (x1 · · ·xm)′ = (−1)mx1 · · ·xm.

Therefore the product x1 · · ·xm belongs to A+(V ) or A−(V ) according as
m is even or odd. In particular, if n = dim(V ) and {ei}n

i=1 is an F -basis
of V, then the elements ei1 · · · eis for i1 < · · · < is, 0 ≤ s ≤ n, with even
(resp. odd) s form a basis of A+(V ) (resp. A−(V )). Thus both A+(V ) and
A−(V ) are of dimension 2n−1 over F, provided n > 0. Clearly both A+(V ) and
A−(V ) are stable under the canonical involution. Also, A+(V ) is a subalgebra
of A(V ), which we call the even Clifford algebra of ϕ. If V = {0}, then
A(V ) = A+(V ) = F and A−(V ) = {0}.

23.3. Let us now prove the existence of (A, p) satisfying the four conditions
of §23.1 by induction on n = dim(V ). First, assuming that n = 1, put
V = Fe and ϕ[e] = γ. We can then define an algebra A = F ⊕ Fe with the
law of multiplication determined in an obvious way by the rule e2 = γ. It can
easily be seen that A satisfies the required conditions.

Suppose n > 1. Then we can put V = X + Fe with an element e of V

and a subspace X of dimension n−1 such that ϕ(e, x) = 0 for every x ∈ X.

(This can be done, for example, by taking a basis of V with respect to which
ϕ is represented by a diagonal matrix. We do not assume that ϕ[e] �= 0.) By
our induction assumption we have the Clifford algebra B = A(X, ψ), where
ψ is the restriction of ϕ to X. Then we can define an F -linear automorphism
a 	→ a′ of B such that x′ = −x for every x ∈ X. Put ϕ[e] = γ and

(23.4) q(a, b) =
[

a b
γb′ a′

]

for a, b ∈ B.

Let A be the set of all such q(a, b). We easily see that A is a subalgebra
of M2(B) containing the identity element 12. (This was already observed in
§20.1.) Define p : V → A by p(x + ce) = q(x, c) for x + ce ∈ V with x ∈ X

and c ∈ F. Then p(x + ce)2 = (x2 + γc2)12 = ϕ[x + ce]12. Since X and F

generate B, it can easily be verified that p(V ) and F generate A. Thus (A, p)
has properties (1), (2), and (3). Identifying diag[b, b′] with b ∈ B, we can view
B as a subalgebra of A. Then identifying p(e) with e, we can put A = B+Be

and q(a, b) = a + be; in particular, p(w) = w for w ∈ V. We easily see that
be = eb′ for every b ∈ B. Let (A1, p1) be a pair satisfying (1) and (3). Since
B satisfies (4) for X, there is an F -linear ring-homomorphism g of B into
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A1 such that g(x) = p1(x) for every x ∈ X and g(1B) = 1A1 . For x ∈ X

we have p1(x)p1(e) + p1(e)p1(x) = 2ϕ(x, e) = 0 by (23.2), since the proof of
(23.2) shows that it is true even for (A1, p1). Thus p1(x)p1(e) = p1(e)p1(−x),
from which we can derive that

(23.5) g(b)p1(e) = p1(e)g(b′) for every b ∈ B,

as X and F generate B. Define f : A → A1 by f(a + be) = g(a) + g(b)p1(e)
for a, b ∈ B. Clearly f(w) = p1(w) for w ∈ V. Since be = eb′, from (23.5)
we see that f is an F -linear ring-homomorphism. Thus A satisfies (4). This
completes the proof of the existence. At the same time, our induction shows
the injectivity of the map p : V → A, as well as the fact that dim(A) = 2n.

Next, given an F -basis {ei}n
i=1 of V, let us prove that the 2n elements

ei1 · · · eis for i1 < · · · < is, 0 ≤ s ≤ n, form an F -basis of A. This is clear
if n = 1. If n > 1, take V = X + Fe and B as above; take also an F -basis
{fi}n−1

i=1 of X and put fn = e. Applying induction to B and {fi}n−1
i=1 , we

easily see that the elements fi1 · · · fis for i1 < · · · < is, 0 ≤ s ≤ n, form an
F -basis of A. Given {ei}n

i=1, we can easily verify that every product u1 · · ·ur

with ui ∈ V and r ≤ n is an F -linear combination of ei1 · · · eis of the above
type, because of the relations eiej = 2ϕ(ei, ej) − ejei. Since the elements
fi1 · · · fis span A over F, the elements ei1 · · · eis must span A over F. They
must be linearly independent over F, as dim(V ) = 2n. This proves the desired
fact.

Given a vector subspace X of V, let C be the subalgebra of A(V ) generated
by the elements of X and F. Taking an F -basis of X as a subset of {ei}n

i=1, we
see that dim(C) ≥ 2dim(X), and so by (23.1), C can be viewed as the Clifford
algebra of the restriction of ϕ to X, and therefore we can put C = A(X). In
our later treatment we consider A(X) for various subspaces X of V with the
same ϕ, which is why we use A(V ) instead of A(ϕ).

23.4. Hereafter we fix a nondegenerate quadratic space (V, ϕ). We first
assume that ϕ is isotropic, and consider a weak Witt decomposition of the
simplest type:

(23.6a) V = U + Fe + Ff, ef + fe = 1, e2 = f2 = 0,

(23.6b) U = (Fe + Ff)⊥ =
{
x ∈ V

∣
∣ xe = −ex, xf = −fx

}
.

Notice that in view of (23.2), equality 2ϕ(ei, fj) = δij in (22.4b) can be
written eifj + fjei = δij .

We are going to define an F -linear isomorphism

(23.7) Ψ : A(V )
∼=−→M2

(
A(U)

)
.

We first define an F -linear map Ψ : V →M2

(
A(U)

)
by
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(23.8) Ψ(u + re + sf) =
[

u r
s −u

]

(u ∈ U, r ∈ F, s ∈ F ).

For x = u + re + sf we have Ψ(x)2 = (u2 + rs)12 = ϕ[u + re + sf ]12. Thus
Ψ(x)2 = ϕ[x]12 for every x ∈ V, and so Ψ can be extended to an F -linear
ring-homomorphism of A(V ) into M2

(
A(U)

)
. Observing that

(23.9) Ψ(e)=
[

0 1
0 0

]

, Ψ(f)=
[

0 0
1 0

]

, Ψ(ef)=
[

1 0
0 0

]

, Ψ(fe)=
[

0 0
0 1

]

,

we can easily verify that Ψ(V ) generates the whole M2

(
A(U)

)
. Since the alge-

bras M2

(
A(U)

)
and A(V ) have the same dimension over F, we can conclude

that Ψ gives an isomorphism of A(V ) onto M2

(
A(U)

)
.

For ξ =
[

a b
c d

]

with a, b, c, d ∈ A(U), put ξ∗ =
[

a∗ c∗

b∗ d∗

]

, where ∗ is

the canonical involution of A(U). Then ξ 	→ ξ∗ is an involution of M2

(
A(U)

)
.

We note two easy formulas:

(23.10) Ψ(α∗) = JΨ(α′)∗J−1 for every α ∈ A(V ), J =
[

0 −1
1 0

]

,

(23.11) Ψ(b) = diag[b, b′] for every b ∈ A(U).

Indeed, (23.10) and (23.11) follow from (23.8) if α ∈ V and b ∈ U ; conse-
quently they hold for every monomial of elements of V or U. Thus they are
valid as stated.

Put � = e− f. Then �2 = −1, and �u�−1 = −u = u′ for every u ∈ U, so
that �a�−1 = a′ for every a ∈ A(U). Put Λ = diag[�, −�]. Then

(23.12) ΛΨ(ξ)Λ−1 = Ψ(ξ′) for every ξ ∈ A(V ).

This follows from (23.8) if ξ ∈ V ; consequently it holds for every monomial
of elements of V ; thus it is valid as stated. Let us now prove

(23.13) Ψ
(
A±(V )

)
=
{[

a b
c d

] ∣
∣
∣
∣ a, d ∈ A±(U); b, c ∈ A∓(U)

}

.

Indeed, for Ψ(ξ) =
[

a b
c d

]

we have Ψ(ξ′) =
[

a′ −b′

−c′ d′

]

by (23.12). Thus

ξ ∈ A±(V ) if and only if a′ = ±a, b′ = ∓b, c′ = ∓c, and d′ = ±d. This
proves (23.13).

23.5. The above discussion is valid even when U = {0}. Then we have
A(U) = F, Ψ

(
A(V )

)
= M2(F ), and Ψ

(
A+(V )

)
consists of diag[a, d] with

a, d ∈ F.

If U �= {0}, we can define another representation that is often more conve-
nient than Ψ, which is as follows. Take an element g of U such that g2 �= 0,

and put

(23.14) Ξ(α) = Δ−1Ψ(α)Δ, Δ = diag[g, 1].
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Then Ξ is a ring-bijection of A(V ) onto M2

(
A(U)

)
; besides, since g−1A−(U)

= A−(U)g = A+(U) and g−1A+(U)g = A+(U), from (23.13) we obtain

(23.15) Ξ
(
A+(V )

)
= M2

(
A+(U)

)
if U �= {0}.

Theorem 23.6. Let V = X +
∑s

i=1(Fei + Ffi) be a weak Witt decompo-
sition, and let m = 2s. Then A(V ) is isomorphic to Mm

(
A(X)

)
. Moreover,

A+(V ) is isomorphic to Mm

(
A+(X)

)
if X �= {0}, and to Mm/2(F )⊕Mm/2(F )

if X = {0}.
Proof. The discussion of §§23.4 and 23.5 proves the case s = 1. To

prove the general case by induction on s, assume that s > 1 and put U =
X +

∑s−1
i=1 (Fei + Ffi). Then V = U + Fes + Ffs, and so A(V ) is isomorphic

to M2

(
A(U)

)
and A+(V ) is isomorphic to M2

(
A+(U)

)
. Applying induction

to A(U) and A+(U), we obtain our theorem.

Lemma 23.7. Given an orthogonal basis {hi}n
i=1 of V, put z = h1 · · ·hn.

Then the following assertions hold:
(i) z−1xz = (−1)n−1x for every x ∈ V ;
(ii) z2 = (−1)(n−1)n/2h2

1 · · ·h2
n and z∗ = (−1)(n−1)n/2z;

(iii) Fz is independent of the choice of {hi}n
i=1;

(iv) F +Fz is the center of A(V ) or A+(V ) according as n is odd or even.
(v) F + Fz is isomorphic to the discriminant algebra of ϕ. Moreover, if

n is even, then the canonical involution gives the nontrivial automorphsim of
F + Fz over F, and

(23.16) ax = xa∗ for every a ∈ F + Fz and every x ∈ V.

Proof. We easily see that hiz = (−1)n−1zhi for every i. Since the hi

span V over F, we obtain (i). Assertion (ii) is an easy exercise. We prove (iv)
in the proof of the next theorem. Since z2 ∈ F and z /∈ F, we see that if
x ∈ F + Fz, /∈ F, and x2 ∈ F, then x ∈ Fz. Assertion (iii) follows from this
fact and (iv). The first part of (v) follows easily from (ii). If n is even, then
z∗ = −z by (ii), and zx = −xz for every x ∈ V by (i), and so we obtain
(23.16).

Theorem 23.8. Let C be the center of A(V ) and C+ the center of A+(V ).
(i) Suppose dim(V ) is even and > 0. Then A(V ) is a central simple algebra

over F and C+ = F +Fz with z as in Lemma 23.7. A+(V ) is a central simple
algebra over C+ if C+ is a field; otherwise A+(V ) is the direct sum of two
central simple algebras over F of the same degree.

(ii) Suppose dim(V ) is odd. Then A+(V ) is a central simple algebra over
F, C = F + Fz with z as in Lemma 23.7, and A(V ) = A+(V )⊗F C.

Proof. Let F be the algebraic closure of F ; let V = V ⊗F F ; extend ϕ

naturally to V . Suppose dim(V ) = 2r+1 with r ∈ Z. Then V has a Witt de-



126 V. QUADRATIC FORMS

composition V = Fg+
∑r

i=1(Fei +Ffi), and A+(Fg) = F . By Theorem 23.6,
A+(V ) is isomorphic to Mm(F ), where m = 2r. Since A+(V ) = A+(V )⊗F F,

we can conclude from Theorem 19.7 that A+(V ) is central simple over F. Take
z as in Lemma 23.7; then by (i) of that lemma, zx = xz for every x ∈ V, and
so z ∈ C. Since z ∈ A−(V ), we have A(V ) = A+(V )⊕A+(V )z. Now F + Fz

is a commutative algebra of rank 2, and so A(V ) = A+(V )⊗F (F +Fz). Since
the center of A+(V ) is F, we have clearly C = F + Fz.

Next suppose dim(V ) = 2r with r ∈ Z. Then V has a Witt decomposition
V =

∑r
i=1 (Fei + Ffi), and A(V ) is isomorphic to Mm(F ), where m = 2r.

Thus by Theorem 19.7, A(V ) is central simple over F. By Theorem 23.6,
A+(V ) is isomorphic to Mm/2(F )⊕Mm/2(F ), whose center is F⊕F . Therefore
[C+ : F ] = 2 in view of Lemma 19.3(ii). From (i) of Lemma 23.7 we see that
zα = αz for every α ∈ A+(V ), and so C+ = F + Fz, since z /∈ F. If C+

is a field, then A+(V ) is central simple over C+ by Lemma 19.25. Otherwise
there is an element c of F such that z2 = c2. Put ε = (1 + c−1z)/2 and
δ = (1 − c−1z)/2. Then 1 = ε + δ, ε2 = ε, δ2 = δ, and εδ = 0. Therefore
C+ is isomorphic to F ⊕ F, and A+(V ) is the direct sum of two subalgebras
A+(V )ε and A+(V )δ. Since these become Mm/2(F ) over F , they must be
central simple over F by Theorem 19.7. This completes the proof, and proves
also (iv) of Lemma 23.7.

Corollary 23.9. An element α of A+(V ) commutes with every element
of V if and only if α ∈ F.

Proof. Since V generates A(V ), if an element α of A+(V ) commutes
with every element of V, then α ∈ C ∩ C+. By Theorem 23.8, C ∩ C+ = F,

which gives our assertion.

Lemma 23.10. With (V, ϕ), n, and z as in Lemma 23.7, let (V ′, ϕ′)
be another quadratic space and let δ = z2. Define a vector subspace C of
A(ϕ ⊕ ϕ′) by C = A+(ϕ′) + zA−(ϕ′). Then C is a subalgebra of A(ϕ ⊕ ϕ′)
and the following assertions hold:

(i) There is an isomorphism of C onto A
(
(−1)nδϕ′) that maps A+(ϕ′)

onto A+
(
(−1)nδϕ′).

(ii) A(ϕ ⊕ ϕ′) = A(ϕ) ⊗F C if n ∈ 2Z, and A+(ϕ ⊕ ϕ′) = A+(ϕ) ⊗F C if
n /∈ 2Z.

(iii) The canonical involution of A(ϕ ⊕ ϕ′) restricted to A+(ϕ′) coincides
with the canonical involution of A

(
(−1)nδϕ′) restricted to A+

(
(−1)nδϕ′).

Proof. Notice that if u = x1 · · ·xr with xi ∈ V and v = y1 · · · ys with
yj ∈ V ′, then uv = (−1)rsvu. We can easily verify that C is a subalgebra
of A(ϕ ⊕ ϕ′). Define p : V ′ → C by p(y) = zy for y ∈ V ′. Then p(y)2 =
(−1)nδϕ′[y], and we easily see that F and p(V ′) generate C, and so we see that
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C ∼= A((−1)nδϕ′). Also, for yj ∈ V ′, we have (zy1) · · · (zys) ∈ A+(ϕ′) if s ∈
2Z, and so A+

(
(−1)nδϕ′) as a set coincides with A+(ϕ′). If n is even, A(ϕ)

commutes elementwise with C; also we easily see that A(ϕ)C = A(ϕ ⊕ ϕ′),
and so we obtain (ii) for n ∈ 2Z. For n odd, taking A+(ϕ ⊕ ϕ′) and A+(ϕ)
in place of A(ϕ ⊕ ϕ′) and A(ϕ), we obtain the desired result. Assertion (iii)
can easily be verified.

24. Clifford groups and spin groups

24.1. Still assuming that ϕ is nondegenerate, let us now put

(24.1a) G(V ) =
{
α ∈ A(V )×

∣
∣α−1V α = V

}
,

(24.1b) G+(V ) = G(V ) ∩A+(V ), G−(V ) = G(V ) ∩A−(V ).

Clearly G(V ) resp. G+(V ) is a subgroup of A(V )× resp. A+(V )×, and F×⊂
G+(V ). We denote these by G(V, ϕ) and G±(V, ϕ), and also by G(ϕ) and
G±(ϕ) according to the context. We call G(V, ϕ) the Clifford group of
ϕ, and G+(V, ϕ) the even Clifford group of ϕ. (See the remark after the
proof of Theorem 24.6.)

For α ∈ G(V ) we can define τ(α) ∈ GLF (V ) by

(24.1c) xτ(α) = α−1xα (x ∈ V ).

Clearly ϕ
[
xτ(α)

]
= (α−1xα)2 = x2 = ϕ[x], and so τ(α) belongs to the

orthogonal group Oϕ of ϕ. Thus τ gives a homomorphism of G(V ) into Oϕ.

Notice that α−1V α = V if and only if α−1V α ⊂ V, as α−1V α has the same
dimension as V over F.

24.2. For a subspace X of V on which ϕ is nondegenerate, the orthogonal
complement of X defined by (22.3) can be given in the form

X⊥ =
{
y ∈ V

∣
∣xy = −yx for every x ∈ X

}
.

Then ϕ is nondegenerate on X⊥. Put Y = X⊥. Taking F -bases of X and
Y, we easily see that A(X) ∩ A(Y ) = F and A(X) ∩ V = X. Let α ∈ A(X)
and β ∈ A(Y ) for such X and Y. Then we can easily verify that αβ = βα

if α ∈ A+(X) or β ∈ A+(Y ); αβ = −βα if α ∈ A−(X) and β ∈ A−(Y ).
In particular, for α ∈ A+(X)× we have α−1yα = y for every y ∈ Y, and
α−1Xα = X if and only if α−1V α = V. Therefore we can view an element of
G+(X) as an element of G+(V ); then τ(α) defined as an element of Oϕ(V )
gives the identity map on Y. In fact, τ(α) ∈ SOϕ(V ) as will be shown in
Theorem 24.6 below. Hereafter, whenever we have a subspace X of V on
which ϕ is nondegenerate, we always view G+(X) as a subgroup of G+(V ).
This injection G+(X) → G+(V ) maps F× onto itself. If α ∈ G+(X) and
β ∈ G+(Y ), then τ(αβ) gives the element of SOϕ(V ) that can be identified
with

(
τ(α), τ(β)

)
of SOϕ(X)× SOϕ(Y ).
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Lemma 24.3. For x, y ∈ V we have xyx ∈ V. Moreover, if x2 �= 0, then
x ∈ G−(V ) and x−1 ∈ V.

Proof. Both x2 and xy+yx belong to F, and so xyx = (xy+yx)x−yx2 ∈
V. Suppose x2 �= 0; then x is invertible and x−1 = (x2)−1x ∈ V, and
x−1V x = (x2)−1xV x ⊂ V, so that x ∈ G(V ). Since x ∈ A−(V ), we obtain
x ∈ G−(V ).

24.4. If elements xi of V are invertible, then Lemma 24.3 shows that the
product x1 · · ·xm belongs to G+(V ) or G−(V ) according as m is even or
odd. To obtain a more precise result, let us now take a hyperplane H =

{
x ∈

V
∣
∣ϕ(v, x) = 0

}
defined with a fixed v ∈ V such that v2 �= 0. This is the

orthogonal complement (Fv)⊥ of Fv in V with respect to ϕ; thus

V = Fv ⊕H with H = (Fv)⊥ =
{
x ∈ V

∣
∣ vx = −xv

}
.

Let γ be the element of GLF (V ) such that vγ = −v and xγ = x for every
x ∈ H. Clearly γ ∈ Oϕ, det(γ) = −1, and γ has order 2. We call γ

the symmetry of V with respect to H. We easily see that it coincides
with −τ(v). (We are considering here only those hyperplanes defined with the
elements v such that v2 �= 0.) Thus, for an invertible element v ∈ V we have

(24.2) −τ(v) is the symmetry with respect to (Fv)⊥ and det
[− τ(v)

]
=−1.

We hereafter put n = dim(V ).

Theorem 24.5. Every element of Oϕ is a product of symmetries of the
above type.

Proof. If n=1, then Oϕ ={±1} and −1 is a symmetry, and our theorem
is true. We prove the general case by induction on n. Suppose n > 1; take an
element v ∈ V such that v2 �= 0, and put H = (Fv)⊥ as above. Let α ∈ Oϕ.

Special case 1: Suppose vα = v; then Hα = H. Let β be the restriction
of α to H. By induction, β = γ1 · · · γm with symmetries γi of H. We can
extend each γi to a symmetry δi of V such that vδi = v. Then α = δ1 · · · δm,

which is the desired result.
Special case 2: Suppose vα = −v. Let ε = −τ(v). Then vαε = v, and

we can apply the result of Special case 1 to αε, and obtain the desired fact,
since α = αεε and ε is a symmetry.

General case: Let u = vα. Then u2 = v2. Since 0 �= 4v2 = (v+u)2+(v−u)2,
we see that (v +u)2 �= 0 or (v−u)2 �= 0. Suppose (v +u)2 �= 0; put x = v +u

and ξ = −τ(x). Then −xu − ux = (u − x)2 − u2 − x2 = −x2, and so
vαξ = uξ = −x−1ux = x−1(xu − x2) = u − x = −v; thus we can apply the
result of Special case 2 to αξ. Suppose (v − u)2 �= 0; put y = v − u and
η = −τ(y). Then yu + uy = (u + y)2 − u2 − y2 = −y2, and so vαη = uη =
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−y−1uy = y−1(yu + y2) = u + y = v; thus we can apply the result of Special
case 1 to αη. This completes the proof.

Let us now put

(24.3) G·(V ) = G+(V ) ∪G−(V ).

This is a subgroup of G(V ), as will be shown in Theorems 24.6 and 24.7 below.

Theorem 24.6. (i) If n is odd, then τ
(
G+(V )

)
= τ

(
G(V )

)
= SOϕ and

G(V ) = C×G+(V ), where C is the center of A(V ).
(ii) If n is even and > 0, then G(V ) = G·(V ), [G(V ) : G+(V )] = 2,

τ
(
G(V )

)
=Oϕ, τ

(
G+(V )

)
=SOϕ, and τ

(
G−(V )

)
=
{
ξ ∈ Oϕ

∣
∣ det(ξ) = −1

}
.

Moreover, let C+ be the center of A+(V ) and z be as in Lemma 23.7. Then

C+ ∩G+(V ) =

{
(C+)× = G+(V ) if n = 2,

F× ∪ F×z if n > 2.

(iii) For both even and odd n, τ gives an isomorphism of G+(V )/F×

onto SOϕ; for even n, τ gives an isomorphism of G(V )/F× onto Oϕ.

(iv) If Y = X⊥ as in §24.2, then

(24.3a) G+(X) =
{
α ∈ G+(V )

∣
∣ yτ(α) = y for every y ∈ Y

}
.

Proof. Let ξ ∈ Oϕ. By Theorem 24.5, ξ =
(− τ(v1)

) · · · (− τ(vk)
)

with
invertible vi ∈ V. Since each symmetry −τ(vi) has determinant −1, we have
det(ξ) = (−1)k. If ξ ∈ SOϕ, then k is even, so that ξ = τ(v1 · · · vk). This
shows that SOϕ ⊂ τ

(
G+(V )

)
. Clearly, τ

(
G+(V )

)⊂τ
(
G(V )

)⊂Oϕ.

Suppose 0 < n ∈ 2Z. Then, for every invertible v of V, we have det
(
τ(v)

)

= −1. Since v ∈ G(V ) and [Oϕ : SOϕ] = 2, we see that τ
(
G(V )

)
= Oϕ.

Suppose τ(v) = τ(α) with α ∈ G+(V ). Then α−1v commutes with every
element of V. Since V generates A(V ), α−1v must belong to the center of
A(V ), which is F by Theorem 23.8(i). Therefore v = cα with c ∈ F, which
is a contradiction, since cα ∈ A+(V ) and 0 �= v ∈ A−(V ). Thus τ(v) /∈
τ
(
G+(V )

)
, and so τ

(
G+(V )

)
= SOϕ. We easily see that G−(V ) = vG+(V ),

and so τ
(
G−(V )

)
=

{
ξ ∈ Oϕ

∣
∣ det(ξ) = −1

}
. Next, let γ ∈ G(V ). For

det
(
τ(γ)

)
= ±1 we have τ(γ) = τ(β) with β ∈ G±(V ). Then β−1γ ∈ F×, so

that γ ∈ G±(V ). This proves that G(V ) = G·(V ), and so [G(V ) : G+(V )] = 2.

Next, let λ ∈ C+ ∩ G+(V ). By Lemma 23.7(iv) we have C+ = F + Fz, and
by (23.16), λρv = vλ for every v ∈ V. Thus λ−1λρv = λ−1vλ ∈ V. Put
λ−1λρ = c + dz with c, d ∈ F. Suppose d �= 0; then zv ∈ V for every v ∈ V,

which is the case if and only if n = 2, as can easily be verified. Thus if n > 2,

then d = 0, so that λ−1λρ = c, which can happen only if c = ±1. Therefore
λ ∈ F× ∪ F×z if n > 2. We also see that (C+)× = G+(V ) if n = 2, and
F× ∪ F×z ⊂ G+(V ) for n ≥ 2. This completes the proof of (ii).
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Suppose n is odd. Consider the element −1 of Oϕ; suppose −1 = τ(α)
with α ∈ G(V ). Then α−1xα = −x for every x ∈ V, so that α−1yα = y′ for
every y ∈ A(V ). Let z be as in Lemma 23.7. Then z′ = −z and z belongs
to the center C of A(V ), so that z = α−1zα = z′ = −z, a contradiction. Thus
−1 /∈ τ

(
G(V )

)
, so that τ

(
G(V )

)
= τ

(
G+(V )

)
= SOϕ. Take any γ ∈ G(V ).

Then τ(γ) = τ(β) with β ∈ G+(V ), and so β−1γ ∈ C, so that γ ∈ C×G+(V ).
Clearly C× ⊂ G(V ), and so G(V ) = C×G+(V ). Finally, as for (iii), if α ∈
G+(V ) and τ(α) = 1, then α ∈ F× by Corollary 23.9; if n is even, the same
is true even for α ∈ G(V ), since F is the center of A(V ). This proves (iii).

As for (iv), we have seen in §24.2 that G+(X) is contained in the right-hand
side of (24.3a). Suppose α∈G+(V ) and τ(α) gives the identity map on Y.

Then τ(α) gives an element of SOϕ(X), and so by (i) and (ii) it coincides
with τ(β) with β ∈ G+(X). Then β is an element of G+(V ) belonging to
the right-hand side of (24.3a). Thus we have τ(α) = τ(β), and so α = cβ

with c∈F×. Therefore α∈G+(X), which proves (24.3a). This completes the
proof.

Let us insert here a historical remark. The algebra A(V, ϕ) for V = Rn

and ϕ = −1n was first defined by Clifford, but the idea of (24.1a, b, c) and
the fact that τ

(
G+(V )

)
= SOϕ are due to Lipschitz; see [Ano]. Therefore the

terminology “Clifford group” may be a misnomer, but we use it for expediency.

Now, with the canonical involution ξ 	→ ξ∗ of A(V ) as in §23.2, put

(24.4) ν(α) = αα∗ for α ∈ G·(V ).

Theorem 24.7. (i) G+(V ) (resp. G−(V )) consists of all the products of
an even (resp. odd) number of elements of V that are invertible in A(V ).

(ii) G·(V ) is a subgroup of G(V ),
[
G·(V ) : G+(V )

]
= 2, and ν gives a

homomorphism of G·(V ) into F×. Moreover, ν(α∗) = ν(α′) = ν(α) for every
α ∈ G·(V ).

Proof. We have G−(V ) = xG+(V ) with any invertible x ∈ V. Therefore
it is sufficient to prove (i) only for G+(V ). If w1, . . . , wk are elements of
V and invertible, then each wi belongs to G(V ) by Lemma 24.3, and so
w1 · · ·wk ∈ G+(V ) if k is even. To prove the converse, let α ∈ G+(V ); then
τ(α) = τ(v1 · · · vm) with v1, . . . , vm ∈ V ∩A(V )× and even m, as shown in
the proof of Theorem 24.6. By (iii) of the same theorem, α = cv1 · · · vm with
c ∈ F×. Since cv1 ∈ V, this proves (i). Once we have (i), then clearly G·(V )
is a subgroup of G(V ) and

[
G·(V ) : G+(V )

]
= 2. Next, if α = x1 · · ·xk with

xi ∈ V ∩A(V )×, then

(24.4a) ν(α) = αα∗ = x1 · · ·xk · xk · · ·x1 = x2
1 · · ·x2

k.

The remaining part of (ii) follows immediately from this and (i).
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24.8. Let X be a subspace of V on which ϕ is nondegenerate, and let
Y = X⊥. From Theorem 24.7 we see that G·(X) is a subgroup of G·(V ).
Moreover, τ(α) for α ∈ G±(X) gives ±1Y on Y.

Notice that for an element α of A±(V ) we have

(24.5)
[
αα∗ ∈ F× and αV α∗ ⊂ V

] ⇐⇒ α ∈ G±(V ).

This is because α∗ = α−1 · αα∗. We define a subgroup G1(V ) of G+(V ) by

(24.6) G1(V ) =
{

α ∈ G+(V )
∣
∣ ν(α) = 1

}
.

Since F× ∩ G1(V ) = {±1}, from Theorem 24.6(iii) we see that τ gives an
injection of G1(V )/{±1} into SOϕ. We call G1(V ) the spin group of ϕ.

We define a homomorphism

(24.7) σ : Oϕ(V ) −→ F×/F×2, F×2 =
{
a2

∣
∣ a ∈ F×},

as follows. By Theorem 24.5 every element α of Oϕ(V ) is of the form α =
(−1)rτ(x1 · · ·xr) with invertible xi ∈ V. We then put σ(α) = x2

1 · · ·x2
rF

×2. To
show that this is independent of the choice of xi, let α=(−1)sτ(y1 · · · ys) with
invertible yj. Then (−1)r+sτ(x1 · · ·xrys · · · y1) = 1. Since det

[− τ(x)
]

= −1
for any invertible x, we see that r+s ∈ 2Z. Thus τ(x1 · · ·xrys · · · y1) = 1. By
Theorem 24.6(iii), x1 · · ·xrys · · · y1 = c with c ∈ F×, and so x2

1 · · ·x2
ry

2
s · · · y2

1

∈ F×2, which proves that σ is well defined.
Clearly σ is a homomorphism. We call σ(α) the spinor norm of α.

In particular, if α ∈ SOϕ(V ), we take an element ξ of G+(V ) such that
τ(ξ) = α, and find that σ(α) = ν(ξ)F×2. We easily see that

(24.7a) τ
(
G1(V )

)
=
{

α ∈ SOϕ(V )
∣
∣σ(α) = 1

}
.

For simplicity we will often denote by c the coset cF×2 for c ∈ F×. Thus

(24.7b) σ
(
τ(x1) · · · τ(xm)

)
= x2

1 · · ·x2
m if xi ∈ V, x2

i �= 0, and m ∈ 2Z.

Lemma 24.9. (i) For every c ∈ F× there exists an F -linear ring-isomor-
phism f of A+(V, cϕ) onto A+(V, ϕ) such that f

(
G+(V, cϕ)

)
= G+(V, ϕ)

and f(ξ)∗ = f(ξ∗) for every ξ ∈ A+(V, ϕ); further τ(α) = τ
(
f(α)

)
and

ν(α) = ν
(
f(α)

)
for every α ∈ G+(V, ϕ).

(ii) Given an F -linear bijection γ : V → W, define a quadratic form ψ

on W by ψ[xγ] = ϕ[x] for x ∈ V. Then the map x 	→ xγ of V to W can
be extended to an F -linear ring-isomorphism of A(V, ϕ) to A(W, ψ), written
α 	→ αγ , such that τ(αγ) = γ−1τ(α)γ for every α ∈ G(V ). Moreover, G+(V )
and G−(V ) are mapped onto G+(W ) and G−(W ) under this isomorphism,
and ν(αγ) = ν(α) for every α ∈ G·(V ); further, σ(γ−1ξγ) = σ(ξ) for every
ξ ∈ SOϕ(V ). In particular, if (V, ϕ) = (W, ψ) and γ ∈ Oϕ(V ), then α 	→ αγ

is an automorphism of A(V ).
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Proof. Take an algebraic extension E = F (d) of F with an element d

such that d2 = c, and let Y = V ⊗F E. We extend ϕ to an E-bilinear form
Y ×Y → E, and denote it again by ϕ. Clearly A(Y, ϕ) = A(V, ϕ)⊗F E. Since
ϕ[dx] = cϕ[x] for x ∈ Y, the map x 	→ dx for x ∈ Y can be extended to
a ring-isomorphism f of A(Y, cϕ) onto A(Y, ϕ). We easily see that f maps
A+(V, cϕ) onto A+(V, ϕ) and G+(V, cϕ) onto G+(V, ϕ). Clearly SOcϕ(V ) =
SOϕ(V ) and f(yβ) = f(y)β for β ∈ SOϕ(V ) and y ∈ Y. Now, for α ∈
G+(V, cϕ) we have f(y)τ(α) = f

(
yτ(α)

)
= f(α−1yα) = f(α)−1f(y)f(α) =

f(y)τ
(
f(α)

)
, and so τ(α) = τ

(
f(α)

)
. The formulas f(ξ)∗ = f(ξ∗) and ν(α) =

ν
(
f(α)

)
can easily be verified.

Next, given γ : V →W as in (ii), we can view γ as an injection of V into
A(W ). Then we find an F -linear ring-homomorphism f of A(V ) into A(W )
such that f(x)=xγ for every x∈V. Clearly f is a bijection. Put f(α)=αγ

for α ∈ G(V ). Then for x ∈ V we have xτ(α)γ = (α−1xα)γ = (αγ)−1xγαγ =
xγτ(αγ); thus τ(α)γ = γτ(αγ). If α = x1 · · ·xm ∈ G±(V ) with xi ∈ V, then
αγ = (x1γ) · · · (xmγ), and so αγ ∈G±(W ), and ν(αγ) = ψ[x1γ] · · ·ψ[xmγ] =
ϕ[x1] · · ·ϕ[xm] = ν(α). From this we immediately obtain σ(γ−1ξγ) = σ(ξ)
for ξ = τ(α). The case (V, ϕ) = (W, ψ) is merely a special case.

24.10. Given (V, ϕ) as before, we denote by Gc(V ) the commutator sub-
group of Oϕ(V ). We investigate this group in connection with the group

(24.8) S◦(V, ϕ) = S◦(V ) =
{
α ∈ SOϕ(V )

∣
∣σ(α) = 1

}
,

where σ is the map of (24.7). Clearly Gc(V ) ⊂ SOϕ(V ) and σ
(
Gc(V )

)
= 1,

and so Gc(V ) ⊂ S◦(V ). For every c ∈ F× we have SOcϕ(V ) = SOϕ(V ) and
S◦(V, cϕ) = S◦(V, ϕ), as can be seen from Lemma 24.9(i).

Lemma 24.11. The group Gc(ϕ) is generated by the elements of the form
τ(xyxy) with invertible x, y ∈ V.

Proof. Since τ(x) = τ(x)−1, we see that τ(xyxy) ∈ Gc(V ). Let H be
the subgroup of Oϕ generated by such elements τ(xyxy). Then H ⊂ Gc(V ).
For every γ ∈ Oϕ we have, by Lemma 24.9(ii), γ−1τ(xyxy)γ = τ(xγyγxγyγ),
where zγ = zγ. Thus H is a normal subgroup of Oϕ. Since τ(xyxy) ∈ H

and Oϕ is generated by the elements of the form −τ(x), we see that Oϕ/H is
commutative. Thus Gc(V ) ⊂ H, and so Gc(V ) = H as expected.

Lemma 24.12. Let U be a subspace of V. If ϕ[U ] = ϕ[V ] and Gc(U) =
S◦(U), then Gc(V ) = S◦(V ).

Proof. Given α ∈ S◦(V ), we can put α = ξ1 · · · ξr , ξi = τ(xi), with
xi ∈ V. Take yi ∈ U so that y2

i = x2
i and put β = η1 · · · ηr with ηi = τ(yi). Let

f denote the natural map of Oϕ(V ) onto Oϕ(V )/Gc(V ). Since the last group
is commutative, f(αβ−1) = f(ξ1 · · · ξrηr · · · η1) = f(ξ1η1 · · · ξrηr). We have
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ξiηi = τ(xiyi). Since x2
i = y2

i , by Lemma 22.5(ii), xi = yiγ with some γ ∈
Oϕ(V ). Then τ(xi) = γ−1τ(yi)γ by Lemma 24.9(ii), and so ξiηi = τ(xiyi) =
γ−1τ(yi)γτ(yi) ∈ Gc(V ). This shows that α ∈ βGc(V ). Since σ(α) = 1, we
have x2

1 · · ·x2
r ∈ F×2, and so y2

1 · · · y2
r ∈ F×2. Thus β ∈ S◦(U) = Gc(U).

Viewing an element ω of Oϕ(U) as an element of Oϕ(V ) by defining the
action of ω on U⊥ to be the idenitity map, we find that β ∈ Gc(V ), and so
α ∈ Gc(V ), which proves our lemma.

Lemma 24.13. If 1 ≤ n ≤ 3 or ϕ is isotropic, then Gc(V ) = S◦(V ).

Proof. The case n = 1 is trivial, since SO(ϕ) = {1}. The case n is 2 or
3 will be proven in Lemma 25.2 below. Suppose ϕ is isotropic. Then V has
a two-dimensional subspace U on which ϕ is nondegenerate and isotropic.
Then ϕ[U ] = F and Gc(U) = S◦(U) by virtue of the result in the case n = 2.

Therefore, by Lemma 24.12, Gc(V ) = S◦(V ).

Remark 24.14. In this book we are interested only in the algebraic and
arithmetic aspects of quadratic forms and orthogonal groups, not in their Lie-
theoretical aspects, nor in the symmetric spaces associated with them. Here
we content oursleves with merely mentioning a few basic facts on such topics.

Let (V, ϕ) be a nondegenerate quadratic space over R. Then SOϕ(V ) is
connected if ϕ is positive or negative definite; otherwise SOϕ(V ) has two
connected components. If ϕ is definite and dim(V ) > 2, then G1(V ) is
simply connected and the map τ : G1(V ) → SOϕ(V ) is the covering map.

For these the reader is referred to standard textbooks on Lie groups; some
easy related facts are proved in [S04b]. For instance, the symmetric spaces
associated with SOϕ(V ) are explicitly described in Section 16 of the book;
also the spin representations and the structure of the Lie algebra of SOϕ(V )
are discussed in Section A5 of the book.

25. Lower-dimensional cases

25.1. As will be proven in Theorem 25.5 below, a quadratic form on
a space of dimension > 4 over a local field (in the sense of §21.1) is always
isotropic. Thus, over a local field, we have a Witt decomposition (1.2a) with an
anisotropic space Z of dimension ≤ 4. Therefore it is important to investigate
the Clifford algebra and spin group of such a Z. First we consider the problem
with an arbitrary field F of characteristic �= 2. We fix a vector space V over F

of dimension ≤ 4 and a nondegenerate quadratic form ϕ defined on V, which
may or may not be anisotropic for the moment. We also denote by x 	→ x∗

the canonical involution of A(ϕ).
As we said in §23.2, A(V ) = A+(V ) = F if V = {0}.
Suppose dim(V ) = 1; put V = Fh. Then A(V )=F +Fh, A+(V )=F, and

A−(V )=Fh. We easily see that G+(V )=F×, G1(V )={±1}, G−(V )=F×h,
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and G(V ) = A(V )×; Oϕ(V ) = {±1} and SOϕ(V ) = {1}.
Before discussing (V, ϕ) of general types, we mention special forms of qua-

dratic spaces of dimension ≤ 4. We first take a couple (K, ρ) consisting of an
F -algebra K of rank 2 and an F -linear automorphism ρ of K belonging to
the following two types:

(25.1a) K is a quadratic extension of F and ρ is the generator of Gal(K/F );
(25.1b) K = F ⊕ F and (a, b)ρ = (b, a) for (a, b) ∈ F ⊕ F.

In both cases we obtain a quadratic space (K, κ) of dimension 2 by putting
κ[x] = xxρ for x ∈ K; we have 2κ(x, y) = TrK/F (xyρ) for x, y ∈ K. We call
κ the norm form of K. Clearly κ is anisotropic if and only if K is a field.
For every c ∈ F× the discriminant algebra of (K, cκ) is K itself.

Next we take a quaternion algebra B over F and consider its main involu-
tion ι. We recall that TrB/F (x) = x + xι and NB/F (x) = xxι for x ∈ B. We
have F =

{
x ∈ B

∣
∣ xι = x

}
, and so we have a direct sum decomposition

(25.2) B = F ⊕B◦ with B◦ =
{
x ∈ B

∣
∣xι = −x

}
;

see Theorem 20.6 and Lemma 20.7. Given B, we always define B◦ in this
way. An element of B◦ is traditionally called a pure quaternion. Putting
β[x] = xxι for x ∈ B, we call β the norm form of B. Then (B, β) is a
quadratic space of dimension 4. Denoting by β◦ the restriction of β to B◦,

we obtain a quadratic space (B◦, β◦) of dimension 3. We easily see that

(25.3) B is a division algebra ⇐⇒ β is anisotropic ⇐⇒ β◦ is anisotropic.

We also see that 2β(x, y) = TrB/F (xyι) for x, y ∈ B, since 2β(x, y) = β[x +
y]− β[x]− β[y]. If B = {K, γ} = K + Kw with γ ∈ F×, an element w such
that w2 = γ, and K as in (25.1a, b), then β[x + yw] = NK/F (x)− γNK/F (y)
for x, y ∈ K. Thus

(25.3a) (B, β) ∼= (K, κ)⊕ (K, −γκ).

From this we easily see that 1 ∈ δ0(β) = δ0(−β◦). Thus F is the discriminant
field of both (B, β) and (B◦, −β◦).

Lemma 25.2. Let (V, ϕ) be a nondegenerate quadratic space of dimension
n, and K the discriminant algebra of ϕ, which we view as a subalgebra of A(ϕ);
see Lemma 23.7(v). Let Gc(V ) and S◦(V ) be as in §24.10. Then the following
assertions hold.

(i) If n = 2, (V, ϕ) is isomorphic to (K, cκ) with some c ∈ F×, where κ

is the norm form of K. Moreover, A(ϕ) is a quaternion algebra {K, c} in the
sense of §20.2, A+(ϕ) = K, SOϕ(V ) =

{
b ∈ K× ∣

∣ bbρ = 1
}
, G+(ϕ) = K×,

G(ϕ) = K× ∪ K×h for any h ∈ V, �= 0, α∗ = αρ, τ(α) = α−1αρ, ν(α) =
NK/F (α) for α ∈ G+(ϕ), and Gc(V ) = S◦(V ).
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(ii) If n = 3, there exists a quaternion algebra B over F such that (V, ϕ)
is isomorphic to (B◦, −δβ◦) with δ ∈ δ0(ϕ). Moreover, A(ϕ)=A+(ϕ) ⊗F K,

A+(ϕ) ∼= B, G+(ϕ) ∼= B×, xτ(b) = b−1xb for x ∈ B◦ and b ∈ B× = G+(ϕ),
and the canonical involution of A(ϕ) restricted to A+(ϕ) corresponds to the
main involution of B. Furthermore, Gc(V ) = S◦(V ).

Proof. Suppose n = 2; let V = Fg + Fh with elements g and h such
that ϕ(g, h) = 0. Put b = g2, c = h2, and z = gh. Then ϕ[xg + yh] =
bx2 + cy2 for x, y ∈ F, z2 = −bc, A+(ϕ) = K = F + Fz, V = Kh, and
A(ϕ) = K + Kh. Since z∗ = −z, we see that α∗ = αρ for α ∈ K. We have
ϕ[ξh] = cNK/F (ξ) for ξ ∈ K, and so ξ 	→ ξh gives an isomorphism of (K, cκ)
onto (V, ϕ). Since hξ = ξ∗h for ξ ∈ K, we see that A(ϕ) = {K, c}. We easily
see that K× = A+(ϕ)× ⊂ G(ϕ) and h ∈ G−(ϕ), and so, by Theorem 24.6(ii),
K× = G+(ϕ) and G(ϕ) = K× ∪K×h.

Next let α ∈ K× = G+(ϕ) and x = ξh ∈ V with ξ ∈ K. Then xτ(α) =
α−1ξhα = α−1αρx. Thus τ(α) as an element of EndF (Kh) is multiplication
by α−1αρ. Therefore SOϕ = τ

(
G+(ϕ)

)
=

{
η ∈ K× ∣

∣ ηηρ = 1
}

by Lemma
1.8, which is valid even when K = F ⊕ F. Also, τ(h)−1τ(α)τ(h) = τ(αρ)
for α ∈ K×. For η = α−1αρ = τ(α) ∈ SOϕ we have σ(η) = ααρ, and
so η ∈ S◦ if and only if ααρ = s2 with s ∈ F×. Put ζ = s−1α. Then
ζζρ = 1 and ζ−2 = η. By Lemma 1.8, ζ = γ−1γρ with γ ∈ K×. Then
η = ζ−1ζρ = τ(ζ) = τ(γ−1γρ) = τ(γ)−1τ(h)−1τ(γ)τ(h) ∈ Gc(V ). Thus
Gc(V ) = S◦(V ).

Next suppose n = 3. Let {hi}3i=1 be an F -basis of V such that ϕ(hi, hj)
= ciδij with ci ∈ F×. Put

g1 = h2h3, g2 = h3h1, g3 = h1h2, z = h1h2h3,

d = c1c2c3, T = Fg1 + Fg2 + Fg3, B = F + T.

Then z2 = −d ∈ δ0(ϕ), A+(ϕ) = B, K = F + Fz, and A(ϕ) = B + Bz. By
Theorem 23.8(ii), A(ϕ) = B ⊗F K, and B is a quaternion algebra over F.

Since g∗i = −gi, we see that α 	→ α∗ coincides with the main involution of
B, and so T = B◦. Since V = B◦z and ϕ[xz] = dxx∗ for x ∈ B◦, (V, ϕ)
is isomorphic to (B◦, dβ◦). We have b−1B◦b = B◦ for every b ∈ B×, and so
G+(ϕ) = B×.

As for S◦(V ), we have SO(ϕ) = τ
(
G+(ϕ)

)
= τ(B×), and xτ(β) = b−1xb

for b ∈ B× and x ∈ B◦. Thus, from (24.7a) we obtain

(25.3b) S◦(V ) = τ(B1), G1(ϕ) = B1 =
{
γ ∈ B× ∣

∣ γγι = 1
}
.

Therefore Lemma 20.9 shows that S◦(V ) = Gc(V ). This completes the proof.

25.3. Let us now discuss the case n = 4. The structure of (V, ϕ) depends
on δ0(ϕ) and also on whether or not ϕ is isotropic. We first prove easy facts
applicable to all cases:
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(25.4a) V =
{
x ∈ A−(V )

∣
∣x∗ = x

}
if dim(V ) = 4,

(25.4b) F + Fz =
{
x ∈ A+(V )

∣
∣x∗ = x

}
if dim(V ) = 4,

(25.4c) G±(V ) =
{
x ∈ A±(V )

∣
∣αα∗ ∈ F×} if dim(V ) = 4,

where z is as in Lemma 23.7. We can easily derive (25.4a) from the fact
that A−(V ) = V +

∑
i<j<k Feiejek with an orthogonal basis {ei}4i=1 of V ;

(25.4b) is similar. Clearly G±(V ) is contained in the right-hand side of (25.4c).
Conversely, let α ∈ A(V )×∩A±(V ). Then for x ∈ V we have α∗xα ∈ A−(V )
and (α∗xα)∗ = α∗xα, so that α∗xα ∈ V by (25.4a). If αα∗ ∈ F×, then
α−1xα ∈ V, so that α ∈ G(V ). This proves (25.4c).

(A) Let us now consider the case of isotropic ϕ. We can then put V =
U + Fe + Ff with a subspace U of dimension 2 and e, f as in (23.6a).
Then by Theorem 23.6, A(V ) resp. A+(V ) is isomorphic to M2

(
A(U)

)
resp.

M2

(
A+(U)

)
. Let K be the discriminant algebra of (V, ϕ), which is also the

discriminant algebra of (U, ϕ). By Lemma 25.2(i) and its proof we can put
A+(U) = K and U = Kh with an element h such that ha = a∗h for every
a ∈ K. Define Ξ : A(V ) → M2

(
A(U)

)
by (23.14) with h as g there. Then

from (23.10) we can easily derive that

(25.4d) Ξ(α∗) = J−1 · tΞ(α′)J for every α ∈ A(V ).

Now ξ 	→ J−1 · tξJ is the main involution of M2(K); see (20.11). Therefore if
we identify A+(V ) with M2(K), then (25.4d) shows that α 	→ α∗ is the main
involution of M2(K). Thus (25.4c) for G+(V ) can be written

(25.4e) Ξ
(
G+(V )

)
=
{
ξ ∈ GL2(K)

∣
∣ det(ξ) ∈ F×} and

ν(α) = det(ξ) if ξ = Ξ(α) with α ∈ G+(V ).

(B) Let us next treat the situation which will become necessary for our
later local analysis. We take a quaternion algebra B over F and put (V, ϕ) =
(B, dβ) with β as in §25.1 and d ∈ F×. We consider a map

(25.5a) p : B −→ M2(B) given by p(x) =
[

0 dx
xι 0

]

for x ∈ B.

Observe that p(x)2 = dxxι12 = ϕ[x]12. Now p(B) generates M2(B) over F.

Indeed, take two elements x and y of B such that xy = −yx ∈ B×. Then
p(xy)p(1) = d · diag[xy, yιxι] and p(x)p(yι) = d · diag[xy, −yιxι], so that
p(xy)p(1) + p(x)p(yι) = diag[2dxy, 0]. In this way we can easily verify that
the whole M2(B) can be generated by p(B) over F. By (23.1) we can thus
put M2(B) = A(V ) with V = p(B), that is,

(25.5b) V =
{[

0 dx
xι 0

] ∣
∣
∣
∣ x ∈ B

}

.

Then A+(V ) =
{
diag[a, b]

∣
∣ a, b ∈ B

} ∼= B ⊕B. For α =
[

p q
r s

]

∈M2(B) =
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A(V ), we have α∗ =
[

pι drι

d−1qι sι

]

, since this is so for every α ∈ V. If we

identify A+(V ) with B ×B in an obvious fashion, then

(25.6a) G+(V ) =
{
(a, b) ∈ B× ×B× ∣

∣ aaι = bbι
}
,

(25.6b) G1(V ) =
{
(a, b) ∈ B× ×B× ∣

∣ aaι = bbι = 1
}
,

ν
(
(a, b)

)
= aaι for (a, b) ∈ G+(V ), and p(x)τ(α) = p(a−1xb) for x ∈ B

and α = (a, b) ∈ G+(V ). Furthermore, G(V ) = G+(V ) ∪ G+(V )η with

η =
[

0 d
1 0

]

and p(x)τ(η) = p(xι) for every x ∈ V. The main involution ι

of B belongs to Oϕ and has determinant −1. Thus Oϕ is generated by SOϕ

and ι.

Theorem 25.4. (i) Given a nondegenerate quadratic space (V, ϕ) over
a field F of characteristic different from 2, suppose that dim(V ) = 4 and
1 ∈ δ0(ϕ). Then there exists a quaternion algebra B over F such that (V, ϕ)
is isomorphic to (B, dβ) with d ∈ F×, where β is the norm form of B.

(ii) Given (V, ϕ) over a local field F, suppose dim(V ) = 4 and ϕ is aniso-
tropic. Then 1∈δ0(ϕ) and (V, ϕ) is isomorphic to (B, β) with a division qua-
ternion algebra B over F, whose uniqueness is established in Theorem 21.22.

(iii) For a division quaternion algebra B over a local field F we have
{
y2

∣
∣ 0 �= y ∈ B◦} =

{
s ∈ F× ∣

∣ s /∈ F×2
}
.

(iv) If (V, ϕ) = (B, dβ), then Gc(V ) = S◦(V ), where the symbols are as in
§24.10.

Proof. To prove (i), take a decomposition V = U+Fe with an element e

such that e2 �= 0 and U = (Fe)⊥. By Lemma 25.2(ii) there exist a quaternion
algebra B over F and an isomorphism f of (B◦, dβ◦) onto (U, ϕ) with −d ∈
δ0(U, ϕ). Since 1 ∈ δ0(V, ϕ), we see that ϕ[e] = db2 with b ∈ F×. Define
α : B → V by (a + x)α = ab−1e + xf for a ∈ F and x ∈ B◦. Then
ϕ
[
(a+x)α

]
= a2b−2ϕ[e]+dxxι = dNB/F (a+x), and so α is an isomorphism

of (B, dβ) onto (V, ϕ). This proves (i).
To prove (iii), given 0 �= y ∈ B◦, put J = F [y]. Since y /∈ F, J is a quadratic

extension of F, and so y2 /∈ F×2. Conversely, let s ∈ F and s /∈ F×2. By
Theorem 21.23(ii), B contains a quadratic extension F [x] with an element x

such that x2 = s. Then xι = −x, so that x ∈ B◦. This proves (iii).
To prove (ii), take e, B, B◦, d, and f as in the proof of (i), without as-

suming that 1 ∈ δ0(ϕ). Put c = ϕ[e]. Since ϕ is anisotropic, B is a division
algebra by (25.3). Suppose c/d /∈ F×2; then by (iii), B◦ contains an element
z such that z2 = c/d. Then ϕ[e + zf ] = c + dzzι = 0, a contradiction, since
ϕ is anisotropic. Therefore c/d ∈ F×2, so that 1 ∈ δ0(ϕ). By (i), (V, ϕ) is
isomorphic to (B1, d1β1) with a quaternion algebra B1 and d1 ∈ F×, where
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β1 is the norm form of B1. By Theorem 21.23(i), d1 = bbι with some b ∈ B×
1 .

Then x 	→ b−1x gives the desired isomorphism.
To prove (iv), we first note that τ

(
G1(V )

)
= S◦(V ) as noted in (24.7a).

Thus, from (25.6b) we obtain

S◦(V ) =
{
τ(a, b)

∣
∣ a, b ∈ B1

}
, B1 =

{
x ∈ B× ∣

∣xxι = 1
}
.

Since Oϕ(V ) contains τ(a, b) for (a, b) ∈ B× × B× and τ(a, 1)τ(1, b) =
τ(a, b), our assertion of (iv) follows from Lemma 20.9.

Theorem 25.5. For a nondegenerate quadratic space (V, ϕ) over a local
field F the following assertions hold:

(i) If dim(V ) ≥ 4, then every element of F can be written ϕ[x] with some
x ∈ V.

(ii) If dim(V ) > 4, then ϕ is isotropic.

Proof. Take any subspace W of V of dimension 4 on which ϕ is non-
degenerate. If ϕ is isotropic on W, then the conclusions of both (i) and (ii)
are true; so assume that ϕ is anisotropic on W. By Theorem 25.4(ii), ϕ on
W is isomorphic to the norm form on a division quaternion algebra B over
F. Therefore, by Theorem 21.23(i), given any a ∈ F, we can find an element
x of W such that ϕ[x] = a, which proves (i). Assuming dim(V ) > 4, take
a = −ϕ[y] with any nonzero element y of W ⊥. Then ϕ[x + y] = 0. Since
x + y �= 0, this shows that ϕ is isotropic on V.

25.6. We have seen that

(25.7) G1(V ) =
{
α ∈ A+(V )×

∣
∣αα∗ = 1

}

at least for 1 ≤ n ≤ 4. Indeed, this is trivial for n = 1; the case n = 2 or 3 is
shown in Lemma 25.2, since G+(V ) = A+(V )× then; the formula in the case
n = 4 follows from (25.4c). Actually (25.7) is true also for n = 5 and 6. The
proof is given in [S06b, (7.5a) and (7.10)].

Before proceeding further, we note easy facts. Let B and C be quaternion
algebras over a field F and let β and γ be their norm forms. Then

(25.8) B ∼= C ⇐⇒ (B, β) ∼= (C, γ) ⇐⇒ (B◦, β◦) ∼= (C◦, γ◦).

Here the first ∼= is an isomorphism between F -algebras, and the latter two ∼=
are isomorphisms of quadratic spaces. The first =⇒ is obvious. The next =⇒
follows from the fact that B◦ = (Fε)⊥ with an element ε such that β[ε] = 1.

Finally A+(B◦, β◦) ∼= B, and so the last ∼= implies the first ∼= .

25.7. We now assume that F is a global field, that is, an algebraic number
field of finite degree, and use the symbols a, h, and v as in §§15.1 and 21.5.
For a nondegenerate quadratic space (V, ϕ) over F and v ∈ v we define a
quadratic space (V, ϕ)v = (Vv, ϕv) over Fv by putting Vv = V ⊗F Fv and
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denoting by ϕv the Fv-bilinear extension of ϕ to Vv × Vv. For simplicity we
will often write ϕ[y] for ϕv[y] with y ∈ Vv. We will eventually show that
the structures (V, ϕ)v for all v ∈ v determine (V, ϕ). In particular, (V, ϕ) is
isotropic if (V, ϕ)v is isotropic for every v ∈ v. In the rest of this section we
prove the special case in which F = Q and dim(V ) = 3. For this we need an
elementary result:

Lemma 25.8. Let (V, ϕ) be a nondegenerate quadratic space over Q of
dimension n and let L =

∑n
i=1 Zei with a Q-basis {ei}n

i=1 of V. Suppose ϕ as
a real quadratic form on V ⊗Q R has r positive and s negative eigenvalues.
Then L has a nonzero element x such that |ϕ[x]| ≤ Max(r, s)| det(Φ)|1/n,

where Φ =
(
ϕ(ei, ej)

)n

i,j=1
.

Proof. We have Φ = A · diag[1r, −1s] · tA with A ∈ GLn(R). Then
| det(A)|2 = | det(Φ)|. Let b = | det(A)|1/n. Then by Theorem 12.5(ii) there
exists ξ ∈ Z1

n, �= 0, such that |(ξA)i| ≤ b. Then |ξΦ · tξ| =
∣
∣∑r

i=1(ξA)2i −∑b
j=r+1(ξA)2i

∣
∣ ≤ Max(r, s)b2, and so we obtain our lemma.

Theorem 25.9. Let (V, ϕ) be a nondegenerate quadratic space over Q of
dimension 3 such that ϕv is isotropic for every v ∈ v. Then ϕ is isotropic.

Proof. By Lemma 25.2, (V, ϕ) ∼= (B◦, cβ◦) with a quaternion algebra
B over Q and c ∈ Q×. Our condition on ϕv means that B∞ ∼= M2(R)
and Bp

∼= M2(Qp) for every prime number p; see (25.3). Thus our aim is to
show that B ∼= M2(Q). Replacing ϕ by c−1ϕ, we may assume that c = 1. Let
L = B◦∩o with a maximal order o in B. By Lemma 21.7(ii), op is a maximal
order in Bp, and so by Lemmas 21.4 and 21.9, op = α−1

p M2(Zp)αp with
αp ∈ GL2(Qp). Thus αpLpα

−1
p =

{
x ∈M2(Zp)

∣
∣ tr(x) = 0

}
, and so β◦ on Lp

can be represented by diag
[

2−1

[
0 1
1 0

]

, −1
]

. Define Φ as in Lemma 25.8 for

the present L. Then det(Φ)Zp = 4−1Zp for every p and det(Φ) > 0, and so
det(Φ) = 4−1. Therefore that lemma guarantees an element y ∈ L, �= 0, such
that |ϕ[y]| ≤ 2 · 4−1/3 < 2. Since xxι ∈ Z for every x ∈ o, we have ϕ[y] = 0
or ±1. The matter is settled if ϕ[y] = 0. Suppose ϕ[y] = −1. Since yι = −y,

we have y2 = 1, and so (y − 1)(y + 1) = 0. if B is a division algebra, then
y ± 1 �= 0, a contradiction. Thus B ∼= M2(Q) in the case ϕ[y] = −1.

Suppose ϕ[y] = 1; let W = (Qy)⊥ and let ψ be the restriction of ϕ to
W. Since det(Φ) = 4−1, we see that −1 ∈ δ0(ψ). Thus, by Lemma 25.2(i),
(W, ψ) ∼= (K, −d−1κ) with K = Q(

√−1 ) and d ∈ Q×. We see that d > 0.

Replacing d by its suitable multiple, we may assume that d is a square-
free integer. Since d can be replaced by bd with any b ∈ NK/Q(K×), we
may assume that d = 1 or d is the product of prime numbers p such that
p+1 ∈ 4Z. If d = 1, then ψ[z] = −1 for some z ∈W, and so ϕ[y+z] = 0. Thus
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ϕ is isotropic as desired. Suppose d has a prime factor p such that p+1 ∈ 4Z.

Then Kp is unramified over Qp, and κ[x] �= dc2 for every x ∈ K×
p and every

c ∈ Q×
p by Theorem 9.10(ii), which means that (V, ϕ)p is anisotropic, a

contradiction. This completes the proof.

26. The Hilbert reciprocity law

26.1. We consider a number field F and its completion Fv at a fixed
v ∈ v. Here v = a ∪ h with a and h as in §21.5. Given b, c ∈ F×

v , we
consider a ternary form f(x, y, z) = x2 − by2 − cz2. We call an element
(x, y, z) �= (0, 0, 0) of F 3

v such that f(x, y, z) = 0 a nontrivial zero of f ;
we use the same terminology with F as the base field in place of Fv. We now
define a symbol (b, c)v as follows:

(26.0)
(b, c)v = 1 if x2 − by2 − cz2 has a nontrivial zero in F 3

v ,

(b, c)v = −1 otherwise.

This is called the Hilbert symbol and satisfies

(26.1) (b, c)v = (c, b)v,

(26.2) (b, c)v = 1 ⇐⇒ c ∈ NK/Fv
(K×), K = Fv(

√
b ).

The first fact is trivial. If
√

b ∈ Fv, then b is a square in Fv, and clearly
(b, c)v = 1. Suppose K = Fv(

√
b ) �= Fv. Suppose also (ξ, η, ζ) is a nontrivial

zero of x2 − by2 − cz2 in F 3
v . Then ζ �= 0 as b is not a square in Fv, and

c = NK/Fv

(
(ξ + η

√
b )/ζ

)
. Conversely, if c ∈ NK/Fv

(K×), then we easily see
that (b, c)v = 1. This proves (26.2). We also have

(26.3) (b, cc′)v = (b, c)v(b, c′)v,

(26.4) (bb′, c)v = (b, c)v(b′, c)v.

These can be proved as follows. If v is an imaginary archimedean prime,
then Fv = C and (b, c)v is always 1. If v is a real archimedean prime or
a nonarchimedean prime, then [F×

v : NK/Fv
(K×)] = 2 for every quadratic

extension K of Fv. This is trivial if v is real. For v nonarchimedean the
fact is given in Theorem 9.10(i). Therefore (26.3) follows from (26.2); (26.4)
follows from this and (26.1).

Theorem 26.2. Let F be a global field and let b, c ∈ F×. Then (b, c)v = 1
for almost all v ∈ v.

Proof. Let K = F (
√

b ). There is no problem if K = F, and so we assume
K �= F. Let v ∈ h. If v splits in K, then Fv(

√
b ) = Fv, and so (b, c)v = 1.

Suppose v is unramified and does not split in K; put Kv = K ⊗F Fv. Then
Kv = Fv(

√
b ), which is an unramified quadratic extension of Fv. Suppose also

c is a v-unit; then by Theorem 9.10(ii), c ∈ NKv/Fv
(K×

v ), and so (b, c)v = 1.
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Since there are only finitely many v ∈ h such that v is ramified in K or c

is not a v-unit, we obtain our theorem.

Theorem 26.3. Let F be a global field and let b, c ∈ F×; also, let K =
F (
√

b ) and Kv = K ⊗F Fv for v ∈ v. Then the following assertions hold:
(i) x2 − by2 − cz2 has a nontrivial zero in F 3 if (b, c)v = 1 for all v ∈ v.

(ii) If c ∈ NK/F (K×
v ) for all v ∈ v, then c ∈ NK/F (K×).

We easily see that x2 − by2 − cz2 has a nontrivial zero in F 3 if and only
if c ∈ NK/F (K×). (If the form has a nontrivial zero of the form (ξ, η, 0),
then K = F, and vice versa.) Therefore, in view of (26.2), (i) is equivalent to
(ii). In fact, let H be a cyclic extension of F of an arbitrary degree, and let
Hv = H ⊗F Fv. Then for c ∈ F× we have

(26.5) c ∈ NH/F (H×) if c ∈ NH/F (H×
v ) for every v ∈ v.

This is called the Hasse norm theorem and (ii) is a special case of (26.5).
We have proved (i) in Theorem 25.9 when F = Q, and consequently (ii) is

established when F = Q. Without proving either of them in the general case,
we will derive other facts from them. Thus our book is self-contained only
when F = Q. Also, we will eventually state a more general result in Theorem
27.2(i) below of which (i) is a special case. For a detailed discussion of the
Hasse norm theorem and the Hilbert reciprocity law stated below, the reader
is referred to any textbook on class field theory, [CF] for example.

Theorem 26.4. Let F be a global field and let b, c ∈ F×. Then

(26.6)
∏

v∈v

(b, c)v = 1.

The infinite product is meaningful because of Theorem 26.2. This formula
is called the Hilbert reciprocity law. Here we prove it only when F = Q.

Proof. In view of (26.3) and (26.4) it is sufficient to prove (26.6) when b

or c is a prime number or −1. Also, we can exchange b and c. Thus there
are four cases to be discussed: (A) b = c = −1; (B) b = −1 and c is a prime
number; (C) b is a prime number and c = b; (D) b and c are prime numbers
and b �= c. To find (b, c)v in each case, we check whether c ∈ NK/Qv

(K×),
where K = Qv(

√
b ). We invoke Theorem 9.10(ii), (9.2), (9.3), and the table

below (9.3), which we will call table T.
Case (A): b = c = −1. Clearly (−1, −1)v = −1 for archimedean v. By

Theorem 9.10(ii), −1 ∈ NK/Qp
(K×) for K = Qp(

√−1 ) if p is an odd prime
number, and so (−1, −1)p = 1 for such a p. Also from table T we see that
(−1, −1)2 = −1, which settles this case.

Case (B): b = −1 and c is a prime number. If c = 2, then x2−by2−cz2 =
x2 + y2 − 2z2, which has (1, 1, 1) as a zero. Thus we assume that c �= 2. By
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Theorem 9.10(ii), (−1, c)p = 1 if p is an odd prime number and p �= c. If
c−1 ∈ 4Z, then c splits in Q(

√−1 ), and so (−1, c)c = 1. If c+1 ∈ 4Z, then
Qc(

√−1 ) is an unramified quadratic extension of Qc, and so (−1, c)c = −1
by Theorem 9.10(ii). From table T we see that (−1, c)2 = −1 if and only if
c + 1 ∈ 4Z. Thus we obtain the desired result.

Case (C): b is a prime number and b = c. In this case we have (b, b)v =
(−b, b)v(−1, b)v, and (−b, b)v = 1, as (0, 1, 1) is a zero of x2 + by2 − bz2.

Thus
∏

v(b, b)v =
∏

v(−1, b)v, which is reduced to Case (B).
Case (D): b and c are prime numbers and b �= c. Clearly (b, c)v = 1

for archimedean v. Suppose b = 2. Then c �= 2 and table T shows that

(2, c)2 = −1 if and ony if c ± 3 ∈ 8Z, in which case
(

2
c

)

= −1 by (3.3),

and so c remains prime in Q(
√

2 ); thus (2, c)c = −1. By Theorem 9.10(ii),
(2, c)p = 1 for an odd prime number p �= c, and so our problem is settled when
b = 2. Finally suppose both b and c are odd and b �= c. By Theorem 9.10(ii),
(b, c)p = 1 for an odd prime number p different from b and c. Taking b to

be p of (9.2), we see that (b, c)b =
(

c

b

)

. Similarly (b, c)c = (c, b)c =
(

b

c

)

.

Thus
∏

v∈v

(b, c)v = (b, c)2(b, c)b(b, c)c = (b, c)2

(
c

b

)(
b

c

)

.

The first three lines of table T determine NK/Q2(K
×) for K = Q2(

√
b ). We

then find that (b, c)2 = −1 if and only if b ≡ c ≡ 3 (mod 4). Combining this
with the quadratic reciprocity law (3.5), we obtain the desired result. This
completes the proof.

26.5. Given a local or global field F and b, c ∈ F×, we define a quaternion
algebra {b, c} over F as follows:

(26.7) {b, c} =

{{
F (
√

b ), c
}

if [F (
√

b ) : F ] = 2,

M2(F ) otherwise.

For a quaternion algebra A over a global F and v ∈ v we put Av = A⊗v Fv.

Then we define εv(A) by

(26.8) εv(A) =

{
1 if Av

∼= M2(Fv),

− 1 otherwise.

We say that A is ramified at v if εv(A) = −1; otherwise we say that A

is unramified at v. By Theorem 21.22, εv(A) = −1 can happen exactly
in the following two cases: (a) v is real archimedean and Av

∼= H; (b) v

is nonarchimedean and Av is the unique division quaternion algebra over Fv

specified in Theorem 21.22. In all cases, εv(A) determines the isomorphism
class of Av over Fv. We also say that a prime ideal p in F is ramified in A
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if A is ramified at the prime v determined by p; otherwise we say that p is
unramified in A.

Theorem 26.6. (i) If A is a quaternion algebra over a global field F, then
εv(A) = 1 for almost all v ∈ v, and

∏
v∈v εv(A) = 1.

(ii) For A as in (i), A ∼= M2(F ) if εv(A) = 1 for every v ∈ v.

Proof. By Lemma 20.4 every quaternion algebra over F can be given as
{b, c} with some b, c ∈ F×. We now note that

(26.9) εv

({b, c}) = (b, c)v.

Indeed, let A = {b, c}. If εv(A) = 1, then
√

b ∈ Fv or
{
Fv(
√

b ), c
} ∼= M2(Fv),

which means that c ∈ NK/Fv
(K×) with K = Fv(

√
b ); thus (b, c)v = 1.

Conversely, following our argument in the opposite direction, we find that
εv(A) = 1 if (b, c)v = 1. This proves (26.9). Therefore (i) of our theorem
follows from Theorems 26.2 and 26.4.

As for (ii), there is no problem if A ∼= M2(F ). Otherwise by Lemma 20.4
we can put A = {K, c} with a quadratic extension K of F and c ∈ F×. Then
(ii) follows from Theorem 26.3 combined with Theorem 20.8(ii).

27. The Hasse principle

27.1. We now assume that F is a global field, that is, an algebraic number
field of finite degree, and use the symbols a, h, and v as before. We consider
a nondegenerate quadratic space (V, ϕ) over F ; we put n = dim(V ). For each
v ∈ v we define a quadratic space (V, ϕ)v = (Vv , ϕv) over Fv as in §25.7

Though we state the results for an arbitrary number field, our exposition
is self-contained only when F = Q, since we invoke Theorems 26.3 and 26.6,
which we proved only for F = Q. There is one more basic fact:

(27.1) If an element of F is square in Fv for every v ∈ v, then it is a square
in F.

This is clearly true if F = Q. In general, let K = F (
√

c ) with an element c

of F× that is not a square in F. Then there are infinitely many prime ideals
in F that remain prime in K. This implies (27.1), and follows from an easy
case of class field theory. Thus we employ (27.1) in addition to Theorems 26.3
and 26.4. Once we assume Theorem 26.4, then we obtain Theorem 26.6 as a
consequence.

In the rest of this section we show that the structure of (V, ϕ) is completely
determined by those of (Vv, ϕv) for all v ∈ v. We begin with

Theorem 27.2. (i) For (V, ϕ) as above, ϕ is isotropic if and only if ϕv

is isotropic for every v ∈ v.

(ii) If n ≥ 3, then ϕv is anisotropic only for finitely many v ∈ v.
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Proof. (I) We naturally assume n > 1. Clearly it is sufficient to prove
the “if”-part. Thus we assume that ϕv is isotropic for every v ∈ v. Then
our task is to show that ϕ is isotropic. Suppose n = 2; then by Lemma
22.7, − det(ϕ) ∈ F×2

v for every v ∈ v, and so − det(ϕ) ∈ F×2 by (27.1). By
Lemma 22.7, ϕ is isotropic as expected.

(II) Suppose n = 3; take B as in Lemma 25.2(ii) for the present (V, ϕ).
By (25.3), Bv is not a division algebra for every v ∈ v. By Theorem 26.6(ii),
B ∼= M2(F ), and consequently ϕ is isotropic, which proves the desired fact.

(III) Clearly it is sufficient to prove (ii) when n = 3. Take B as above.
Then by Theorem 26.6(i), Bv

∼= M2(Fv) for almost all v, and ϕv is isotropic
for such a v.

(IV) Suppose n = 4 and 1 ∈ δ0(ϕ). Then by Theorem 25.4(i), we can
put (V, ϕ) = (B, dβ) with a quaternion algebra B over F and d ∈ F×. For
every v ∈ v, ϕv is isotropic, so that Bv

∼= M2(Fv). By Theorem 26.6(ii),
B ∼= M2(F ), and so ϕ is isotropic as desired.

(V) Suppose n = 4 and 1 /∈ δ0(ϕ); let K be the discriminant field of ϕ.

Then K =F (δ) with δ2∈δ0(ϕ); thus [K : F ]=2. Put Y = V ⊗F K and denote
by ψ the K-bilinear extension of ϕ to Y ×Y. From our assumption on ϕv, we
see that the localizations of ψ are all isotropic. Since 1 ∈ δ0(ψ), we can apply
the result of (IV) to ψ to find that ψ is isotropic. Thus Y has an isotropic
element x + δy with x, y ∈ V. Then ϕ[x] + δ2ϕ[y] + 2δϕ(x, y) = 0, so that
ϕ[x] = −δ2ϕ[y] and ϕ(x, y) = 0. Suppose ϕ is anisotropic. If ϕ[x] = 0, then
x = y = 0, a contradiction. Therefore ϕ[x] �= 0, and so dim(Fx + Fy) = 2.

Put U = (Fx + Fy)⊥. Then δ2ϕ[y]2δ0(U, ϕ) = −ϕ[x]ϕ[y]δ0(U, ϕ) = δ0(V, ϕ),
which contains δ2, so that 1 ∈ δ0(U, ϕ). By Lemma 22.7, ϕ is isotropic on
U, a contradiction. This settles the case n = 4.

(VI) Let us finally prove the case n ≥ 5 by induction on n. Assuming
n ≥ 5, take a decomposition V = X ⊕ Y, Y = X⊥, with a 2-dimensional
subspace X of V on which ϕ is nondegenerate. Let p be the set of all v ∈ v
such that ϕv is anisotropic on Yv. Since dim(Y ) ≥ 3, p is a finite set by
(ii). If p = ∅, then by induction, ϕ is isotropic on Y ; so assume that p �= ∅.
Since ϕv is isotropic on Vv, we can find, for each v ∈ p, elements x ∈ Xv

and y ∈ Yv such that x + y �= 0 and ϕ[x] + ϕ[y] = 0. We may assume
that ϕ[x] �= 0. (This is clear if ϕ is anisotropic on Xv. Otherwise take any
y ∈ Yv, �= 0, and take x ∈ Xv so that ϕ[x] = −ϕ[y].) Put av = ϕ[x] for any
choice of such an x. Now F×2

v is open in F×
v for every v ∈ h by Lemma

21.12(ii), and also for every v ∈ a, as can easily be seen. By Lemma 15.3(ii),
X is dense in

∏
v∈p Xv, and so we can find z ∈ X such that ϕ[z] ∈ avF

×2
v for

every v ∈ p. Then −ϕ[z] ∈ ϕ[F×
v y], so that ϕv is isotropic on Fvz + Yv for

every v ∈ p, and for every v /∈ p as well, as ϕv is isotropic on Yv for v /∈ p.

Applying our induction to Fz +Y, we find that ϕ is isotropic on Fz +Y. This
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completes the proof.

Remark. As we said at the beginning, once we assume (27.1) and Theo-
rems 26.3 and 26.6, then we obtain Theorem 27.2 and all the results stated
in this section. Though we established (27.1) and Theorems 26.3 and 26.6
for F = Q, that is not enough for the proof of Theorem 27.2 when F = Q,

because we considered in (V) above a quadratic extension K of F. However,
we can give a proof without such an extension when F = Q. The fact that
requires a proof is: Let (V, ϕ) be a nondegenerate quadratic space over Q of
dimension 4 such that (V, ϕ)v is isotropic for every v ∈ v. Then (V, ϕ) itself
is isotropic. The proof of this fact will be given at the end of Section 29.
Once this is done, this book becomes self-contained when the base field is Q,

at least up to Section 32.

Theorem 27.3. Let (V, ϕ) and (W, ψ) be nondegenerate quadratic spaces
over a global field F. Then the following assertions hold:

(i) There exists an F -linear injection α of W into V such that ϕ[xα] =
ψ[x] for every x ∈ W if and only if there exists, for every v ∈ v, an Fv-linear
injection βv of Wv into Vv such that ϕv[yβv] = ψv[y] for every y ∈Wv.

(ii) Given c ∈ F, there exists an element z ∈ V such that ϕ[z] = c if and
only if c = ϕ[w] with some w ∈ Vv for every v ∈ v.

Proof. Clearly it is sufficient to prove the “if”-part of each assertion.
Suppose dim(W ) = 1; take a nonzero element e of W. If there exists an F -
linear injection α of W into V such that ϕ[eα] = ψ[e], then (W, −ψ)⊕(V, ϕ)
is isotropic and vice versa; the same is true with (Vv, Wv, Fv) in place of
(V, W, F ). (If ϕ is isotropic, then V has elements g, f such that g2 = f2 = 0
and gf + fg = 1, and so ϕ[cg + f ] = c for every c ∈ F. Thus (W, ψ) can be
embedded in (V, ϕ).) Therefore our assertion follows from Theorem 27.2.

To prove (ii), we may assume that c �= 0. Define (W, ψ) of dimension
1 by W = Fx and ψ[x] = c. If ϕv[w] = c with w ∈ Vv, then we define
βv : Wv → Vv by xβv = w. Clearly ϕv[yβv] = ψv[y] for every y ∈ Wv. Thus
we obtain (ii) from (i) with dim(W ) = 1.

We prove the general case of (i) by induction on dim(W ). We assume
the existence of βv as in our theorem for every v ∈ v. Take w ∈ W such
that ψ[w] �= 0. Then ψ[w] = ϕ[wβv] ∈ ϕ[Vv ] for every v ∈ v, and so
there exists an element z ∈ V such that ϕ[z] = ψ[w], by virtue of (ii).
Let X =

{
x ∈ V

∣
∣ϕ(z, x) = 0

}
and Y =

{
y ∈ W

∣
∣ψ(w, y) = 0

}
. Then

V = Fz ⊕ X and W = Fw ⊕ Y, so that Wvβv = Fvwβv ⊕ Yvβv. Since
ϕ[wβv] = ψ[w] = ϕ[z], Witt’s theorem says that (X, ϕ)v is isomorphic to the
orthogonal complement of Fvwβv in Vv, which contains Yvβv. This means
that for each v ∈ v there exists an Fv-linear injection γv of Yv into Xv such
that ϕ[uγv] = ψ[u] for every u ∈ Yv. By induction, there exists an F -linear
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injection δ of Y into X such that ϕ[yδ] = ψ[y] for every y ∈ Y. Extending
δ to W by wδ = z, we can complete the proof.

Corollary 27.4. Let (V, ϕ) and (W, ψ) be defined over a global field F

with nondegenerate ϕ and ψ. Then (V, ϕ) and (W, ψ) are isomorphic if and
only if (V, ϕ)v and (W, ψ)v are isomorphic for every v ∈ v.

This is merely a special case of Theorem 27.3(i) in which dim(V ) =
dim(W ).

The above theorem and corollary are due to Minkowski when F = Q, and
Hasse in the general case. For simplicity we call either of them the Hasse
principle.

Corollary 27.5. Let (V, ϕ) be defined over a global field F ; suppose n ≥ 4;
let c+ resp. c− be the set of all real archimedean primes v such that ϕv is
positive resp. negative definite. Then, for a ∈ F× there exists an element x

of V such that ϕ[x] = a if and only if a is positive at every v ∈ c+ (if
c+ �= ∅) and negative at every v ∈ c− (if c− �= ∅).

Proof. The “only if”-part is clear. The “if”-part follows from Theo-
rem 27.3(ii), Theorem 25.5(i), and an obvious fact about the values of ϕ at
archimedean primes.

Lemma 27.6. Let B be a quaternion algebra over an algebraic number
field F, and K a quadratic extension of F. If there is an Fv-linear ring-injection
of Kv into Bv for every v ∈ v, then there is an F -linear ring-injection of K

into B.

Proof. Define (B◦, β◦) as in §25.1. We have K = F (α), α2 = b ∈ F×,

with a suitable b. Let fv be an Fv-linear ring-injection of Kv into Bv. Put
ξv = fv(α). Then ξ2

v = b ∈ F× and ξv /∈ Fv, as α /∈ F. Therefore ξv ∈ B◦
v by

Lemma 20.7, and β◦[ξv] = −b. By Theorem 27.3(ii) we then have an element
ξ ∈ B◦ such that β◦[ξ] = −b. Define an F -linear map f of K into B by
f(α) = ξ. Since ξ2 = −ξξι = b, we easily see that f is a ring-injection. This
proves our lemma.

Theorem 27.7. Two quaternion algebras A and B over a global field F

are isomorphic over F if and only if εv(A) = εv(B) for every v ∈ v.

Proof. Suppose εv(A) = εv(B) for every v ∈ v. Then Av
∼= Bv for every

v ∈ v. Now A ∼= {K, γ} with a quadratic extension K of F and γ ∈ F×.

This was shown in Lemma 20.4 for a division quaternion algebra. Also, by
(20.6), M2(F ) ∼= {K, 1} with any quadratic extension K of F. Take K so
that A ∼= {K, γ}. Since Av

∼= Bv for every v ∈ v, there is an Fv-linear ring-
injection of Kv into Bv. By Lemma 27.6 there is an F -linear ring-injection of
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K into B. Then we can put B = {K, δ} with δ ∈ F×. Since Av
∼= Bv, we

have γ/δ ∈ NKv/Fv
(K×

v ) by Theorem 20.8(i) for every v ∈ v. By Theorem
26.3(ii), γ/δ ∈ NK/F (K×), and so A ∼= B by Theorem 20.8(i). This proves
our theorem.

Theorem 27.8. Let {δv}v∈v be a set of numbers indexed by v ∈ v with
the following properties: (1) δv = ±1; (2) δv = 1 for almost all v; (3) δv = 1
for every imaginary archimedean v; (4)

∏
v∈v δv = 1, that is, the number of

v’s for which δv = −1 is even. Then there exists a quaternion algebra A over
F such that εv(A) = δv for every v ∈ v.

Proof. We prove this only when F = Q. Let P be the set of prime
numbers p such that δp = −1. If P = ∅, then condition (4) shows that
δ∞ = 1. Then we can take A = M2(Q). Suppose P �= ∅. For each odd p ∈ P

take ap ∈ Z so that
(

ap

p

)

= −1. Then we can find a positive integer c

such that δ∞c − ap ∈ pZ for every odd p ∈ P. We can even take c so that
δ∞c − 1 ∈ 8Z if 2 /∈ P and δ∞c − 5 ∈ 8Z if 2 ∈ P. Now by Dirichlet’s
theorem on prime numbers in an arithmetic progression, we can take such a
c to be a prime number. Put K = Q(

√
δ∞c ). Then every p ∈ P remains

prime in K; see (10.13) and (10.14). Let m be the product of all p in P.

Then we take A = {K, m} if δ∞ = 1 and A = {K, −m} if δ∞ = −1. Clearly
ε∞(A) = δ∞. If p ∈ P, then Ap is of the type {J, π} of Theorem 21.22, and
so εp(A) = −1 = δp. Let p be a prime number for which δp = 1 and p �= c.

Then p is unramified in K and p does not divide m, and so εp(A) = 1. Thus
εv(A) = δv for every v �= c. From Theorem 26.6(i) and our condition (4) we
see that εc(A) = 1. This proves our theorem.

27.9. Let us illustrate the above theorem more explicitly when F = Q. Let
B be a division quaternion algebra over Q. We call B definite or indefinite
according as its norm form is definite or indefinite as a real quadratic form.
Thus B is definite if B ⊗Q R ∼= H and indefinite if B ⊗Q R ∼= M2(R).
The product of all prime numbers p such that εp(B) = −1 is called the
discriminant of B and written DB. The number of such p’s is even or
odd according as B is indefinite or definite. Using the notation introduced
in Theorem 21.27, we have d(B/Q) = DBZ and [õ : o] = D2

B for every
maximal order o in B. Let B = {K, γ} with a quadratic field K and γ ∈ Q×.

Then a prime number p divides DB only if Kp = K ⊗Q Qp is a field and
γ /∈ NKp/Qp

(K×
p ). If γ ∈ Z×

p , then such happens only when p is ramified in
K; see Theorem 9.10(ii).

Take for instance B =
{
Q(
√−1 ), −1

}
. Then B⊗QR = H. The only prime

number ramified in Q(
√−1 ) is 2, and so DB = 2. Let o0 = Z+Zi+Zj+Zk

with the standard quaternion units i, j, k as in (20.7). We can easily verify
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that õ0 = 2−1o0, and so [õ0 : o0] = 24. Thus o is not maximal. Put o =
Zf + o0 with f = 2−1(1 + i + j + k). We easily see that o is an order in B.

Since [o : o0] = 2, we have [õ0 : õ] = 2, and so [õ : o] = 4 = D2
B. Therefore, by

Theorem 21.27, o is a maximal order.

Lemma 27.10. Given a finite subset x of v that contains no imaginary
archimedean prime of F, we can find a quadratic extension of F in which every
prime of x is ramified.

Proof. We may assume that x contains at least one nonarchimedean
prime. Let a be the product of the prime ideals in F corresponding to the
nonarchimedean members of x. By Lemma 10.5(i) there exists an integral
ideal b prime to a such that ab = γg with γ ∈ F. Let M be a positive
integer divisible by ab and let y be the set of all real archimedean primes of
x. Then we can find an element ε such that ε− 1 ∈ Mg and εγ < 0 in Fv

for every v ∈ y. Then K = F (
√

εγ ) has the desired property.

Theorem 27.11. Let A and B be quaternion algebras over an algebraic
number field F. Then A ⊗ B ∼= M2(C) with a quaternion algebra C over F

such that εv(C) = εv(A)εv(B) for every v ∈ v.

Proof. Let x be the set of primes v ∈ v such that εv(A) = −1 or
εv(B) = −1. By Lemma 27.10 there exists a quadratic extension K of F in
which every v ∈ x is ramified. By Theorem 21.23 both Av and Bv contain
isomorphic images of Kv for every v ∈ x ∩ h. This is also true for v ∈ x ∩ a,

since Kv
∼= C for such a v, and C has an isomorphic image in H and M2(R).

If v /∈ x, then Av
∼= Bv

∼= M2(Fv), which contains an isomorphic image of Kv.

Therefore, by Lemma 27.6, K can be F -linearly embedded in A and B. Thus,
by Lemma 20.4 we have A ∼= {K, α} and B ∼= {K, β} with α, β ∈ F×. Then
our theorem follows from Theorem 20.8(iii), since εv

({K, αβ}) is determined
by the coset αβNKv/Fv

(K×
v ).

Theorem 27.12. Let F be either an algebraic number field or its comple-
tion at a prime v ∈ v, and (V, ϕ) a nondegenerate quadratic space over F of
dimension n. If 0 < n ∈ 2Z, then A(ϕ) ∼= Ms(B) with a quaternion algebra
B over F, where s = 2(n−2)/2. If 0 < n − 1 ∈ 2Z, then A+(ϕ) ∼= Mt(B)
with a quaternion algebra B over F, where t = 2(n−3)/2. In either case the
isomorphism class of B over F is determined by (V, ϕ).

Proof. For n ≤ 3 our assertions follow from Lemma 25.2. We prove the
general case when F is a number field by induction on n. Take any nonde-
generate quadratic space (V ′, ϕ′) over F of dimension 2. Suppose 0 < n ∈ 2Z
and A(ϕ) ∼= Ms(B) as stated above. Then by Lemma 23.10(ii), A(ϕ ⊕ ϕ′) ∼=
A(ϕ) ⊗F A(δϕ′) with δ ∈ δ0(ϕ). By Lemma 25.2(i), A(δϕ′) is a quaternion
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algebra over F, and so by Theorem 27.11, B⊗A(δϕ′) ∼= M2(D) with a quater-
nion algebra D over F, and so A(ϕ ⊕ ϕ′) ∼= M2s(D), which proves the case
of dimension n + 2. The case of odd n can be proved similarly; also the case
where F is a completion at a prime can be handled in a similar way by means
of Theorem 20.8(iii). The last assertion follows from Theorem 18.12.

We add here some classical facts on the quaternion algebra of §27.9.

Theorem 27.13. Let B =
{
Q(
√−1 ), −1

}
, o0 = Z + Zi + Zj + Zk, and

o = o0 + Zf as in §27.9. Then the following assertions hold:
(i) Every right or left o-ideal is principal in the sense that it is of the form

αo or oα with α ∈ B×.

(ii) Every maximal order in B is of the form αoα−1 with α ∈ B×.

Proof. To prove (i), take any right o-ideal a. Replacing it by its suitable
integer multiple, we may assume that a ⊂ o. Let α be an element of a

with the smallest nonzero value of |α|, where |α| = (ααι)1/2. Let ξ ∈ a and
α−1ξ = p+qi+rj+sk with p, q, r, s ∈ Q. Taking integers closest to p, q, r, s,

we can find an element β of o0 such that |α−1ξ− β| ≤ 1. Put γ = α−1ξ− β.

Then αγ = ξ − αβ ∈ a. If |γ| < 1, then |αγ| < |α|, and so αγ = 0 because
of our choice of α. Then ξ = αβ ∈ αo. Suppose |γ| = 1. This can happen
only when γ = ε0 + ε1i + ε2j + ε3k with εj = ±1/2. Changing β suitably,
we may assume that α−1ξ − β = f . Then ξ = α(β + f) ∈ αo. This proves
that α = αo. The case of a left o-ideal can be handled in a similar way. This
proves (i).

Next, let o′ be a maximal order in B. Put a = o′o. Clearly a is a right
o-ideal, and so a = αo with some α ∈ B× by (i). Then

o′ ⊂ {
ξ ∈ B

∣
∣ ξa ⊂ a

} ⊂ {
ξ ∈ B

∣
∣ ξαoα−1 ⊂ αoα−1

}
= αoα−1.

Since o′ is maximal and αoα−1 is an order, we obtain o′ = αoα−1. This
proves (ii).

Theorem 27.14. (i) Every natural number is the sum of four squares.
(ii) A positive integer q is the sum of three squares if and only if q = r2s

with r ∈ Z and a square-free positive integer s such that s + 1 /∈ 8Z, which
is so if and only if the prime 2 does not split in Q(

√−q ).

Here a square means the square of an integer including zero.

Proof. Let the notation be as in Theorem 27.13. Since NB/Q restricted
to o0 is the sum of four squares and NB/Q : B×∩o0 → Q× is a multiplicative
map, to prove (i), it is sufficient to show that every prime number p is of the
form p = ααι for some α ∈ o0. This is so for p = 2, as 2 = (1+i)(1+i)ι. Thus
we have only to consider an odd prime number p. Since p is unramified in B,

there is an isomorphism of Bp onto M2(Qp) that maps op onto M2(Zp), as
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observed in the proof of Theorem 21.27. Thus we can find an element αp of
op such that αpα

ι
p = p. By Lemma 21.6, there exists a Z-lattice a in B such

that ap = αpop and aq = oq for every prime number q �= p. Then a is a right
o ideal, and so by Theorem 27.13(i), a = αo with α ∈ B×. By Lemma 21.26,
ααι = [o : a]1/2 = p. Since o = o0 + Zf , we can put α = δ + cf with δ ∈ o0

and c ∈ Z. If c is even, then α ∈ o0, and the matter is settled. Suppose c is
odd. Then we have 2α = m0+m1i+m2j+m3k with odd integers mi. We can
put mi = 4bi + εi with bi ∈ Z and εi = ±1. Put β = b0 + b1i+ b2j+ b3k and
γ = (1/2)(ε0 + ε1i + ε2j + ε3k). Then α = 2β + γ, and so αγι = 2βγι + γγι.

Since γγι = 1 and 2βγι ∈ o0, we have αγι ∈ o0 and NB/Q(αγι) = p, Thus
p is the sum of four squares. This proves (i).

As for (ii), we consider (B◦, β◦). We observe that o ∩ B◦ = o0 ∩ B◦ =
Zi + Zj + Zk, and β◦ restricted to o0 ∩B◦ is the sum of three squares. Thus
our question is whether a given positive integer q belongs to β◦[o0∩B◦]. Put
K = Q(

√−q ). Suppose q = γγι with γ ∈ B◦; then q = −γ2, and so Q[γ] is
isomorphic to K. Conversely, suppose K has an isomorphic image in B. Then
B contains an element ξ such that ξ2 = −q. By Lemma 20.7, ξ ∈ B◦. We
can find an order in B containing Z[ξ], a fact whose proof we leave to the
reader as an easy exercise. Thus, by Lemma 21.7(i), Z[ξ] is contained in a
maximal order, which, by Theorem 27.13, is of the form αoα−1 with α ∈ B×.

Put η = α−1ξα. Then η ∈ o∩B◦ = Zi+Zj+Zk and q = ηηι. Thus q is the
sum of three squares if and only if K has an isomorphic image in B, which,
by Lemma 27.6, is so if and only if Kp can be embedded in Bp for every prime
number p. (Notice that K ⊗Q R = C, which is embedded in B ⊗Q R = H.)
If p �= 2, then Bp = M2(Qp), and this imposes no condition on q. If p = 2,

however, B2 is a division algebra, and K2 must be a field. If K2 is a field, it
has an isomorphic image in B2 by Theorem 21.23(ii). Thus the condition on
q is that 2 does not split in K = Q(

√−q ). Let q = r2s with r ∈ Z and a
square-free poitive integer s. Then 2 splits in K if and only if s + 1 ∈ 8Z by
(10.14), since m there is −s. Thus the condition for q is that s + 1 /∈ 8Z.

This proves (ii) and completes the proof.

Corollary 27.15. Every positive integer is the sum of three triangular
numbers. (Here a triangular number means an integer of the form m(m +
1)/2 with 0 ≤ m ∈ Z.)

Proof. Given n ∈ Z, > 0, put 8n+3 = r2s with r ∈ Z and a square-free
positive integer s. Then r is odd, and so s − 3 ∈ 8Z. By Theorem 27.14(ii)
we can put 8n + 3 =

∑3
i=1 k2

i with 0 ≤ ki ∈ Z. Then ki is odd for every i.

Indeed, suppose k3 ∈ 2Z. Then k2
1 + k2

2 − 3 ∈ 4Z, which is impossible. Thus
ki = 2mi + 1 with mi ∈ Z for 1 ≤ i ≤ 3. Then n =

∑3
i=1 mi(m1 + 1)/2,

which gives the desired result.
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We note that Theorem 27.14(i) is due to Lagrange; Theorem 27.14(ii) and
Corollary 27.15 were proved by Gauss. We will discuss more about the sums
of three squares in §34.3 and Theorem 37.5.

We mention here a result due to the author [S04a, Theorem 5.4] with the
hope that future researchers will find an elementary proof. The original proof
requires a rather involved analysis.

Theorem 27.16. Every positive integer is the sum of three integers each
of which is of the form (3m2 −m)/2 with m ∈ Z.

Traditionally a number of the form (3m2−m)/2 with 0 < m ∈ Z is called a
pentagonal number, but the case m ≤ 0 is included in the above theorem.





CHAPTER VI

DEEPER ARITHMETIC OF QUADRATIC FORMS

28. Classification of quadratic spaces over local and global fields

28.1. Let F be either an algebraic number field or its completion at a prime
v ∈ v, and (V, ϕ) a nondegenerate quadratic space over F of dimension n. We
then define the characteristic (quaternion) algebra of (V, ϕ) as follows.
This is a quaternion algebra Q(ϕ) over F such that

(28.1a) A(ϕ) ∼= Ms

(
Q(ϕ)

)
if 0 < n ∈ 2Z,

(28.1b) A+(ϕ) ∼= Ms

(
Q(ϕ)

)
if 1 < n /∈ 2Z,

with 0 < s ∈ Z. The existence and uniqueness of such a Q(ϕ) were proved in
Theorem 27.12. We put Q(ϕ) = M2(F ) if n = 1. In view of Theorem 23.6,
Q(ϕ) depends only on the isomorphism class of core subspaces of (V, ϕ).

If we start from (V, ϕ) over a global field and define (V, ϕ)v = (Vv, ϕv)
for each v ∈ v as in §§25.7 and 27.1, then clearly A(ϕv) = A(ϕ)v and
A+(ϕv) = A+(ϕ)v , and so Q(ϕv) = Q(ϕ)v, where we put Rv = R ⊗F Fv

for any F -algebra R. Also, if K is the discriminant algebra of (V, ϕ), then Kv

is the discriminant algebra of (V, ϕ)v.

To simplify our notation, given a field F and a symmetric element Φ ∈
GLn(F ), we denote by 〈F, Φ〉 the quadratic space (F 1

n , ϕ) with ϕ defined by
ϕ[x] = xΦ · tx for x ∈ F 1

n . We then put Q(Φ) = Q(ϕ).

28.2. Let us now determine the discriminant algebra and characteristic
algebra when F is a local field in the sense of §21.1, that is, the completion of
an algebraic number field at a nonarchimedean prime. Given (V, ϕ) over such
an F, denote by t its core dimension, and by K0 resp. K its discriminant field
resp. algebra. By Theorem 25.5(ii) we have t ≤ 4. Also, by Theorem 21.22,
there is only one isomorphism class of division quaternion algebras over a fixed
F. Thus Q(ϕ) is either this unique division quaternion algebra, or M2(F ).

We have n = 2r + t with 0 ≤ r ∈ Z and (V, ϕ) = 〈F, 2−1ηr〉 ⊕ (Z, ζ)
with ηr as in (22.6) and a core subspace Z of dimension t. Then K is the
discriminant algebra of (Z, ζ), and Q(ϕ) = Q(ζ).
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Let us now determine Q(ϕ) for a given (V, ϕ) of dimension n ≤ 4, without
assuming that ϕ is anisotropic. We first consider the case of even n. If n = 0,

then A(ϕ) = F ; thus we have Q(ϕ) = M2(F ) and K = F ⊕ F.

If n = 2, then by Lemma 25.2(i), (V, ϕ) ∼= (K, sκ) with s ∈ F×; also,
A(ϕ) ∼= {K, s}. Thus Q(ϕ) = {K, s}; ϕ is anisotropic if and only if K is a
field. If K = F ⊕ F, then Q(ϕ) ∼= M2(F ); if K is a field, then by Theorem
20.8(ii), {K, s} ∼= M2(F ) if and only if s ∈ NK/F (K×). Thus, for n = 2 we
have

(28.2) Q(ϕ) = M2(F ) ⇐⇒ 1 ∈ ϕ[V ]

⇐⇒ (V, ϕ) ∼= 〈F, diag[a, 1]〉 with a ∈ F×.

Suppose n = 4; then t = 0, 2, or 4. The case t = 0 or 2 can be reduced to
the case n = 0 or 2 we already discussed. Let us now assume that 1 ∈ δ0(ϕ),
with no condition on t. This is the case if t = 4, in view of Theorem 25.4(ii).
By Theorem 25.4(i), (V, ϕ) ∼= (B, dβ) with d ∈ F× and a quaternion algebra
B over F. By Theorem 21.23(i) we can find an element α ∈ B such that
ααι = d. Then the map x 	→ xα−1 gives an isomorphism of (B, β) onto
(B, dβ). Thus (V, ϕ) ∼= (B, β) if 1 ∈ δ0(ϕ). As shown in §25.3 (B), A(ϕ) ∼=
M2(B). Thus Q(ϕ) = B.

Next suppose n /∈ 2Z. If n = 1, then (V, ϕ) ∼= 〈F, c〉 with c ∈ F×, and
A+(ϕ) = F. Thus Q(ϕ) = M2(F ) and K0 = F (c1/2).

If n = 3, then by Lemma 25.2(ii), A+(ϕ) is a quaternion algebra B over F,

and (V, ϕ) ∼= (B◦, −δβ◦) with δ ∈ δ0(ϕ). Thus Q(ϕ) = B and K0 = F (δ1/2);
ϕ is anisotropic if and only if B is a division algebra.

Theorem 28.3. (i) The isomorphism class of a nondegenerate quadratic
space (V, ϕ) over a nonarchimedean local field F is completely determined by
K0, Q(ϕ), and n.

(ii) Suppose n > 2; then for each δ ∈ F× and a quaternion algebra B

over F, there exists a quadratic space (V, ϕ) of dimension n over F such that
δ ∈ δ0(ϕ) and Q(ϕ) = B. The same holds for n = 2 under the assumption
that B = M2(F ) if δ ∈ F×2.

Proof. Let (Z, ζ) be a core subspace of (V, ϕ) and t = dim(Z) as in §28.2.
Since the isomorphism class of (V, ϕ) is determined by (Z, ζ) and n, it is suf-
ficient to show that (Z, ζ) is determined by K0, Q(ζ), and t (mod 2). Suppose
t ∈ 2Z. Then K0 �= F if and only if t = 2, in which case (Z, ζ) ∼= (K, sκ)
as in §28.2. The isomorphism class of (K, sκ) is determined by sNK/F (K×).
Now Q(ζ) = {K, s}, whose isomorphism class is determined by sNK/F (K×).
Thus, if K0 = K, then Q(ζ) determines (Z, ζ), and vice versa. Suppose
K0 = F still with t ∈ 2Z. Then t = 0 or t = 4 according as Q(ζ) ∼= M2(F )
or Q(ζ) � M2(F ). In the latter case, (Z, ζ) ∼= (B, β) with B = Q(ζ) as
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explained in §28.2. Thus (Z, ζ) is determined by Q(ζ) and K0 if t ∈ 2Z.

Next suppose t /∈ 2Z. Then t = 1 or t = 3 according as Q(ζ) ∼= M2(F ) or
Q(ζ) � M2(F ). Then (Z, ζ) is determined by K0 as explained in §28.2. Thus
we obtain (i).

To prove (ii), let a quaternion algebra B over F and δ ∈ F× be given. First
suppose n is odd; put n−3 = 2r and (V, ϕ) = 〈F, ηr〉⊕ (Z, ζ) with (Z, ζ) =
(B◦, −δβ◦). As shown in §28.2, δ ∈ δ0(ζ) and B = Q(ζ), which settles the
question, as δ0(ζ) = δ0(ϕ) and Q(ϕ) = Q(ζ). Next, suppose 0 < n ∈ 2Z. For
a given δ define K0 and K by (22.8) and (22.9). If K is a field, then put
(V, ϕ) = 〈F, ηr〉⊕ (K, cκ) with r = (n− 2)/2 and the norm form κ of K; we
take c ∈ F× so that B = {K, c}, which is feasible. Then δ ∈ δ0(cκ) = δ0(ϕ)
and Q(ϕ) = Q(cκ) = {K, c} = B. Suppose K = F ⊕ F. If n = 2, then
〈F, η1〉 gives the desired space. If n > 2, put (V, ϕ) = 〈F, ηs〉⊕ (B, β), where
s = (n − 4)/2. Then 1 ∈ δ0(β) = δ0(ϕ) and Q(ϕ) = Q(β) = B as expected.
This completes the proof.

28.4. The isomorphism class of nondegenerate quadratic spaces over C is
completely determined by the dimension, and the characteristic quaternion
algebra is always M2(C).

The problem with R as the base field is not so trivial. Let (V, ϕ) be a
nondegenerate quadratic space over R of dimension n. Then (V, ϕ) is iso-
morphic to 〈R, diag[1p, −1q]〉 with two nonnegative integers p and q such
that p + q = n; we naturally ignore 10. We then put s(ϕ) = p − q. Clearly
|s(ϕ)| ≤ n and n− s(ϕ) ∈ 2Z, and so δ/|δ| for δ ∈ δ0(ϕ) equals (−1)s(ϕ)/2 if
n ∈ 2Z, and (−1)(s(ϕ)−1)/2 if n /∈ 2Z. The isomorphism class of (V, ϕ) over
R is completely determined by n and s(ϕ).

There are exactly two isomorphism classes of quaternion algebras over R,

represented by M2(R) and the division ring H of Hamilton quaternions.

Theorem 28.5. For (V, ϕ) over R as above, we have

(28.3a) Q(ϕ) =

{
M2(R) if n ∈ 2Z and s(ϕ) ≡ 0 or 2 (mod 8),

H if n ∈ 2Z and s(ϕ) ≡ 4 or 6 (mod 8),

(28.3b) Q(ϕ) =

{
M2(R) if n /∈ 2Z and s(ϕ) ≡ ±1 (mod 8),

H if n /∈ 2Z and s(ϕ) ≡ ±3 (mod 8).

Proof. The structure of Q(ϕ) can be reduced to the case of anisotropic
ϕ. Indeed, Q(ϕ) = Q(1s(ϕ)) if s(ϕ) > 0 and Q(ϕ) = Q(−1|s(ϕ)|) if s(ϕ) < 0;
Q(ϕ) = M2(R) if s(ϕ) = 0. Therefore it is sufficient to determine Q(ϕ)
for ϕ = ±1n. For (V, ϕ) = 〈Q, ε1n〉 with ε = ±1 let K be its discriminant
algebra. Our task is to determine Q(ϕ)a. We do this by investigating Q(ϕ)p =
Q(ϕ)⊗Q Qp for each prime number p. Then from Theorem 26.6(i) we obtain
Q(ϕ)a. We first observe that K = Q ⊕ Q if n ∈ 4Z or n − ε ∈ 4Z, and
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K = Q(
√−1 ) otherwise. Let tp be the core dimension of (V, ϕ)p. Clearly tp

depends only on n and p, and not on ε. There are several easy facts.

〈Q, 12〉 ∼= (K, κ) with K = Q(
√−1 ) and its norm form κ; (K, κ)p is

split if and only if p− 1 ∈ 4Z.

〈Qp, 14〉 ∼= (B, β)p
∼= 〈Qp, c14〉 for every c ∈ Q×

p , where B is the quater-
nion algebra over Q whose norm form β is the sum of four squares; see
§27.9 and Theorem 21.23(i).

As noted in §27.9, DB = 2 for the above B, and so Bp is a division algebra
if and only if p = 2. Clearly 〈Q, 13〉 = (B◦, β◦) with the same B. Thus the
core dimension of 〈Qp, c13〉 is 1 for every c ∈ Q×

p if p �= 2; 〈Q2, c13〉 is
anisotropic for every c ∈ Q× if p = 2.

If n = 4s + r with 0 ≤ r ≤ 3 and p �= 2, then Q(1n)p = Q(1r)p. We also
observe that 〈Qp, 14〉 ∼= 〈Qp, −14〉, and so 〈Qp, 18〉 ∼= 〈Qp, diag[14, −14]〉,
which is split for every p. For 4 < a < 8 and a− 4 = b we have

〈Qp, 1a〉 ∼= 〈Qp, diag[1b, −14]〉 ∼= 〈Qp, diag[1b, −1b]〉 ⊕ 〈Qp, −18−a〉,
and so Q(1a)p = Q(−18−a) for 4 < a < 8 and every p.

From these observations we can easily derive that

(28.4a) p �= 2 : tp =

⎧
⎪⎨

⎪⎩

1 if n /∈ 2Z,

2 if n− 2 ∈ 4Z and p− 3 ∈ 4Z,

0 otherwise,

(28.4b) p = 2 : tp = a if n± a ∈ 8Z, 0 ≤ a ≤ 4.

If n − 2 ∈ 4Z and p �= 2, then (V, ϕ)p can be reduced to (K, εκ)p

with K = Q(
√−1 ), and so Q(ϕ)p = Q(εκ)p = {Kp, ε} = M2(Qp), as

ε ∈ NKp/Qp
(K×

p ). Similarly if p = 2 and n − 2 ∈ 8Z, then K = Q(
√−1 )

and Q(ϕ)2 = Q(ε12)2 = {K, ε}2, which is M2(Q2) if and only if ε = 1. Sup-
pose p = 2 and n − 6 ∈ 8Z. We have seen that Q(ε16) = Q(−ε12), and so
Q(ϕ)2 =

{
K, −ε

}
2
, which is M2(Q2) if and only if ε = −1.

To sum up, Q(ϕ)p is a division algebra exactly when p = 2 and n ≡ ±3, 4,

or −2ε (mod 8). Thus Q(ϕ) is unramified at every p �= 2, and so by Theorem
26.8(i) (or as explained in §27.9) Q(ϕ)a = H if and only if Q(ϕ)2 is a division
algebra, that is, if and only if n ≡ ±3, 4, or −2ε (mod 8). From this we obtain
(28.3a, b) when |s(ϕ)| = n, from which we can easily derive the general case
as we said at the beginning. This completes the proof.

We can also give a proof more directly and inductively by means of Lemma
23.10. There is one more type of proof given in [S04b, Section A3].

28.6. We now consider a nondegenerate quadratic space (V, ϕ) over a
global field F. We denote by r the subset of a consisting of all the real
archimedean primes. For each v ∈ r we put sv(ϕ) = s(ϕv), where s(ϕv) is
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determined as in §28.4. Namely, sv(ϕ) = pv − qv when (V, ϕ)v is isomorphic
to 〈R, diag[1pv , −1qv ]〉. We call sv(ϕ) the index of ϕ at v.

Theorem 28.7. (i) Two nondegenerate quadratic spaces over F of dimen-
sion n and n′ have isomorphic core subspaces if and only if n−n′ ∈ 2Z and
they have the same discriminant field, the same characteristic algebra, and
the same index at every v ∈ r.

(ii) The isomorphism class of a nondegenerate quadratic space (V, ϕ) over
F is determined by its dimension, discriminant field, characteristic algebra
Q(ϕ), and sv(ϕ) for all v ∈ r.

Proof. Once the dimension, the discriminant field, and Q(ϕ) are given,
then by Theorem 28.3, the isomorphism class of (Vv, ϕv) for every v ∈ h is
determined. This together with the index at each v ∈ r determines (V, ϕ)
over F by the Hasse principle, which proves (ii). Next, the “only if”-part
of (i) is obvious. Let (V, ϕ) and (V ′, ϕ′) be nondegenerate quadratic spaces
over F of dimension n and n′ with the same set of data as in (i); suppose
0 ≤ n′ − n ∈ 2Z. Let (V ′′, ϕ′′) = (V, ϕ)⊕ 〈F, ηr〉 with r = (n′ − n)/2. Then,
by (ii), (V ′′, ϕ′′) must be isomorphic to (V ′, ϕ′). This proves the “if”-part of
(i).

28.8. We are going to show the existence of (V, ϕ) with a given set of data
(n, K0, B, {σv}v∈r) consisting of the following objects:

(28.5a) 0 < n ∈ Z; an extension K0 = F (δ1/2) of F with δ ∈ F×; a quaternion
algebra B over F ; an integer σv such that |σv| ≤ n and σv − n ∈ 2Z
for each v ∈ r.

We also put

(28.5b) K = K0 if [K0 : F ] = 2, K = F ⊕ F if K0 = F,

and Kv = K ⊗F Fv for v ∈ v.

Our task is to find a quadratic space (V, ϕ) over F of dimension n such
that K is its discriminant algebra, B = Q(ϕ), and σv = sv(ϕ). These data
cannot be arbitrary. Indeed, let B = Q(ϕ) and σv = sv(ϕ) for v ∈ r. In view
of Theorem 28.5, we have to asssume:

(28.6a) n even : Bv =

{
M2(R) if σv ≡ 0 or 2 (mod 8),

H if σv ≡ 4 or 6 (mod 8),

(28.6b) n odd : Bv =

{
M2(R) if σv ≡ ±1 (mod 8),

H if σv ≡ ±3 (mod 8).

If n = pv + qv and σv = pv − qv, then (−1)(n/2)+qv = (−1)σv/2. Therefore,
for δ as in (28.5a), we have obvious conditions:
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(28.7a) n even : (−1)σv/2δ > 0 at each v ∈ r,

(28.7b) n odd : (−1)(σv−1)/2δ > 0 at each v ∈ r.

Now the main theorem of the existence of a quadratic space with a given
set of data can be stated as follows.

Theorem 28.9. Given a set of data as in (28.5a, b) with n > 2, there
exists a quadratic space (V, ϕ) over F of dimension n such that K is the
discriminant algebra of ϕ, B = Q(ϕ), and σv = sv(ϕ) for every v ∈ r, if
and only if (28.6a, b) and (28.7a, b) are satisfied. Such a (V, ϕ) exists even
for n = 1 or 2 if and only if condition (28.8a) or (28.8b) below is satisfied in
addition to (28.6a, b) and (28.7a, b):

(28.8a) B = M2(F ) if n = 1;

(28.8b) if n = 2, v ∈ h, and Bv is a division algebra, then Kv is a field.

We have to prove only the “if”-part. We devote §§28.11 and 28.12 to the
proof. We first insert here an auxiliary result.

Lemma 28.10. Given a quaternion algebra B over an arbitrary field F

of characteristic different from 2, h ∈ F×, and δ ∈ F×, put K0 = F (δ1/2)
and define (V, ϕ) so that (V, hϕ) = 〈F, 1〉⊕(B◦, δβ◦). Then the discriminant
field of ϕ is K0 and A(ϕ) ∼= B ⊗F {K, h}, where K is as in (28.5b).

Proof. We easily see that K0 is the discriminant field of ϕ and K is the
discriminant algebra of ϕ. Let f be the element 1 in 〈F, 1〉 viewed as an
element of V. Put e = hf. Since hϕ[f ] = 1, we have ϕ[e] = h. Also, since
ϕ(e, B◦) = 0, e commutes with every element of A+(δB◦). Put w = g1g2g3

and z = ew with an orthogonal basis {gi}3i=1 of (B◦, δβ◦). Then we can take
z to be the element z of Lemma 23.7 for (V, ϕ). Taking δβ◦ and 1 to be ϕ

and ϕ′ of Lemma 23.10, we obtain A+(hϕ) = A+(δβ◦)⊗C with C = F +Fz.

(Observe that A+(ϕ′) = F and A−(ϕ′) = Fe, and w here gives z there.)
We have ez = −ze and z∗ = −z. Thus C + Ce ∼= {C, h}. Put D = A+(δβ◦).
By Lemma 24.9 we have A+(hϕ)∼=A+(ϕ), and so A(ϕ)=A+(ϕ)=A+(ϕ)e∼=
D⊗(C + Ce) = D⊗ {C, h}. Since D ∼= B and C ∼= K, we obtain our lemma.

28.11. We first prove Theorem 28.9 for n ≤ 4. If n = 1, we have (V, ϕ) =
〈F, δ〉 and Q(ϕ) = M2(F ). Clearly (28.6b), (28.7b), and (28.8a) are necessary
and sufficient.

Suppose n = 2; then the discussion of §28.2 shows that K must be em-
beddable in Q(ϕ), and so (28.8b) is necessary. Conversely, suppose (28.6a),
(28.7a), and (28.8b) are satisfied; suppose also that K0 = F. Then σv = 0
for v ∈ r by (28.7a), and so Bv = M2(R) for v ∈ r by (28.6a). Also, (28.8b)
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implies that Bv = M2(Fv) for every v ∈ h. Therefore B ∼= M2(F ) by Theo-
rem 26.8(ii). We take (V, ϕ) to be the split space 〈F, η1〉. Clearly this gives
the desired space.

Next suppose K0 �= F. If v ∈ r and Bv = H, then (28.6a) shows that
σv = −2, and so Kv = C by (28.7a). This combined with (28.8b) and Lemma
27.6 means that K can be F -linearly embedded into B. Thus, by Lemma 20.4,
B = {K, r} with some r ∈ F×. Take (V, ϕ) = (K, rκ). Then, as shown in
§28.2, K is the discriminant algebra and Q(ϕ) = B. Comparing conditions
(28.6a) and (28.7a) with (28.3a),we see that σv = sv(ϕ) for every v ∈ r as
expected.

If n = 3, we take (V, ϕ) = (B◦, −δβ◦). Then, as shown in Lemma 25.2(ii),
A+(ϕ) ∼= B and K0 is its discriminant field. From (28.6b), (28.7b), and
(28.3b) we see that sv(ϕ) = σv for every v ∈ r. This settles the case n = 3.

In the case n = 4 we determine (V, ϕ) by

(28.9) (V, hϕ) = 〈F, 1〉 ⊕ (B◦, δβ◦).

Here we take h ∈ NK/F (K×) so that h < 0 at every v ∈ r such that σv = −4
and h > 0 at all other v ∈ r. Such an h exists, because Kv = R ⊕ R if
σv = −4 and K is dense in K⊗Q R. We can easily verify that sv(ϕ) = σv for
every v ∈ r. Moreover, K is the discriminant algebra of ϕ and A(ϕ) ∼= M2(B)
by Lemma 28.10.

28.12. Let us now prove the case 6 ≤ n ∈ 2Z by induction on n. Take
a quadratic extension K1 = F (ε1/2) of F, different from K0, with ε ∈ F×

such that ε < 0 at every v ∈ r. Take also r ∈ F× so that r > 0 or r < 0
at v ∈ r according as σv ≥ 4 − n or σv < 4 − n. (If r = ∅, we take K1

to be a quadratic extension F (ε1/2) of F different from K0, and r = 1.) Put
τv = 2 − σv if σv ≥ 4 − n and τv = −2 − σv if σv < 4 − n. Then τv ∈ 2Z
and |τv| ≤ n − 2. By Theorem 27.11 there exists a quaternion algebra D

over F such that εv(D) = εv

({K1, r})εv(B) for every v ∈ v. By the same
theorem, D⊗{K1, r} ∼= M2(B′) with a quaternion algebra B′ over F such that
εv(B′) = εv

({K1, r})εv(D) for every v ∈ v. Then εv(B) = εv(B′) for every
v ∈ v, and so B ∼= B′ by Theorem 27.7. Thus D⊗{K1, r} ∼= M2(B). Now we
observe that the set

(
n − 2, F ((εδ)1/2), D, {τv}

)
satisfies conditions (28.6a)

and (28.7a). By the induction assumption we can find a quadratic space
(W, ψ) over F corresponding to this set. Put (V, ϕ) = (K1, rκ1) ⊕ (W, εψ),
where κ1 is the norm form of K1. Clearly K is the discriminant algebra of
ϕ, and we easily see that sv(ϕ) = σv for every v ∈ r. By Lemma 23.10(ii),
A(ϕ) ∼= {K1, r} ⊗A(ψ), and so Q(ϕ) = B as expected.

It remains to prove the case 4 ≤ n − 1 ∈ 2Z. By Lemma 24.9, A+(cϕ) ∼=
A+(ϕ) for every c ∈ F×; also, conditions (28.6b) and (28.7b) are consistent
with the change of ϕ for cϕ. Therefore it is sufficient to prove the existence
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of ϕ when σv �= −n for every v ∈ r. Put τv = 1 − σv for every v ∈ r
and observe that τv ∈ 2Z, |τv| ≤ n − 1, and the set

(
n − 1, K0, B, {τv}

)

satisfies conditions (28.6a) and (28.7a). Since we have proved the case of
even n, there exists a quadratic space (W, ψ) corresponding to that set.
Put (V, ϕ) = 〈F, 1〉 ⊕ (W, −ψ). Then K0 is the discriminant field of ϕ and
sv(ϕ) = σv for every v ∈ r. Taking 〈F, 1〉 as ϕ of Lemma 23.10(ii), we find
that A+(ϕ) ∼= F ⊗F A(ψ), and so Q(ϕ) = Q(ψ) = B. This proves the case of
odd n and completes the proof of Theorem 28.9.

28.13. Let us now present a short history of classification of quadratic
forms over an algebraic number field F, or rather, of the question of how one
can associate some invariants to a given form ϕ so that ϕ can be determined
by those invariants. The dimension, discriminant, and indices (signatures) of
ϕ at real archimedean primes v ∈ r as defined above are obvious invariants.
In addition, to a form ϕ =

∑n
i=1 aix

2
i and a prime v ∈ v Hasse associated a

number αv(ϕ), which is either 1 or −1, and defined by

αv(ϕ) =
∏

i≤j

(ai, aj)v,

where (a, b)v is the Hilbert symbol defined in §26.1. He then showed in [Has]
that the equivalence class of ϕ over F corresponds to the set consisting of
these numbers {αv(ϕ)} and the above “obvious invariants” satisfying certain
conditions, and the correspondence is one-to-one; namely he constructed a
unique quadratic form for a given set of such data.

This was followed by a work of Witt [W]. Given a form ϕ of n variables,
he considered the form ϕ∗ of 2n variables which is the direct sum of ϕ and
the form −∑n

i=1 y2
i , and denoted by S(ϕ) the Clifford algebra of ϕ∗. Now

S(ϕ) is a central simple algebra over F. He showed that αv(ϕ) is actually the
invariant of S(ϕ) at v in the standard sense.

Some later authors chose α′
v(ϕ) =

∏
i<j(ai, aj)v instead of αv(ϕ), but this

together with the discriminant gives an equivalent set of invariants. Though
we can develop a reasonable theory of classification of quadratic forms with
these invariants αv(ϕ) and α′

v(ϕ), it must be pointed out that they have
some features which do not look so natural. Indeed, if ϕ is the hyperbolic
form x1x2 + x3x4 of four variables {xi}4i=1 over Q, then both αv(ϕ) and
α′

v(ϕ) are −1 for v = 2. On the other hand, they are 1 for every prime v

if ϕ is the sum of n squares over any number field F. This is a matter of
perspective, but it is more natural to assign a trivial quantity to a hyperbolic
form. Besides, one might say, it is too pedestrian to define invariants in terms
of a diagonal matrix that represents the form.

In fact, better invariants were introduced by Eichler in [E52b]. He associ-
ated with ϕ a set of invariants {χv(ϕ)} different from {αv(ϕ)} and {α′

v(ϕ)},
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and proved a result of the same type as what Hasse proved. This set {χv(ϕ)}
is conceptually more natural than {εv(ϕ)}, as χv(ϕ) is more closely connected
with the structure of ϕ at v.

In fact, it can be shown that χv(ϕ) = εv

(
Q(ϕ)

)
with the symbol εv of

(26.8); namely χv(ϕ) = 1 or −1 according as Q(ϕ)v is isomorphic to M2(Fv)
or is a division algebra. However, this is not the way Eichler defined χv(ϕ)
in [E52b]. He defined the invariant in each case according to the type of ϕv,

without using Clifford algebras. The fact that it is the invariant of Q(ϕ) at v

can easily be seen for v ∈ h. The fact for v ∈ a follows from formulas (28.3a,
b), which is nontrivial. In Satz 23.2 of [E52b] he constructed a space (V ′, ϕ′)
corresponding to

(
m, K0, B, {σv}

)
with some m such that m−n ∈ 2Z, and

proved the product formula
∏

v∈v χv(ϕ) = 1 at the end of the proof. Then
he derived a theorem equivalent to Theorem 28.9 in Satz 23.3 of [E52b] by
establishing the desired (V, ϕ) as a subspace of (V ′, ϕ′).

In the present book we employed Q(ϕ) instead of {χv(ϕ)}, as we think this
approach is clearer and easier. In fact, it allows us to present the desired (V, ϕ)
more directly without using an auxiliary space of an unspecified dimension.
In addition, our methods enable us to classify integer-valued quadratic forms
to the extent we will discuss in Section 31.

29. Lattices in a quadratic space

29.1. Our next problem is to investigate quadratic forms over the ring of
integers. We do this by considering lattices in a given quadratic space. We
take our setting to be that of §21.1. We use the symbols F, g, and the same
terminology. Thus F is either a global field, which means an algebraic number
field of finite degree, or a local field, which means the completion of a global
field at a nonarchimedean prime. In this section we will often call a g-lattice
in a vector space over F simply a lattice.

Let (V, ϕ) be a nondegenerate quadratic space over a local or global field
F. Given a g-lattice L in V, we denote by μ(L) the g-ideal generated by
the elements ϕ[x] for all x ∈ L, and by μ0(L) the g-ideal generated by the
elements ϕ(x, y) for all x, y ∈ L. We call L ϕ-integral, or simply integral,
if μ(L) ⊂ g. We call an integral lattice L ϕ-maximal, or simply maximal,
if L is the only integral lattice containing L. Similarly we call L ϕ∗-integral
if μ0(L) ⊂ g, and call a ϕ∗-integral lattice L ϕ∗-maximal if it is the only
ϕ∗-integral lattice containing it. If α ∈ Oϕ, we have clearly μ(Lα) = μ(L)
and μ0(Lα) = μ0(L); if L is maximal, so is Lα. Since 2ϕ(x, y) = ϕ[x + y]−
ϕ[x]− ϕ[y], we have

(29.1) 2μ0(L) ⊂ μ(L) ⊂ μ0(L).

For a g-lattice L in V we put
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(29.2) ϕ[L] =
{
ϕ[x]

∣
∣ x ∈ L

}
,

(29.3a) Lϕ =
{
x ∈ V

∣
∣ϕ(x, L) ⊂ g

}
,

(29.3b) L̃ = L
∼

=
{
y ∈ V

∣
∣ 2ϕ(y, L) ⊂ g

}
,

(29.3c) d(L) = [Lϕ/L],

where the symbol [ / ] is as in §21.25. Then L̃ = L2ϕ and Lϕ = 2L̃. Clearly
Lϕ is a g-lattice in V, and L ⊂ L̃ if μ(L) ⊂ g. Also, L̃ ⊂ M̃ if M ⊂ L,

(cL)
∼

= c−1L̃ for every c ∈ F×; (Lγ)
∼

= L̃γ and d(Lγ) = d(L) for every
γ ∈ Oϕ(V ). We call d(L) the discriminant ideal of L. In the simplest case
in which F = Q, g = Z, (V, ϕ) = 〈Q, Φ〉 with Φ = tΦ ∈ GLn(Q) (see §28.1),
and L = Z1

n, we have Lϕ = LΦ−1 and d(L) = det(Φ)Z.

If L is defined in the global case, for every v ∈ h we have

(29.4) μ(Lv)=μ(L)v, μ0(Lv)=μ0(L)v, (Lv)
∼

=(L̃)v, and d(Lv)=d(L)v,

where Lv is the gv-linear span of L in Vv; see §21.5. The latter three equalities
are easy. As for the first one, we have clearly μ(L)v ⊂ μ(Lv). If ai ∈ gv

and xi ∈ L, then ϕ[
∑

i aixi] =
∑

i a2
i ϕ[xi] +

∑
i<j 2aiajϕ(xi, xj), which

is contained in μ(L)v by virtue of (29.1). Thus μ(Lv) ⊂ μ(L)v, and so
μ(Lv) = μ(L)v.

Now (L̃)
∼

= L for any g-lattice L. To prove this, first assume F to be local,
take a g-basis {xi} of L, and take also a basis {yi} of V so that 2ϕ(xi, yj) =
δij . Then L̃ =

∑n
i=1 gyi, from which we can derive (L̃)

∼
= L. The global case

follows from this combined with Lemma 21.6(i).

Lemma 29.2. Let (V, ϕ) be a nondegenerate quadratic space over a local
or global field F. Then the following assertions hold.

(1) Given an integral resp. ϕ∗-integral lattice M in a subspace X of V on
which ϕ is nondegenerate, there exists a maximal resp. ϕ∗-maximal lattice in
V containing M.

(2) Let L and M be lattices in V. If M is maximal, M ⊂ L, and cμ(L) ⊂
μ(M) with c ∈ g, then cL ⊂ M.

(3) If L is maximal, h ∈ L̃, and ϕ[h] ∈ g, then h ∈ L.

(4) Let h be an element of V such that ϕ[h] �= 0 and L a lattice in V ; let
a be a g-ideal such that 2aL̃ ⊂ L. Then ϕ[h]ϕ(h, L)−2a is an integral g-ideal
that depends only on L, a, and F×h.

(5) Suppose F is global; let L be a lattice in V. Then L is maximal resp.
ϕ∗-maximal if and only if Lv is maximal resp. ϕ∗-maximal for every v ∈ h.

Proof. To prove (i), put Y = X⊥. We can easily find an integral lattice
N in Y. Then M + N is an integral lattice in V. Therefore we may assume
that X = V and M is a lattice in V. Take an F -basis {ei}n

i=1 of V contained
in M ; let H =

(∑n
i=1 gei

)∼
. Then H is a lattice in V. Let L be an integral
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lattice in V containing M. By (29.1) we have 2ϕ(L, ei) ⊂ g, so that L ⊂
H. Since [H : M ] < ∞ by (21.3c), we can find a maximal one among the
integral lattices L containing M. The same type of argument is applicable
to ϕ∗-integral lattices. This proves (1). Given L, M, and c as in (2), put
N = M + cL and take u = x + cy ∈ N with x ∈ M and y ∈ L. Then
ϕ[u] = ϕ[x] + 2cϕ(x, y) + c2ϕ[y] ∈ μ(M) by our assumption and (29.1).
Therefore μ(N) = μ(M). Since M is maximal, we have N = M, so that
cL ⊂ M. This proves (2). Let h and L be as in (3). Then we easily see that
ϕ[x] ∈ g for every x ∈ L + gh. Since L is maximal, h must be contained in
L. This proves (3). As for (4), that ϕ[h]ϕ(h, L)−2a depends only on L, a,

and F×h is obvious. To show that it is integral, put x = ϕ(h, L). Then
2−1x−1h ⊂ L̃. By our choice of a, we have ax−1h ⊂ L, and so ϕ[h]ax−2 =
ϕ(h, ax−2h) ⊂ x−1ϕ(h, L) = g, which proves (4). The “if”-part of (5) is
obvious, since if L � M, then Lv � Mv for some v ∈ h. Conversely, suppose
L is maximal and Lu is not maximal for some u ∈ h. Take a maximal lattice
M ′ in Vu containing Lu. By Lemma 21.6(i) there exists a lattice M in V

such that Mu = M ′ and Mv = Lv for every v ∈ h, �= u. Then L � M and
μ(M)v ⊂ gv for every v ∈ h, and so M is integral, a contradiction, since L

is maximal. This proves the “only if”-part of (5) for maximal lattices. The
case of ϕ∗-maximal lattices can be proved in the same way. This completes
the proof.

Lemma 29.3. Let (V, ϕ) be a nondegenerate quadratic space over a local
or global field F, and L a maximal lattice in V. Suppose V has a weak Witt
decomposition V = Fx + Fy + W with x, y, and W such that ϕ[x] = ϕ[y] =
0, 2ϕ(x, y) = 1, and W = (Fx + Fy)⊥. Then there exists a g-ideal a such
that L = ax + a−1y + (L ∩W ).

Proof. Let a =
{
a ∈ F

∣
∣ ax ∈ L

}
and b =

{
a ∈ F

∣
∣ ax ∈ L̃

}
. Then

2ϕ(ax, L) ⊂ 2μ0(L) ⊂ μ(L) ⊂ g. Thus ax ⊂ L̃, and so a ⊂ b. Since bx ⊂ L̃,

we have 2ϕ(bx, L) ⊂ g, and so we have ϕ[bx + z] ⊂ g for every z ∈ L. Then
the maximality of L shows that bx + L = L, and so b = a. Take an F -basis
{ei}n−2

i=1 of W and put en−1 = y and en = x. By Theorem 10.19(i) there
exists an F -basis {gi}n

i=1 of V such that gi ∈
∑n

k=i Fek and L̃ =
∑n

i=1 cigi

with g-ideals ci. Then cn = a and L̃ ∩ Fx = ax. Since ϕ(y, W ) = ϕ(y, y) =
0, we have ϕ(y, L̃) = ϕ

(
y, L̃ ∩ (Fx + Fy)

)
= ϕ(y, L̃ ∩ Fx) = ϕ(y, ax).

Therefore 2ϕ(a−1y, L̃) = 2ϕ(a−1y, ax) = g, and so a−1y ⊂ (L̃)
∼

= L. Thus
ax + a−1y ⊂ L. Let h ∈ L and h = ax + by + w with a, b ∈ F and w ∈ W.

Then aa−1 = 2ϕ(h, a−1y) ⊂ g, and so a ∈ a, and similarly b ∈ a−1. Thus
w = h− ax− by ∈ L ∩W, which leads to the desired conclusion.

29.4. Let (V, ϕ) be a nondegenerate quadratic space over a local or global
field F. Given an integral lattice Λ in V, we denote by A(Λ) the subring of A(V )
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generated by g and Λ, and put A±(Λ) = A(Λ)∩A±(V ). If {�i}n
i=1 is a g-basis

of Λ, then A(Λ) is spanned over g by the products �i1 · · · �is , i1 < · · · < is for
0 ≤ s ≤ n, as considered in §23.3. This can easily be verified because x2 ∈ g

and xy + yx ∈ g for every x, y ∈ Λ. Similarly A+(Λ) is spanned over g by
such products with even s. Therefore A(Λ) and A+(Λ) are orders in A(V )
and A+(V ), respectively, which are stable under the canonical automorphism
and involution of A(V ).

Lemma 29.5. In the setting of §29.4 let L be an integral lattice in V.

Then Lτ(x) = L for every x ∈ L such that x2 ∈ g×. Moreover, A(L)∩V = L

if L is maximal.

Proof. Suppose x ∈ L and x2 = c ∈ g×; let y ∈ L. Then yτ(x) =
c−1xyx = c−1(xy + yx)x − y ∈ L, since xy + yx ∈ g. Thus Lτ(x) ⊂ L,

and so Lτ(x) = L, since τ(x)2 = 1. Next, assuming L to be maximal, put
M = A(L) ∩ V. This is a lattice in V containing L. For x ∈ M we have
x2 ∈ A(L) ∩ F = g, and so M is integral. Since L is maximal, we have
L = M. This completes the proof.

Hereafter in this section, until Lemma 29.12, we assume that F is local.
We let p denote the maximal ideal of g and π an unspecified prime element
of F. We fix a nondegenerate quadratic space (V, ϕ) over F, put n = dim(V ),
and denote by K its discriminant algebra. We denote by r the maximal order
of K, which is g ⊕ g if K = F ⊕ F. We also denote by d the different of K

relative to F, which we define to be r if K = F ⊕ F. We define NK/F (d) to
be g if K = F ⊕ F.

Lemma 29.6. For every lattice L in V, there exists an element σ of O(ϕ)
such that det(σ) = −1 and Lσ = L.

Proof. Take y ∈ L so that μ(L) = ϕ[y]g. Define σ ∈ GL(V ) so that
yσ = −y and zσ = z for every z ∈ (Fy)⊥. Then σ ∈ Oϕ and det(σ) = −1.

(Actually σ = −τ(y); see §24.4.) Given x ∈ L, put a = ϕ(x, y)/ϕ[y] and
z = x−ay. Then ϕ(z, y) = 0 and 2a ∈ g, since by (29.1), 2ϕ(x, y) ∈ μ(L) =
ϕ[y]g. Therefore xσ = zσ + ayσ = z − ay = x − 2ay ∈ L, so that Lσ ⊂ L.

Then Lσ = L since det(σ) = −1.

Lemma 29.7. Suppose that ϕ is anisotropic. Let

(29.5) L =
{
x ∈ V

∣
∣ϕ[x] ∈ g

}
.

Then L is a maximal lattice, Lα = L for every α ∈ Oϕ, and there is no other
maximal lattice in V.

Proof. Clearly gx ⊂ L if x ∈ L. To show that L is closed under addition,
suppose that x, y ∈ L and x+y /∈ L; put W = Fx+Fy. Then ϕ[x+y] /∈ g and
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we easily see that dim(W ) = 2. Put b = ϕ[x], c = ϕ[y], and d = ϕ(x, y).
Then 2d = ϕ[x + y] − b − c /∈ g, and so d �= 0 and (2d)−1 ∈ p. Now
bc − d2 = −d2(1 − d−2bc). Since b, c ∈ g, we have d−2bc ∈ 4p2, and so,
by Lemma 21.12(i), 1− d−2bc is a square in F. This means that if ψ is the
restriction of ϕ to W, then 1 ∈ δ0(ψ), and so ψ is isotropic by Lemma 22.7, a
contradiction. Thus L is a g-module. Clearly L contains every integral lattice
in V, and so L is maximal. The remaining points of our lemma are obvious.

Lemma 29.8. Let L be a maximal lattice in V. Then there exists a Witt
decomposition V =

∑r
i=1(Fxi +Fyi)+Z such that L =

∑r
i=1(gxi +gyi)+M

with M =
{
u ∈ Z

∣
∣ϕ[u] ∈ g

}
. Conversely, given a Witt decomposition V =

∑r
i=1(Ffi + Fei) + Z, put

L =
∑r

i=1(gfi + gei) + N, N =
{
v ∈ Z

∣
∣ϕ[v] ∈ g

}
.

Then L is maximal; moreover, μ(L) = g if r > 0.

Proof. We prove the direct part by induction on n. If ϕ is anisotropic,
it is included in Lemma 29.7; so we assume that ϕ is isotropic. Then V

has a weak Witt decomposition V = Fx + Fy + W with x, y, and W such
that ϕ[x] = ϕ[y] = 0, 2ϕ(x, y) = 1, and W = (Fx + Fy)⊥. By Lemma 29.3
we have L = ax + a−1y + L′ with L′ = L ∩W and a g-ideal a. Replacing
x and y by their suitable scalar multiples, we may assume that a = g.

Clearly L′ is maximal. Applying our induction to L′, we obtain the desired
expression for L. Next, define L as in the converse part. Clearly L is integral.
If r = 0, then L is maximal by Lemma 29.7. Assuming that r > 0, take
an integral lattice H containing L; let w =

∑r
i=1(aifi + biei) + z ∈ H with

ai, bi ∈ F and z ∈ Z. Then ai = 2ϕ(w, ei) ∈ 2μ0(H) ⊂ g, and similarly
bi ∈ g. Consequently

∑r
i=1(aifi + biei) ∈ L, and so z ∈ H and ϕ[z] ∈ g. Thus

z ∈ N, and consequently w ∈ L, which shows that L is maximal as expected.
That μ(L) = g if r > 0 is obvious. This completes the proof.

Lemma 29.9. Let L and L′ be maximal lattices in V. Then Lα = L′ with
some α ∈ SO(ϕ).

Proof. If ϕ is anisotropic, then L = L′ by Lemma 29.7. If ϕ is isotropic,
then by Lemma 29.8, there exists a Witt decomposition V =

∑r
i=1(Fxi+Fyi)

+Z such that L =
∑r

i=1(gxi + gyi) + M with M =
{
u ∈ Z

∣
∣ϕ[u] ∈ g

}
.

Similarly we have a Witt decomposition V =
∑r

i=1(Fx′
i + Fy′

i) + Z ′ such
that L′ =

∑r
i=1(gx′

i + gy′
i) + M ′ with M ′ =

{
u ∈ Z ′ ∣∣ϕ[u] ∈ g

}
. By Witt’s

theorem, there exists an isomorphism γ of (Z, ϕ) onto (Z ′, ϕ). Then clearly
Mγ = M ′. Extend γ to an element β of GLF (V ) by putting xiβ = x′

i and
yiβ = y′

i. Then β ∈ O(ϕ) and Lβ = L′. This combined with Lemma 29.6
proves our lemma.
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29.10. Let us now determine μ(L), μ(L̃), and [L̃/L] for a maximal lattice
L in V. These do not depend on the choice of L in view of Lemma 29.9.
Since Lϕ = 2L̃, we have [L̃/L] = 2nd(L), and so we will eventually determine
d(L). We take a Witt decomposition V =

∑r
i=1(Fxi + Fyi) + Z and put

t = dim(Z). Then δ0(ϕ) = δ0(ζ), and so K is the discriminant algebra of
both ϕ and ζ. By Lemma 29.8, we can put L =

∑r
i=1(gxi + gyi) + M with

M =
{
u ∈ Z

∣
∣ϕ[u] ∈ g

}
. We easily see that

(29.6) L̃ =
r∑

i=1

(gxi + gyi) + M̃,

and so [L̃/L] = [M̃/M ]; thus 22rd(L) = d(M). Therefore the problem can be
reduced to the investigation of a maximal lattice M in Z.

If t = 1, then (Z, ζ) = 〈F, δ〉 with δ ∈ δ0(ζ). We may assume that p ⊂
δg ⊂ g. Then clearly M = g, μ(M) = δg, M̃ = (2δ)−1M, μ(M̃) = (4δ)−1g,

M is ζ∗-maximal, and [M̃/M ] = 2δg.

If t = 2, then (Z, ζ) = (K, sκ) with s ∈ F×; K must be a field, as ζ

is anisotropic. If K is ramified over F, then NK/F (K×) contains a prime
element of F, and so choosing s suitably, we can assume that s∈ g×. Then
M = r, μ(M)=g, M̃ =d−1, μ(M̃)=NK/F (d)−1, and [M̃/M ] = NK/F (d).

If t = 2 and K is unramified, then we may assume that p ⊂ sg ⊂ g.

We have M = r, μ(M) = sg, M̃ = s−1r = μ(M)−1r, μ(M̃) = s−1g, and
[M̃/M ] = μ(M)2. Since Q(ϕ) = Q(ζ) = {K, s}, we have sg = p if and only
if Q(ϕ) is a division algebra.

Suppose t = 4. By Theorem 25.4(ii), 1 ∈ δ0(ϕ) and (Z, ζ) = (B, β) with a
division quaternion algebra B over F ; 2β(x, y) = TrB/F (xyι). Let o be the
maximal order in B which is uniquely determined by o =

{
α ∈ B

∣
∣ααι ∈ g

}
;

see Theorem 21.21. Therefore M = o, μ(M) = g, and M̃ = ξ−1o with an
element ξ of o such that ξξιg = p, as can be seen from the same theorem.
Thus μ(M̃) = p−1 and [M̃/M ] = p2.

Finally suppose t = 3. Let B and o be as in the case t = 4. By Theorem
25.2(ii), (Z, ζ) = (B◦, −δβ◦) with δ ∈ δ0(ζ). Replacing δ by a suitable
element of δF×2, we may assume that p ⊂ δg ⊂ g. By Theorem 21.21 we
can put B = J + Jω with an unramified quadratic extension J of F and an
element ω such that ωa = aιω for every a ∈ J and ω2 is a prime element
of F ; o = r + rω, where r is the maximal order of J. Take u ∈ r so that
r = g + gu and put y = u− uι. Then y ∈ r× by (14.9), B◦ = Fy + Jω, and
M̃ =

{
z ∈ B◦ ∣∣ δTrB/F (zM) ⊂ g

}
. If δg = g, then M = gy + rω, μ(M) = g,

and M̃ = 2−1gy + rω−1. If δg = p, then M = gy + rω−1, μ(M) = g, and
M̃ = (2p)−1y + rω−1. Thus [M̃/M ] = 2δ−1p2 and μ(M̃)−1 = 4δg∩ p in both
cases.

To sum up, for a maximal lattice L we obtain
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(29.7) [L̃/L] =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2δg if t = 1,

2δ−1
p
2 if t = 3,

p
2 if t ∈ 2Z, d = r, and Q(ϕ) � M2(F ),

NK/F (d) otherwise,

where r is the maximal order in K, d is the different of K relative to F, and
δ is an element of δ0(ϕ) such that p ⊂ δg ⊂ g.

As for μ(L) and μ(L̃), we have

(29.8) μ(L) =

⎧
⎪⎨

⎪⎩

δg if n = 1,

p if n = t = 2, d = r, and Q(ϕ) � M2(F ),

g otherwise,

(29.9) μ(L̃)−1 =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

4δg if t = 1,

4δg ∩ p if t = 3,

p if t ∈ 2Z, d = r, and Q(ϕ) � M2(F ),

NK/F (d) otherwise.

We have already determined μ(M) and μ(M̃). Thus (29.8) is easy. As for
(29.9), we see that g ⊂ μ(M̃), and so (29.6) shows that μ(L̃) = μ(M̃). There-
fore we obtain (29.9).

Lemma 29.11. Let L be a maximal lattice in V. If ϕ is isotropic, L has
a g-basis {ui} such that ϕ[ui] = 0 for every i.

Proof. Take an expression L =
∑r

i=1(gxi + gyi) + M as in Lemma 29.8.
Let A be a g-basis of M and let z ∈ A; put c = ϕ[z] and w = x1 − cy1 + z.

Then ϕ[w] = 0. Since c ∈ g, we have w ∈ L. Replacing z by w, we obtain
our lemma.

Theorem 29.12. Let L and M be maximal lattices in V. Then there exist
a Witt decomposition V =

∑r
i=1(Fxi + Fyi) + W and elements ai, bi of F

such that

L =
∑r

i=1(gxi + gyi) + N, M =
∑r

i=1(gaixi + gbiyi) + N,

N =
{
w ∈ W

∣
∣ϕ[w] ∈ g

}
,

a1b1 = · · · = arbr = 1, ga1 ⊃ · · · ⊃ gar ⊃ g ⊃ gbr ⊃ · · · ⊃ gb1.

Proof. We prove this by induction on n. For anisotropic ϕ our assertion
follows immediately from Lemma 29.7. Suppose that ϕ is isotropic. By
Lemma 29.11 we can find a g-basis {ui} of L such that ϕ[ui] = 0 for every i.

Put ci =
{
a ∈ F

∣
∣ aui ∈ M

}
. We arrange the ui so that c1 ⊂ ci for every i,

write y1 for u1, and put c1 = gb1 with b1 ∈ F. Then
{
a ∈ F

∣
∣ aL ⊂ M

}
= gb1

and
{
a ∈ F

∣
∣ ay1 ∈ L

}
= g. Since μ(L) = μ(M) = g, we see that b1 ∈ g. By
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Lemma 22.3 we have a weak Witt decomposition V = Fx1 +Fy1 +U, and so,
by Lemma 29.3, L = ax1 + a−1y1 + (L∩U) and M = bx1 + b−1y1 + (M ∩U)
with g-ideals a and b. Clearly a = g and b−1 = gb1; also L ∩U and M ∩U

are maximal. If ϕ is anisotropic on U, our question is settled. Otherwise,
applying our induction to L ∩ U and M ∩ U, we find a Witt decomposition
U =

∑r
i=2(Fxi + Fyi) + W and elements ai, bi of F such that aibi = 1,

gb2 ⊂ · · · ⊂ gbr ⊂ g, L∩U =
∑r

i=2(gxi+gyi)+N, and M∩U =
∑r

i=2(gaixi+
gbiyi) + N, with N as in our theorem. Since b1L ⊂ M, we have b1y2 ∈ M,

and so b1 ∈ gb2. Therefore we obtain our theorem.

Lemma 29.13. Let (V, ϕ) be defined over a global field F. Let L be a
maximal lattice L in V ; define A(L) as in §29.4 and put

Cv =
{
α ∈ SOϕ

v

∣
∣Lvα = Lv

}
and Xv = A(L)×v ∩G+(V )v

for v ∈ h. Then τ(Xv) ⊂ Cv for every v ∈ h and τ(Xv) = Cv for almost all
v ∈ h.

Proof. Let x ∈ Xv with any v ∈ h. Then Lvτ(x) = x−1Lvx ⊂ A(L)v ∩
Vv = Lv by Lemma 29.5. Since det

(
τ(x)

)
= 1, we have Lvτ(x) = Lv, and so

τ(Xv) ⊂ Cv. Thus we have to prove that Cv ⊂ τ(Xv) for almost all v ∈ h.

Suppose n is even; then for almost all v ∈ h, A(L)v is a maximal order
in A(V )v and Q(ϕ)v

∼= M2(Fv). Thus A(V )v
∼= Mr(Fv) with r = 2n/2 for

such a v. Let α ∈ Cv. Then α = τ(z) with z ∈ G+(V )v, and so z−1Lvz =
Lvα = Lv. We have therefore z−1A(L)vz = A(L)v, and so zA(L)v is a two-
side ideal of A(L)v. By Lemma 21.4, Mr(gv) is a maximal order in A(V )v,

and by Lemma 21.19, A(L)v is conjugate to Mr(gv). Therefore, by Lemma
21.20, zA(L)v = cA(L)v with c ∈ F×

v . Put w = c−1z. Then w ∈ Xv and
τ(w) = α, which proves the case of even n. Suppose n is odd; then for almost
all v ∈ h, A+(L)v is a maximal order in A+(V )v and Q(ϕ)v

∼= M2(Fv), and so
A+(V )v

∼= Ms(Fv) with s = 2(n−1)/2. Let τ(z) = α ∈ Cv with z ∈ G+(V )v.

Then we have z−1A+(L)vz = A+(L)v, and so looking at zA+(L)v instead of
zA(L)v, we obtain our assertion for odd n.

The rest of this section is devoted to the proof of the fact stated in the
remark after Theorem 27.2. We first prove two theorems that are special cases
of Theorems 27.7 and 27.3(ii), in order to make our exposition self-contained
when the base field is Q.

Theorem 29.14. Let B and C be quaternion algebras over Q. If Bv
∼= Cv

for every v ∈ v, then B ∼= C.

Proof. Put (V, ϕ) = (B◦, β◦) ⊕ (C◦, −γ◦), assuming that Bv
∼= Cv for

every v ∈ v. By (25.8), (B◦, β◦)v
∼= (C◦, γ◦)v for every v ∈ v, and so we

see that (V, ϕ)v has a split Witt decomposition for every v ∈ v. Let L be a
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maximal lattice in V and Φ the matrix representing ϕ with respect to a Z-
basis of L. Then Lϕ

p = 2L̃p = 2Lp for every prime number p; see (29.6). Thus
det(Φ)Z = [Lϕ/L] = 2−6Z. Since Φ has 3 positive and 3 negative eigenvalues,
we have det(Φ) = −2−6.

Suppose we could prove that ϕ is isotropic. Then we have a weak Witt
decomposition V = Qe + Qf + Y. If η is the restriction of ϕ to Y, then we
easily see that 1 ∈ δ0(η), and so by Theorem 25.4, (Y, η) ∼= (A, dα) with
d ∈ Q× and a quaternion algebra A over Q, where α is the norm form of A.

Since Vv has a split Witt decomposition for every v ∈ v. The same is true
for Yv in view of Witt’s theorem. Thus εv(A) = 1 for every v ∈ v, and so
A ∼= M2(Q) by Theorem 26.6(ii). Therefore V has a split Witt decomposition
over Q. This means that

(B◦, β◦)⊕ (C◦, −γ◦) = (V, ϕ) ∼= (C◦, γ◦)⊕ (C◦, −γ◦),

and so by Witt’s theorem, (B◦, β◦) ∼= (C◦, γ◦). Thus by (25.8), B ∼= C as
desired. Therefore our aim is to show that ϕ is isotropic.

Now applying Lemma 25.8 to L and Φ, we find a nonzero element y of L

such that
∣
∣ϕ[y]

∣
∣ ≤ 3/2. Since ϕ[L] ⊂ Z, we have ϕ[y] = 0 or ±1. The matter

is settled if ϕ[y] = 0, and so we assume that ϕ[y] = ±1. Let U = (Qy)⊥ and
let ψ be the restriction of ϕ to U. Clearly −ϕ[y] ∈ δ0(ψ). By Lemma 22.5(iii),
Up has core dimension 1 for every p. Let M be a maximal lattice in U. By
(29.7), [Mψ

p /Mp] = [2M̃p/Mp] = 2−4Zp for every p. Thus if Ψ is the matrix
representing ψ on M, then | det(Ψ)| = 2−4. By Lemma 25.8, M contains a
nonzero element z such that

∣
∣ψ[z]

∣
∣ ≤ 3 ·2−4/5 < 2. Therefore ψ[z] = 0 or ±1.

So we assume that ψ[z] = ±1 for the ame reason as before. If ψ[z] = −ϕ[y],
then ϕ[y + z] = 0 and y + z �= 0, and so ϕ is isotropic. Thus we consider
only the case ϕ[y] = ϕ[z] = 1 or ϕ[y] = ϕ[z] = −1.

Let X = (Qy + Qz)⊥ and let N be a maximal lattice in X ; let Ξ be the
matrix representing ϕ on N. Then Ξ as a real symmetric matrix is equivalent
to ±diag[13, −1] and −1 ∈ δ0(Ξ), and so Q(

√−1 ) is the discriminant field of
Ξ. By Lemma 22.5(iii) the core dimension of Xp is 0 or 2 for every p. For p

odd and x ∈ Lp we have ϕ(x, Lp) ⊂ Zp, and so we see that x−ϕ[y]ϕ(x, y)y−
ϕ[z]ϕ(x, z)z ∈ Lp∩Up. This shows that Lp = Zpy+Zpz+N ′

p with N ′
p = Lp∩

Up. Clearly N ′
p is maximal, and so det(Ξ)Zp = [2Ñp/Np] = [2Ñ ′

p/N
′
p] = Zp

for odd p. If p = 2, from (29.7) we see that det(Ξ)Z2 = [2Ñ2/N2] = 2−2Z2.

Thus det(Ξ) = −2−2. By Lemma 25.8, N has a nonzero element w such
that

∣
∣ϕ[w]

∣
∣ ≤ 3 · 2−1/2 < 3. Thus

∣
∣ϕ[w]

∣
∣ is 0, 1, or 2. We are interested

only in nonzero values of ϕ[w]. Also, replacing ϕ by −ϕ if necessary, we
may assume that ϕ[y] = ϕ[z] = 1. If ϕ[w] = −1, then ϕ[y + w] = 0; if
ϕ[w] = −2, then ϕ[y + z + w] = 0. Thus we may assume that ϕ[w] is 1 or 2.
Let S = Qy + Qz + Qw and T = S⊥. Let H be a maximal lattice in T and
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let τ be the matrix representing ϕ on H.

First suppose ϕ[w] = 1; then 1 ∈ δ0(τ). From (29.7) we see that [Hτ/H ]p =
Zp for odd p and [Hτ/H ]2 is Z2 or 2−2Z2. Thus | det(τ)| ≤ 1. By Lemma
25.8, H has a nonzero element x such that

∣
∣ϕ[x]

∣
∣ ≤ 3. Since ϕ is negative

definite on T, we have 0 ≤ −ϕ[x] ≤ 3. The case ϕ[x] = 0 gives the desired
conclusion, and so we assume 1 ≤ −ϕ[x] ≤ 3. We can easily find an element
u ∈ S such that ϕ[u] = −ϕ[x]. Then ϕ[u + x] = 0, which settles the problem.

Next suppose ϕ[w] = 2; then 2 ∈ δ0(τ). From (29.7) we see that [Hτ/H ]p =
2−1Zp for every p. Thus | det(τ)| = 2−1. By Lemma 25.8, H has a nonzero
element x such that

∣
∣ϕ[x]

∣
∣ ≤ 3 · 2−1/3 < 3. Thus 0 ≤ −ϕ[x] ≤ 2 and we can

settle the matter in the same manner as in the case ϕ[w] = 1. This completes
the proof.

Theorem 29.15. Let B be a quaternion algebra over Q and P =
{
v ∈

h
∣
∣ εv(B) = −1

}
. Given c ∈ Q×, equation −β◦[x] = c has a solution in B◦ if

it has a solution in B◦
v for every v ∈ P.

Proof. Clearly we may assume that c is a square-free positive or negative
integer. Since the problem is trivial if B ∼= M2(Q), we assume that B is
a division algebra, and so P �= ∅ by Theorem 26.6. Put δ∞ = ε∞(B).
We assume that −β◦[x] = c has a solution in B◦

v for every v ∈ P. Since
−β◦[x] = x2, from Theorem 25.4(iii) we obtain

(∗) c /∈ Q×2
v for every v ∈ P.

In particular, c < 0 if δ∞ = −1; also, c− 1 /∈ 8Z if 2 ∈ P.

Now, we have prime numbers p1, . . . , pr such that P = {p1, . . . , pr} if
δ∞ = 1 and P = {p1, . . . , pr, ∞} if δ∞ = −1. Put p1 · · · pr = de with
square-free positive integers d and e such that d|c and e is prime to c. Put
also K = Q(

√
δ∞eq ) and C = {K, c} with a prime number q that does not

divide 2ce. We easily see that C∞ ∼= H if and only if δ∞ = −1. We choose q

so that εp(Cp) = −1 for a prime number p if and only if p ∈ P. We do this
by imposing the following conditions on q :

(
δ∞eq

p

)

= −1 if p|d and p �= 2,

δ∞eq − 5 ∈ 8Z if 2|d,

δ∞eq − 1 ∈ pZ if p|c and p �2de,

δ∞eq − 1 ∈ 8Z if 2 �de,

δ∞eq + 2 ∈ 16Z if 2|e and c + 1 ∈ 8Z,

δ∞eq − 2 ∈ 16Z if 2|e and c± 3 ∈ 8Z.

Such a q exists by virtue of Dirichlet’s theorem concering the prime numbers
in an arithmetic progression. From the first two conditions we see that Kp is
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an unramified quadratic extension of Qp and c is a prime element of Qp if
p|d, and so εp(C) = −1. If p|e and p �= 2, then from (9.2), (9.3), and (∗) we
see that c /∈ NKp/Qp

(K×
p ). The same is true for p = 2 if 2|e, as can be seen

from the last two conditions and the fact about Q2(
√±2 ) stated in the table

below (9.3). (As already noted, c−1 /∈ 8Z if 2 ∈ P.) Thus εp(C) = −1 if p|e.
Let p be a prime number that does not divide 2qde. Then p is unramified
in K, and p splits in K if p|c. Thus εp(C) = 1 if p �2qde. If 2 �de, from the
fourth condition we see that ε2(C) = 1. We thus find that εv(C) = εv(B)
for every v �= q. Then by Theorem 26.6(i) we obtain εq(C) = εq(B). By
Theorem 29.14, we have B ∼= C. Since C = {K, c}, we have c = z2 with
z ∈ C◦. Therefore c = w2 = −β0[w] with w ∈ B◦. This proves our theorem.

29.16. Returning to the question stated in the remark after Theorem 27.2,
we take a nondegenerate quadratic space (V, ϕ) over Q of dimension 4 such
that (V, ϕ)v is isotropic for every v ∈ v. Our task is to show that (V, ϕ) itself
is isotropic. Take any ξ ∈ V such that ϕ[ξ] �= 0, put W = (Qξ)⊥, and denote
by ψ the restriction of ϕ to W. By Lemma 25.2(ii), (W, ψ) ∼= (B◦, cβ◦) with
c ∈ Q× and a quaternion algebra B over Q. Put P =

{
v ∈ v

∣
∣ εv(B) = −1

}
.

If v /∈ P, then (B◦, β◦)v is isotropic and we can find yv ∈ B◦
v such that

cβ◦[yv] = −ϕ[ξ]. Suppose v ∈ P ; since (V, ϕ)v is isotropic, we can find av ∈
Qv and zv ∈ B◦

v such that avξ + zv �= 0 and ϕ[avξ + zv] = 0. If av = 0,

then zv �= 0 and β◦[zv] = 0, a contradiction, since εv(B) = −1. Thus av �= 0
and cβ◦[a−1

v zv] = −ϕ[ξ]. This means that the equation cβ◦[x] = −ϕ[ξ] has
a solution x in B◦

v for every v ∈ v. Therefore by Theorem 29.15 it has a
solution in B◦, which means that (V, ϕ) is isotropic as expected.

30. The genus and class of a lattice and a matrix

30.1. Let (V, ϕ) be a nondegenerate quadratic space over a global field F.

Then we can define the orthogonal and special orthogonal groups O(ϕ) and
SO(ϕ), and also O(ϕv) and SO(ϕv) for each v ∈ v. The latter groups act on
Vv. To simplify our exposition, we let G denote either O(ϕ) or SO(ϕ), and
Gv the group O(ϕv) or SO(ϕv). Given a g-lattice L in V, by the class of L

with respect to G (or the G-class of L) we mean the set of all lattices of the
form Lα with α ∈ G. Next, by the genus of L with respect to G (or the
G-genus of L) we mean the set of all lattices M in V such that Mv = Lvαv

with some αv ∈ Gv for every v ∈ h. These definitions of G-class and G-genus
are applicable to any algebraic subgroup G of GLF (V ) for which Gv is well
defined. For instance, if G = GLF (V ), then Gv = GLFv (Vv).

In view of Lemma 29.6 we see that the O(ϕ)-genus of a lattice L is the
SO(ϕ)-genus of L. Therefore we call it the ϕ-genus of L. Also, Lemmas
29.2(5) and 29.9 show that all the maximal lattices in V form a single ϕ-
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genus. The principal purpose of this section is to prove that the ϕ-genus of
any fixed g-lattice consists of a finite number of classes with respect to SO(ϕ).

We first note a few formulas about the discriminant ideal of a lattice L

defined in (29.3c). If F is local, we have clearly d(L) = det
[
ϕ(xi, xj)

]n
i,j=1

g

for every g-basis {xi}n
i=1 of L. If F is global, then by Theorem 10.19, we can

find an F -basis {ei}n
i=1 of V and g-ideals a1, . . . , an such that L =

∑n
i=1 aiei.

Then we have

(30.1) d(L) = det
[
ϕ(ei, ej)

]n
i,j=1

a2
1 · · · a2

n.

Indeed, if we take this to be a new definition of d(L), then clearly d(L)v =
d(Lv) for every v ∈ h, and so it must coincide with the previous d(L). We
note two more easy facts on d(L) :

(30.2) d(L) ⊂ μ0(L)n if n = dim(V ),

(30.3) d(M) = [L/M ]2d(L),

where [L/M ] is as in §21.25. The first fact is obvious. As for (30.3), it is
sufficient to prove it in the local case. If F is local, we can take α ∈ GLF (V )
so that M = Lα. Then d(M) = det(α)2d(L) and [L/M ] = det(α)g, from
which we obtain (30.3).

Lemma 30.2. Given a global field F, there is a constant B depending only
on F with the following property: given α ∈ GLm(F ) such that det(α) ∈ g×,

there exists a nonzero vector ξ ∈ g1
m such that |(ξα)i|v ≤ B for every i ≤ m

and every v ∈ a, where (ξα)i is the i-th coordinate of ξα.

Proof. Let X = (Fa)1m and d = [F : Q]. For a positive number b let
Yb denote the set of all x ∈ X such that |(xα)i|v ≤ b for every i and every
v ∈ a. Since det(α) ∈ g×, we have |NF/Q

(
det(α)

)| = 1, and so vol(Yb) =
2mrπmsbmd, where r resp. s is the number of real resp. imaginary primes of
F. By Theorem 12.5(i), if vol(Yb) > 2mdvol(X/g1

m), then Yb ∩ g1
m contains

a nonzero element. Taking B so that 2rπsBd > 2dvol(Fa/g), we obtain our
lemma.

Lemma 30.3. Let (V, ϕ) be a nondegenerate quadratic space over a global
field F, and x an integral ideal in F. Then there exists a finite subset S of
F× such that ϕ[L] ∩ S �= ∅ for every g-lattice L such that μ0(L) ⊂ g and
x ⊂ d(L).

Proof. By (30.2) we have x ⊂ d(L) ⊂ μ0(L) ⊂ g for such an L. There are
only finitely many ideals a such that x ⊂ a ⊂ g, and so we can replace the
condition x ⊂ d(L) by x = d(L). Suppose d(L) = x and μ0(L) ⊂ g; then we
can find a maximal lattice L1 containing L. By (30.3), x = [L1/L]2d(L1).
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We first assume that ϕ is isotropic. Since d(L) depends only on the ϕ-
genus of L and all the maximal lattices form a single ϕ-genus, we see that
d(L1) is determined independently of the choice of L1. We are going to prove:

(30.4) There is an element of F× that is contained in ϕ[M ] for every maximal
lattice M in V.

Suppose this is so; let z be that element of F×. In the above setting d(L1)−1x

is the square of an integral ideal [L1/L]. Pick and fix a nonzero element c in
[L1/L]. By (21.3f), cL1 ⊂ L, and so c2z ∈ ϕ[L]. Since [L1/L] is determined
by x, our problem can be reduced to (30.4).

Since ϕ is isotropic, by Lemma 22.3 we can find a weak Witt decomposition
V = Fx + Fy + W with elements x, y such that ϕ[x] = ϕ[y] = 0 and
2ϕ(x, y) = 1. Let M be a maximal lattice in V. By Lemma 29.3, M = ax +
a−1y + (M ∩W ) with a g-ideal a. Let {a1, . . . , ah} be a set of ideals that
represents the ideal class group of F. Replacing x and y by their suitable
scalar multiples, we may assume that a = ai for some i. Take a nonzero
element g in

⋂h
i=1(ai ∩ a

−1
i ). Then g2 = ϕ[gx + gy] ∈ ϕ[M ], which proves

(30.4).
Next we assume that ϕ is anisotropic. Let L be a lattice in V such that

d(L) = x and μ0(L) ⊂ g. By Theorem 10.19 we can put L = bx1 +gx2 + · · ·+
gxn with an F -basis {xi}n

i=1 of V and a g-ideal b. Replacing x1 by its suitable
scalar multiple, we may assume that g ⊂ b, and b belongs to a fixed finite
set B of ideals that represents the ideal class group of F. Let L (b) denote
the set of all lattices L of this type such that d(L) = x and μ0(L) ⊂ g. For
each b ∈ B we take and fix a member L0 of L (b), written L0 = by1 + gy2 +
· · · + gyn with an F -basis {yi}n

i=1 of V. For L as above define α ∈ GLF (V )
by yiα = xi for 1 ≤ i ≤ n. Then L0α = L. Put yiα =

∑n
j=1 aijyj. By (30.3),

x = d(L) = det(α)2d(L0) = det(α)2x, and so det(aij) = det(α) ∈ g×. By
Lemma 30.2 there exists a nonzero element ξ = (ξ1, . . . , ξn) of g1

n such that
|∑n

i=1 ξiaij |v ≤ B for every j and every v ∈ a with a constant B depending
only on F. Put w =

∑n
i=1 ξiyi and ηj =

∑n
i=1 ξiaij . Then w ∈ L0 and

wα =
∑n

j=1 ηjyj ∈ L, 0 �= ϕ[wα] ∈ μ0(L) ⊂ g, and |ηj |v ≤ B for every j

and every v ∈ a. Now ϕ[wα] = ϕ
(∑

j ηjyj ,
∑

k ηkyk

)
=
∑

j,k ηjηkϕ(yj , yk),
and so |ϕ[wα]|v ≤ 2n2

n2B2E for every v ∈ a, where E = Maxj,k|ϕ(yj , yk)|v.
(The factor 2n2

is necessary only if v is imaginary.) Take x ∈ F×
A so that

xg = g and |x|v = 2n2
n2B2E for every v ∈ a. Then ϕ[wα] belongs to the set

S(x) defined in (15.10). The set S(x) depends on the choice of L0 ∈ L (b).
Put Sb = S(x) with any fixed choice of L0. Since ϕ[wα] ∈ ϕ[L] ∩ Sb, we can
take

⋃
b∈B Sb as S of our lemma. Our proof is now complete.

Theorem 30.4. Let (V, ϕ) be a nondegenerate quadratic space over a
global field F. Given an integral g-ideal x, let ΛV (x) denote the set of all
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g-lattices L in V such that x ⊂ d(L) and μ0(L) ⊂ g. Then there exists a finite
number of g-lattices L1, . . . , Lh in V such that every member of ΛV (x) is the
image of Li for some i under an element of SO(ϕ).

Proof. Since [Oϕ : SOϕ] = 2, it is sufficient to prove our theorem with Oϕ

in place of SOϕ. Let n = dim(V ). If n = 1, then we can put (V, ϕ) = 〈F, c〉
with c ∈ F×. Thus L is a g-ideal and d(L) = cL2, and so ΛV (x) consists of
the g-ideals L such that x ⊂ cL2 ⊂ g, and so the finiteness is obvious. Let
us therefore prove the case n > 1 by induction on n. Fixing ξ ∈ F× ∩ g,

denote by ΛV (x, ξ) the subset of ΛV (x) consisting of all L ∈ ΛV (x) such that
ξ ∈ ϕ[L]. In view of Lemma 30.3 it is sufficient to prove the finiteness of
ΛV (x, ξ) modulo O(ϕ). (Replacing ξ by c2ξ with a suitable c ∈ F×, we may
assume that ξ ∈ g.) We may of course assume that ξ = ϕ[z] for some z ∈ V.

Fixing such a z, put U = (Fz)⊥. By the induction assumption, there exist
lattices M1, . . . , Mk in U such that ΛU (ξ2nx) consists of the images of the
Mi under Oϕ(U).

Let L ∈ ΛV (x, ξ). Then ξ = ϕ[w] with some w ∈ L. By Lemma 22.5(ii),
z = wγ with some γ ∈ Oϕ(V ). Then z ∈ Lγ. Replacing L by Lγ, we may
assume that z ∈ L. Put N =

{
ξx−ϕ(x, z)z

∣
∣ x ∈ L

}
and L′ = gz+N. Then N

is a lattice in U and L′ is a lattice in V. For x ∈ L we see that ξx ∈ N+gz = L′.

Thus ξL ⊂ L′ ⊂ L, and so ξ2nx ⊂ d(ξL) ⊂ d(L′) = ξd(N) ⊂ d(N), Also,
μ0(N) ⊂ μ0(L) ⊂ g. Therefore N ∈ ΛU (ξ2nx), and so Nα = Mi for some
α ∈ Oϕ(U) and some i. Extend α to an element β of Oϕ(V ) by putting
zβ = z; put also Li = gz + Mi for 1 ≤ i ≤ k. Then Li = L′β ⊂ Lβ, and so
ϕ(Lβ, Li) ⊂ ϕ(Lβ, Lβ) ⊂ μ0(L) ⊂ g. Thus Li ⊂ Lβ ⊂ 2L̃i. There are only a
finite number of lattices between Li and 2L̃i. We have proved that L is the
image of one of them under an element of Oϕ(V ). This completes the proof.

Corollary 30.5. With (V, ϕ) as in Theorem 30.4, let L be a g-lattice in
V. Then the ϕ-genus of L consists of a finite number of SO(ϕ)-classes.

Proof. As we already noted, d(L) and μ0(L) depend only on the ϕ-genus
of L. Replacing L by cL with a suitable element c of F×, we may assume
that μ0(L) ⊂ g. Then our assertion immediately follows from Theorem 30.4.

30.6. We now define the adelization of the orthogonal and special orthog-
onal groups. We begin with a finite-dimensional vector space V over F and
GL(V ). We define the adelizations of V and GL(V ), written VA and GL(V )A,

by

(30.5) VA =
{

x ∈
∏

v∈v

Xv

∣
∣
∣ xv ∈ Lv for almost all v ∈ h

}

,

(30.6) GL(V )A =
{

α∈
∏

v∈v

GL(Vv)
∣
∣
∣Lvαv =Lv for almost all v ∈ h

}

.
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Here L is an arbitrarily fixed g-lattice in V. In view of Lemma 21.6(i) these
do not depend on the choice of L. Also VA is an additive group with respect
to componentwise addition, and similarly GL(V )A is a group with respect
to componentwise multiplication. We can view V (resp. GL(V )) as a subset
of VA (resp. GL(V )A) by identifying each α ∈ V resp. α ∈ GL(V ) with the
element of VA resp. GL(V )A whose v-component is α for every v. If V = F,

then GL(V ) = F×, and we see that FA and GL(V )A are exactly the adele-ring
and the idele-group of F defined in (15.2) and (15.3).

We easily see that VA has a natural structure of an FA-module. If V has a
structure of an F -algebra, then VA becomes an associative ring with respect
to componentwise multiplication. It is also easy to see that GL(V )A can be
identified with all the FA-linear automorphisms of VA. If we identify V with
F 1

n and GL(V ) with GLn(F ), then we naturally obtain GLn(F )A, which can
be identified with GLn(FA). We put

(30.7) Va =
∏

v∈a

Vv, Vh =
{
x ∈ VA

∣
∣ xv = 0 for every v ∈ a

}
,

(30.8) GLn(F )a =
∏

v∈a

GLn(Fv),

(30.9) GLn(F )h =
{
α∈GLn(F )A

∣
∣αv =1 for every v∈a

}
.

To make our formulas short, for a g-ideal a and an element x = (xv) ∈
∏

v∈v(Fv)m
n we write

(30.10) x ≺ a if xv ∈ (av)m
n for every v ∈ h.

30.7. Given a g-lattice L in V and an element α ∈ GL(V )A, we denote
by Lα the g-lattice such that (Lα)v = Lvαv for every v ∈ h. Such a g-lattice
is guaranteed by Lemma 21.6(ii). In particular, for a g-ideal x and t ∈ F×

A

we can define a g-ideal tx so that (tx)v = tvxv for every v ∈ h. (This was
already defined in §15.5.) When α ∈ GL(V ) and t ∈ F×, these symbols Lα

and tx are consistent with what we already have.
Now, given an algebraic subgroup G of GL(V ) (or GLn(F )) for which Gv

is defined, we define the adelization GA of G by

(30.11) GA = GL(V )A ∩
∏

v∈v

Gv

=
{

x ∈
∏

v∈v

Gv

∣
∣
∣Lvxv = Lv for almost all v ∈ h

}

,

where L is an arbitrarily fixed g-lattice in V. An algebraic subgroup G of
GLn(F ), roughly speaking, is a subgroup of GLn(F ) that is defined by poly-
nomial equations for the matrix entries, but there is a technical problem of
how to define Gv for each v ∈ v, which is nontrivial. Therefore in this book
we consider only the cases in which Gv can be defined in an obvious way.
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In fact, we consider GA only for G = SL(V ), Oϕ(V ), SOϕ(V ), G+(V ), and
G1(V ), and a few more groups such as the subgroup of GLn(F ) consisting of
the upper triangular matrices. For more on this point, the reader is referred
to [S97, Section 8].

Restricting the injection of GL(V ) into GL(V )A to G, we can view G as a
subgroup of GA. Also, for each v ∈ v we can view Gv as a subgroup of GA

by means of the standard injection Gv →
∏

v∈v Gv. We put

(30.12) Ga =
{
x ∈ GA

∣
∣ xv = 1 for every v ∈ h

}
,

(30.13) Gh =
{
x ∈ GA

∣
∣xv = 1 for every v ∈ a

}
.

Then GA = GaGh and Ga =
∏

v∈a Gv. For every x ∈ GA we can define
uniquely xa ∈ Ga and xh ∈ Gh by x = xaxh.

To define a topology on GA, we first observe that Mn(Fv) for each v ∈ v
has a natural topology. Since Fv is locally compact, Mn(Fv) is a locally
compact additive group, and its subset GLn(Fv) has a natural structure of a
locally compact topological group. Now x 	→ det(x) is a continuous map of
Mn(gv) into gv, and GLn(gv) is the inverse image of g×v . Since g×v is open and
compact in gv, GLn(gv) must be open and compact. Thus, for a g-lattice L

in V and v ∈ h the group
{
y ∈ GL(V )v

∣
∣Lvy = Lv

}
is an open and compact

subgroup of GL(V )v. If G is as above, then Gv is clearly a closed subgroup of
GL(V )v, and so it has a natural structure of a locally compact group. Now
put

(30.14) U = Ga

∏

v∈h

Uv, Uv =
{
y ∈ Gv

∣
∣Lvy = Lv

}
,

with a fixed g-lattice L. (If L = g1
n, then Uv = Gv ∩ GLn(gv).) Clearly U ={

x ∈ GA

∣
∣Lx = L

}
, where Lx is defined at the beginning of this subsection;

also Uv is an open compact subgroup of Gv. We then make U a topological
group with respect to the product topology. Since

∏
v∈h Uv is compact and

Ga is a locally compact group, U becomes a locally compact group. Now we
define a topology on GA by taking U to be its open subgroup. In other words,
a subset of GA is defined to be open if it is a union of sets of the form xB

with x ∈ GA and open subsets B of U. We easily see that this topology does
not depend on the choice of L, and GA becomes a locally compact topological
group.

Let (V, ϕ) be a nondegenerate quadratic space over F and L a g-lattice
in V. Then the ϕ-genus of L is the set of all lattices of the form Lx with
x ∈ O(ϕ)A. Therefore, if U =

{
y ∈ O(ϕ)A

∣
∣Ly = L

}
, then the map x 	→ Lx

gives a bijection of U\O(ϕ)A onto the set of all lattices in the ϕ-genus of L,

and consequently each double coset of the double orbit space U\O(ϕ)A/O(ϕ)
determines an O(ϕ)-class in the ϕ-genus of L. Therefore the number of O(ϕ)-
classes in the ϕ-genus of L is exactly #

(
U\O(ϕ)A/O(ϕ)

)
; similarly the num-
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ber of SO(ϕ)-classes in the ϕ-genus of L is exactly #
(
U ′\SO(ϕ)A/SO(ϕ)

)
,

where U ′ = U ∩ SO(ϕ)A.

Theorem 30.8. Given (V, ϕ) as above, let X be an open subgroup of
SO(ϕ)A containing SO(ϕ)a. Then X\SO(ϕ)A/SO(ϕ) is a finite set.

Proof. Put G = SO(ϕ) and D =
{
x ∈ GA

∣
∣Lx = L

}
with a lattice L

in V. Put also Y = X ∩ D, Yv = Y ∩ Gv, and Dv = D ∩ Gv for v ∈ h.

Then Y is an open subgroup of GA, and so Dv = Yv for almost all v. Thus
[D : Y ] =

∏
v∈p[Dv : Yv] with a finite subset p of h. Since Dv and Yv are

open and compact, we see that [Dv : Yv] < ∞, and so [D : Y ] < ∞. By
Corollary 30.5 and the statement at the end of §30.7, D\GA/G is a finite set,
and consequently X\GA/G is finite. This proves our theorem.

Theorem 30.9. (i) Put G1 = SLn(F ). Then we have G1
A = G1Y for

every open subgroup Y of G1
A containing G1

a.

(ii) If G = GLn(F ) and D is an open subgroup of GA containing Ga, then
GD is a normal subgroup of GA, and for every y ∈ GA we have

GyD =
{
x ∈ GA

∣
∣ det(y−1x) ∈ F× det(D)

}
.

Proof. Put L = g1
n and U =

{
y ∈ G1

A

∣
∣Ly = L

}
. Then U = G1

a·∏
v∈h SLn(gv). Let M = Lξ with ξ ∈ G1

A. Then [L/M ]v = [Lv/Mv] =
det(ξv)gv = gv for every v ∈ h, and so [L/M ] = g. By Theorem 10.19 we
can put L=ae1 +

∑n
i=2 gei and M =bf1 +

∑n
i=2 gfi with g-ideals a, b, and

F -bases {ei}n
i=1 and {fi}n

i=1 of F 1
n . Define α∈GLn(F ) by eiα=fi for every

i. Then g = [L/M ] = [L/Lα][Lα/M ] = det(α)a−1b, and so b = det(α)−1a.

Define β ∈ GLn(F ) by f1β = det(α)−1f1 and fiβ = fi for i > 1. Then
det(αβ)=1, Lαβ =M =Lξ, and so ξ(αβ)−1∈U. This proves that G1

A=UG1.

Given an integral ideal a, put A=
{
x∈U

∣
∣x − 1 ≺ a

}
, using the notation of

(30.10). Given an open subgroup Y of G1
A, we can take a so that A ⊂ Y.

Since G1
A =G1U, it is sufficient to show that U ⊂ G1A. Let α∈U. Then we

can find an element β of Mn(g) such that β−α ≺ a. Then det(β)−1∈a. By
Theorem 10.21, there exists an element γ of SLn(g) such that γ−β ≺ a. Then
γ − α ≺ a, and so γ−1α ∈ A. Thus α ∈ G1A, which shows that U ⊂ G1A,

and we obtain (i).
To prove (ii), suppose det(y−1x) = c · det(d) with c ∈ F× and d ∈ D.

We can find α ∈ G such that det(α) = c. Then y−1α−1xd−1 ∈ G1
A. Taking

G1
A ∩ yDy−1 as Y in (i), we obtain G1

A ⊂ G1yDy−1 ⊂ GyDy−1. Therefore
x ∈ αyG1

AD = αG1
AyD ⊂ GyD. This proves the last equality of (ii). Taking

y = 1, we easily see that GD is a normal subgroup of GA. This completes the
proof.

In general we say that strong approximation holds in an algebraic group
G of GA if GA = GX for every open subgroup X of GA containing Ga. Thus
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the above theorem says that strong approximation holds in SLn(F ). This
result is included in the theorem of Eichler in [E38] similar to Theorem 10.21
concerning A× for a central simple algebra over an algebraic number field,
which is the origin of strong approximation.

30.10. We defined the genus and class of a lattice with respect to an
orthogonal group. Since the genus and class of a quadratic form were tra-
ditionally defined in terms of matrices, let us now explain the relationship
between these two kinds of definitions.

Given an integral domain R, we denote by Sn(R) the set of all sym-
metric elements of Mn(R) with nonzero determinant. We fix a nondegen-
erate quadratic space (V, ϕ) over a global field F, isomorphic to 〈F, ϕ0〉 with
ϕ0 ∈ Sn(F ), so that Oϕ(V ) can be identified with O(ϕ0) of (22.5). Put
L=g1

n and define several local and global groups as follows:

(30.15) Δ=
{
γ∈GLn(g)

∣
∣ det(γ)=±1

}
, Δ1 =SLn(g),

(30.16) Δv =
{
γ∈GLn(gv)

∣
∣ det(γ)=±1

}
, Δ1

v =SLn(gv) (v∈h),

(30.17) Δv =GLn(Fv) (v ∈ a).

Now we consider the set Φ of all ψ ∈ Sn(F ) such that ψ = γvϕ0 · tγv with
γv ∈ Δv for every v ∈ v. This Φ is called the genus of ϕ0. Here we can take
Δ1

v in place of Δv if v ∈ h without changing Φ, because Δv ∩ O(ϕ0)v has
an element of determinant −1; see Lemma 29.6. For ψ ∈ Φ, by the O-class
resp. the SO-class of ψ we understand the set of δψ · tδ for all δ ∈ Δ

resp. δ ∈ Δ1. Given ψ ∈ Φ, we have an element γ of
∏

v∈v Δv such that
ψ = γϕ0 · tγ. Then by Corollary 27.4, ψ = αϕ0 · tα with α ∈ GL(V ). Clearly
det(ψ) = det(ϕ0), and so det(α) = ±1. Thus we can take such an α from
SL(V ), as O(ϕ0) has an element of determinant −1. We assign the lattice Lα

to ψ. Then Lα belongs to the ϕ-genus of L. Indeed, put ε = γ−1α; then
ε ∈ O(ϕ0)A and Lα = Lε, which shows the desired fact.

Let ψ′ ∈ Φ; then ψ′ = βϕ0 · tβ with β ∈ GL(V ). Suppose ψ′ = σψ · tσ

with σ ∈ Δ; put τ = β−1σα. Then τ ∈ O(ϕ0) and (Lβ)τ = Lα, that is,
Lβ belongs to the O(ϕ0)-class of Lα. This means that the O(ϕ0)-class of Lα

depends only on the O-class of ψ. We can take α, β ∈ SL(V ), so that if
σ ∈ Δ1, then τ ∈ SO(ϕ0), and so the SO(ϕ0)-class of Lα depends only on
the SO-class of ψ.

Conversely, let M be a lattice belonging to the ϕ-genus of L. Then M = Lξ

with ξ ∈ SO(ϕ0)A. By Theorem 30.9 we can find an element α ∈ SL(V ) such
that (ξα−1)h ∈

∏
v∈h Δ1

v. Put γ = αξ−1 and ψ = αϕ0 · tα. Then ψ ∈ Φ,

since ψ = γvϕ0 · tγv for every v ∈ v, and M = Lα, which corresponds to ψ.

Thus the correspondence ψ 	→ Lα gives a surjection of Φ onto the ϕ-genus
of L.
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Finally, given ψ = αϕ0 · tα ∈ Φ and ψ′ = βϕ0 · tβ ∈ Φ with α, β ∈ SL(V ),
suppose Lβ = Lαη with η ∈ O(ϕ0); put ζ = αηβ−1. Then ζ ∈ Δ and
ψ = ζψ′ · tζ, so that ψ′ belongs to the O-class of ψ. If η ∈ SO(ϕ0), then
ζ ∈ Δ1, and so ψ′ belongs to the SO-class of ψ. In this way we find a bijection
of the set of O-classes of matrices onto the set of O(ϕ0)-classes of lattices, and
also a bijection with SO-classes instead of O-classes.

It should be noted that we can take GLn(g) and GLn(gv) in place of Δ and
Δv. Indeed, define Φ′ to be the set of all ψ ∈ Sn(F ) such that ψ = γvϕ0 · tγv

with γv ∈ GLn(gv) for v ∈ h and γv ∈ GLn(Fv) for v ∈ a. For such a ψ

we have ψ = αϕ0 · tα with α ∈ GL(V ). Then det(α) = ± det(γv) for every
v ∈ h, so that det(α) ∈ g×. Put ε = diag

[
det(α)−1, 1n−1

]
and ψ′ = εψ · tε.

Then ε ∈ GLn(g), εγv ∈ Δv for every v ∈ h and so ψ′ ∈ Φ. From this we see
that

(30.18) Φ′=
{
δψ · tδ

∣
∣ψ∈Φ, δ∈GLn(g)

}
, Φ=

{
ψ∈Φ′ ∣∣ det(ψ)=det(ϕ0)

}
.

Then we find that the set of O-classes in Φ is a complete set of representatives
for Φ′ modulo the equivalence under GLn(g).

What we explained here is applicable only to the lattices L that are iso-
morphic to g1

n. In general each isomorphism class of g-lattices as g-modules
is determined by an ideal class of F as described in Theorem 10.19. Therefore
the genus and class of a matrix must be formulated according to the choice
of that ideal class. We can give a clear-cut formulation, but it is somewhat
involved, and so for a detailed exposition, we refer the reader to Section 4 of
[S06c].

31. Integer-valued quadratic forms

31.1. Let F be a local or global field and g its maximal order as in §§21.1
and 29.1, and (V, ϕ) a nondegenerate quadratic space over F. We put

(31.1) Tn(g) =
{
(cij) ∈ Sn(g)

∣
∣ cii ∈ 2g for every i

}
,

where Sn(g) is the set of symmetric elements of Mn(g)∩GLn(F ), as defined in
§30.10. Assuming for the moment g to be a principal ideal domain (which is
so if F is local), take a g-lattice L in V. Let ϕ0 be the matrix representing ϕ

with respect to a g-basis of L. Then μ0(L) ⊂ g if and only if ϕ0 ∈ Sn(g), and
μ(L) ⊂ g if and only if 2ϕ0 ∈ Tn(g). Thus the discussion of integral lattices is
essentially the discussion of 2−1Tn(g). An element of Sn(g) defines a g-valued
symmetric form on a lattice, and is different from a g-valued quadratic form,
which is represented by an element of 2−1Tn(g). The distinction between these
two kinds of g-valued forms is nontrivial. In this section we classify g-valued
quadratic forms; the classification of g-valued symmetric forms will be done
in Section 33.
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Now pick and fix ϕ0 ∈ 2−1Tn(g) in the global case; let (V, ϕ) = 〈F, ϕ0〉
and L = g1

n. Then L̃ = L(2ϕ0)−1, [L̃/L] = det(2ϕ0)g, and d(L) = det(ϕ0)g.

Let ψ be an element of Sn(F ) belonging to the genus of ϕ0 in the sense of
§30.10. Then 〈F, ψ〉 is isomorphic to 〈F, ϕ0〉, but the isomorphism-class of
〈F, ϕ0〉 does not necessarily determine the genus of ϕ0. However, as noted
in §30.1, all the maximal lattices in V form a single ϕ-genus, and so the
genus of a matrix corresponding to a maximal lattice is determined by the
isomorphism-class of quadratic spaces. This point becomes clearer if F = Q,

as will be explained in §31.3. We first state a global result concerning [L̃/L]
and μ(L̃) with no condition on F.

Theorem 31.2. Given (V, ϕ) over a global field F, let K0 = F (δ1/2) be
the discriminant field of (V, ϕ), and L a maximal lattice in V. Let e be the
product of the prime ideals ramified in Q(ϕ), and e1 the product of the prime
factors of e that do not ramify in K0; also let d0 = NK0/F

(
d(K0/F )

)
, where

d(K0/F ) is the different of K0 relative to F. Then the following assertions
hold:

(i) μ(L) = g if n > 2.

(ii) If n is even, then [L̃/L] = d0e
2
1 and μ(L̃)−1 = d0e1.

(iii) Suppose n is odd; let δg = ab2 with a square-free integral ideal a and
a fractional ideal b. Then [L̃/L] = 2a−1e2 ∩ 2a and μ(L̃)−1 = 4a ∩ e.

Proof. We gave formulas for [L̃/L], μ(L), and μ(L̃)−1 for a local lattice
L in (29.7), (29.8), and (29.9). For a global lattice L we have μ(L)v = μ(Lv).
Thus (i) follows from (29.8). Similarly (ii) and (iii) follow from (29.7) and
(29.9).

We will comment on μ(L̃)−1 in §31.11.

31.3. By Theorems 28.7 and 28.9 we can enumerate all the isomorphism
classes of (V, ϕ) with given n, K, B, and {σv}. We can express the results in
connection with [L̃/L] and μ(L̃) by virtue of Theorem 31.2. For simplicity
we do so in this book only when F = Q, in which case we can give a list
according to the nature of a symmetric matrix representing ϕ with respect
to a Z-basis of L.

We first consider more generally a local or global field F and its maximal
order g, and note that both Sn(g) and Tn(g) are stable under the map ϕ 	→
αϕ · tα for every α ∈ GLn(g). We call an element ϕ of 2−1Tn(g) q-reduced
(that is, reduced as a quadratic form) if it satisfies the following condition:

(31.2) ϕ = αψ · tα, α ∈Mn(g), and ψ ∈ 2−1Tn(g) =⇒ α ∈ GLn(g).

Similarly we call an element ϕ of Sn(g) s-reduced (reduced as a symmetric
form) if it satisfies
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(31.3) ϕ = αψ · tα, α ∈Mn(g), and ψ ∈ Sn(g) =⇒ α ∈ GLn(g).

If an element of Sn(g) is q-reduced, then it is s-reduced, but the converse is
false. For example, ηr of (22.6) is s-reduced, but not q-reduced if 2 /∈ g×,

as ηr = α(2−1ηr) · tα with α = diag[1, 2 · 1r]; 2−1ηr is q-reduced.
Let (V, ϕ) be a quadratic space over F. Suppose g is a principal ideal

domain; let ψ be the matrix representing ϕ with respect to a g-basis of a
lattice L in V. Then we see that ψ is q-reduced resp. s-reduced if and only
if L is ϕ-maximal resp. ϕ∗-maximal in the sense of §29.1. Indeed, let L = g1

n

and ϕ ∈ 2−1Tn(g); suppose L is ϕ-maximal and ϕ = αψ · tα with α ∈Mn(g)
and ψ ∈ 2−1Tn(g). Then L ⊂ Lα−1 and Lα−1 is ϕ-integral, and so the ϕ-
maximality of L implies that L = Lα−1. Thus α ∈ GLn(g), which means that
ϕ is q-reduced. The converse and the statement about the s-reducibility can
be verified in a similar way.

31.4. Now, instead of trying to classify all Z-valued quadratic forms or
symmetric forms, we restrict ourselves to the q-reduced or s-reduced elements.
This idea seems perfectly reasonable for the following reason. In algebraic
number theory, without considering an arbitrary ring of algebraic integers,
we take the maximal order, and discuss everything in relation with it. For
instance, the class number of an algebraic number field is the number of ideal
classes with respect to the maximal order. Likewise, it is natural to define
the class number of a quadratic space to be the number of classes in the
genus of maximal lattices, which amounts to the number of classes in the genus
of a q-reduced matrix. It should also be noted that there are few previous
investigations on classification for an arbitrary value of the discriminant of
the form beyond the unimodular case. It can easily be seen that if ϕ ∈
2−1Tn(g) resp. Sn(g) and det(2ϕ) resp. det(ϕ) is square-free, then ϕ is q-
reduced resp. s-reduced. Therefore we will eventually classify all Z-valued
quadratic and symmetric forms with square-free determinant.

Before proceeding further, let us introduce a generalization of a traditional
terminology. We say that an element ϕ of Sn(g) is of Type 1 if xϕ · tx /∈ 2g

for some x ∈ g1
n, and of Type 2 if xϕ · tx ∈ 2g for every x ∈ g1

n. Clearly ϕ

is of Type 2 if and only if ϕ ∈ Tn(g). Given ϕ and ψ of Sn(F ) let us write

(31.4) ϕ ∼ ψ if ϕ = αψ · tα with α ∈ GLn(F ),

(31.5) ϕ ≈ ψ if ϕ = αψ · tα with α ∈ GLn(g).

If ϕ ≈ ψ for ϕ, ψ ∈ Sn(g), then clearly ϕ and ψ are of the same type.

31.5. Let us again take F = Q and g = Z. Given ϕ ∈ 2−1Tn(Z), let N be
the smallest positive integer such that N(2ϕ)−1 ∈ Tn(Z). We put N = �(T )
and call it the level of T. We let S0

n denote the subset of 2−1Tn(Z) consisting
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of the q-reduced elements of 2−1Tn(Z). Clearly if T ∈ 2−1Tn(Z) and det(2T )
is square-free, then T ∈ S0

n.

Given (V, ϕ) over Q, take a maximal lattice L in V and let Φ be the
matrix that represents ϕ with respect to a Z-basis of L. Then L̃ = L(2Φ)−1,

det(2Φ)Z = [L̃/L], Φ ∈ S0
n, and every matrix in S0

n can be obtained in this
fashion from a maximal lattice. Since all the maximal lattices form one genus,
we see that the genus of Φ in the sense explained in §30.10 is determined by
the isomorphism class of (V, ϕ), and vice versa. Also, we can easily verify
that μ(L̃)−1 = �(Φ)Z. If n > 2, then μ(L) = Z by Theorem 31.2(i), and
hence the greatest common divisor of 2ϕij and ϕii for all i, j is 1.

Now the classification of all Φ in S0
n can be stated in the following two

theorems.

Theorem 31.6 (The case of even n). Let three integers n, σ, δ, and two
square-free positive integers e0, e1 be given as follows: 4 ≤ n ∈ 2Z, |σ| ≤
n, σ ∈ 2Z; δ = 1 or δ is the discriminant of a quadratic extension K0 of Q;
e0 divides δ and e1 is prime to δ. Let r be the number of prime factors of
e0e1, and let B be the quaternion algebra over Q such that DB = e0e1 (see
§27.9). Suppose that (−1)σ/2δ > 0 and σ − 4r ≡ 0 or 2 (mod 8). Then there
exists an element Φ of S0

n such that

| det(2Φ)| = |δ|e2
1, s(Φ) = σ, Q(Φ) = B, �(Φ) = |δ|e1.

Moreover, K0 is the discriminant field of Φ, every element of S0
n is of this

type, and its genus is determined by (σ, δ, e0, e1), where we put K0 = Q
if δ = 1. These statements are true even for n = 2 under the following
additional condition on e1 : if e1 �= 1, then δ �= 1 and every prime factor of
e1 remains prime in K0.

Proof. Take F = Q in Theorems 28.9 and 31.2; put e = e0e1Z. We have
d0 = δZ. As observed in §27.9, Ba

∼= M2(R) if and only if r ∈ 2Z. Therefore
from (28.6a) we see that σ − 4r ≡ 0 or 2 (mod 8). Since B is determined by
e, and (V, ϕ) by (n, σ, δ, B), we obtain our theorem.

Theorem 31.7 (The case of odd n). Let two integers n and σ be given
as follows: 0 < n − 1 ∈ 2Z, |σ| ≤ n, and σ − 1 ∈ 2Z; also let m and e be
square-free positive integers. Further let r be the number of prime factors of
e, and let B be the quaternion algebra over Q such that DB = e (see §27.9).
Suppose that σ ≡ 4r±1 (mod 8). Then there exists an element Φ of S0

n such
that

| det(2Φ)| = 2(m ∩ e)2/m, s(Φ) = σ, Q(Φ) = B, �(Φ) = 4m ∩ e,

where x ∩ y denotes the least common multiple of x and y. Moreover, the
discriminant field of Φ is Q(δ1/2) with δ = (−1)(σ−1)/2m, every element of
S0

n is of this type, and its genus is determined by (σ, m, e).
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Proof. For the same reason as in the proof of Theorem 31.6, we see that
(28.6b) holds if and only if σ ≡ 4r ± 1 (mod 8). Given m and e, take
δ = (−1)(σ−1)/2m and e = eZ in Theorems 28.9 and 31.2(iii). Then a = mZ,

and we immediately obtain the desired results.

31.8. As one of the easiest special cases let us now discuss Φ ∈ 2−1Tn(Z)
such that det(2Φ) is square-free. Though we will state results in more gen-
eral cases in Theorem 31.9 below, we first treat this simpler case, since the
arguments in the general case are complicated and it may not be so easy to
understand what the main points of the proof are.

Thus we take a square-free positive integer f with exactly ν prime factors;
the case f = 1 is included. We also take an integer σ such that |σ| ≤ n and
σ − n ∈ 2Z. We look for an element Φ of 2−1Tn(Z) such that

(31.6) | det(2Φ)| = f and s(Φ) = σ.

Since f is square-free, such a Φ is q-reduced. Before discussing this problem,
we note an easy fact. For a positive square-free integer m let κ(m) denote
the number of prime factors of m. Then we have:

(31.7) Given such an m > 1 and ε = 0 or 1, the number of positive divisors
e of m such that κ(e)− ε ∈ 2Z is 2κ(m)−1.

This is because
∑[k/2]

i=0

(
k
2i

)

=
∑[(k−1)/2]

i=0

(
k

2i + 1

)

= 2k−1.

Now take Φ as in (31.6).
(I) Suppose n ∈ 2Z. Let the symbols be as in Theorem 31.6. Then |δ|e2

1 =
f, and so e1 = 1, |δ| = f, e0|f, and r ≤ ν. The nature of δ can be seen
from (10.11); namely, 4|δ or δ − 1 ∈ 4Z. If δ > 0, then σ ∈ 4Z, and δ = 1
or 1 < δ = f ≡ 1 (mod 4); if δ < 0, then σ − 2 ∈ 4Z and −δ = f ≡ 3
(mod 4). Therefore we see that σ − f + 1 ∈ 4Z in both cases. Now there are
2ν factors e0 of f, but the number of prime factors r of e0 must be taken so
that σ − 4r ∈ 8Z if f − 1 ∈ 4Z and σ − 4r − 2 ∈ 8Z if f − 3 ∈ 4Z

Therefore if δ = 1, then ν = 0, and r = 0 is the only choice, so that
we must have σ ∈ 8Z. If δ �= 1, then ν > 0 and we have to assume that
σ − f + 1 ∈ 4Z. Once this is satisfied, we can find r, and r (mod 2) is
determined. Thus by (31.7) there are 2ν−1 choices of e0. Notice that the case
n = 2 can be included.

(II) Suppose 0 < n− 1 ∈ 2Z; let the symbols be as in Theorem 31.7. Then
we easily see that e|m, f = 2m, m /∈ 2Z, and r ≤ ν−1. If ν = 1, then f = 2
and σ± 1 ∈ 8Z. Otherwise m > 1, and we have to take r so that σ ≡ 4r± 1
(mod 8), which is feasible and there exist 2ν−2 choices of e.

To sum up, given a square-free positive integer f and an integer σ such
that |σ| ≤ n and σ−n ∈ 2Z, there exists an element Φ of 2−1Tn(g) satisfying
(31.6) if and only if one of the following conditions is satisfied:
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(31.8a) f = 1 and σ ∈ 8Z,

(31.8b) f = 2 and σ ± 1 ∈ 8Z,

(31.8c) 0 < f − 1 ∈ 2Z, n ∈ 2Z, and σ − f + 1 ∈ 4Z,

(31.8d) f = 2m, 1 < n− 1 ∈ 2Z with 0 < m− 1 ∈ 2Z.

The genus of such a Φ is unique in the first two cases, and there are exactly
2ν−1 genera of such Φ in case (31.8c) and 2ν−2 genera in case (31.8d), where
ν is the number of prime factors of f.

It should be noted that case (31.8a) is well known. Namely, there exists
Ψ ∈ Tn(Z) (that is, Ψ of Type 2) such that | det(Ψ)| = 1 if and only if
s(Ψ) ∈ 8Z. For the original proof of this classical result, the reader is referred
to van der Blij [V]. Let us now state more general results derived from the
above two theorems.

Theorem 31.9. In the following statements σ is an integer such that
|σ| ≤ n and σ − n ∈ 2Z.

(i) Let f and g be square-free positive integers whose greatest common
divisor is 2 if both n and f are even, and 1 otherwise. Let Φ ∈ S0

n. Then
| det(2Φ)| = fg2 with such f and g if n is even, and | det(2Φ)| = 2fg2 with
such f and g if n is odd.

(ii) There is no Φ ∈ 2−1Tn(Z) for even n such that 2−1 det(2Φ) is an odd
integer.

(iii) Let g be the product of t (≥ 0) different prime numbers and let 2 <

n ∈ 2Z. Then S0
n contains an element Φ such that | det(2Φ)| = g2 and

s(Φ) = σ if and only if σ − g ∈ 4Z or σ − 4t ∈ 8Z, and the genus of such a
Φ is determined by (σ, g).

(iv) For g as in (iii) and 0 < n− 1 ∈ 2Z the set S0
n contains an element

Φ such that | det(2Φ)|= 2g2 and s(Φ) = σ if and only if σ ≡ 4t± 1 (mod 8),
and the genus of such a Φ is determined by (σ, g).

(v) Let f and g be as in (i) and let s be the number of prime factors of
f ; suppose that s > 0 and 2 < n ∈ 2Z. Then the number of genera of Φ ∈ S0

n

such that | det(2Φ)| = fg2 and s(Φ) = σ is 2s if f − σ + 1 ∈ 4Z and 2s−1

otherwise. Moreover, g ∈ 2Z if f − σ + 1 ∈ 4Z.

(vi) Let f, g, and s be as in (v). Then for 1 < n− 1 ∈ 2Z the number of

genera of Φ ∈ S0
n such that | det(2Φ)| = 2fg2 and s(Φ) = σ is 2s−1.

(vii) There exists Φ ∈ 2−1Tn(Z) such that | det(2Φ)| = 2 and s(Φ) = σ

if and only if σ ≡ ±1 (mod 8), and such a Φ determines a unique genus for
each (n, σ).

Proof. We can derive (i) from Theorems 31.6 and 31.7 in the same manner
as in §31.8, using (10.11); (ii) follows easily from (i). Suppose 2 < n ∈ 2Z and
| det(2Φ)| = g2 with g as in (iii). Then in Theorem 31.6 we have (δ, e1) =
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(1, g) or (−4, g/2), which is so according as σ ∈ 4Z or σ−2 ∈ 4Z. If σ ∈ 4Z,

then t = r, and so σ − 4t ∈ 8Z; if σ − 2 ∈ 4Z, then e1 is odd, and so
σ − g ∈ 4Z. In the latter case we take e = e1 or 2e1 according to the parity
of t and σ (mod 8). Thus we obtain (iii). The proof of (iv) is similar and
simpler.

As for (v), we have |δ| = f or 4f, and (σ, δ) determines (σ, f) and vice
versa. Now δ has exactly s + 1 prime factors if and only if f is odd and
|δ| = 4f, which can happen if and only if f − σ + 1 ∈ 4Z. Otherwise δ has
exactly s prime factors. Once (σ, δ, e1) is fixed, the genus of Φ is determined
by a factor e0 of δ, and the number of the prime factors of e0 must have the
parity determined by r and e1. Since σ determines r (mod 2), we obtain
(v) in view of (31.7). The proof of (vi) is similar and simpler. Finally, (vii) is
trivially true if n = 1. For n > 1, it follows immediately from (ii) and (iv).

31.10. Remark. (A) If n = 2, we can easily classify all Φ ∈ 2−1T2(Z)
without assuming Φ to be reduced. In the higher-dimensional case, however,
no clear-cut results seem obtainable without the assumption that Φ is reduced,
and therefore we believe that our restriction of Φ to S0

n is more than natural.
(B) When F �= Q, analogues of the statements of Theorem 31.9 are not so

simple. See [S06b, p. 1540, Remark (B)] and [S06c].
(C) We can state results about s-reduced elements of Sn(Z) similar to the

above theorems as we will indeed do in Section 3Z. However, before doing so
we investigate various things such as strong approximation.

(D) We have so far considered the genus of Φ, not the class of Φ, since the
nature of the latter is completely different from and far more complex than
the former. However, we can make a clear-cut statement about the class,
provided ϕ is indefinite and dim(V ) ≥ 3, as will be shown in Theorem 32.19
and §32.20.

31.11. Let us now explain the meaning of �(Φ) in terms of the theta series
associated with Φ, which is given by

(31.9) θ(z, Φ) =
∑

g

exp(2πiz · gΦ · tg).

Here Φ is a positive definite element of 2−1Tn(Z), g runs over the elements of
Z1

n, and z is a variable on the complex half plane H =
{
z ∈ C

∣
∣ Im(z) > 0

}
.

This is a modular form of weight n/2 and of level �(Φ), which is why we
call �(Φ) the level of Φ. To be precise, put N = �(Φ). Then for every γ =[

a b
c d

]

∈ SL2(Z) such that c ∈ NZ we have

(31.10a) θ
(
γ(z), Φ

)
=
(

Δ

d

)

(cz + d)n/2θ(z, Φ) if n ∈ 2Z,



186 VI. DEEPER ARITHMETIC OF QUADRATIC FORMS

(31.10b) θ
(
γ(z), Φ

)
=
(

Δ

d

)

hγ(z)(cz + d)(n−1)/2θ(z, Φ) if n /∈ 2Z.

Here γ(z) = (az + b)(cz + d)−1, Δ = (−1)n/2 det(2Φ) if n ∈ 2Z, and Δ =
(−1)(n−1)/22 det(2Φ) if n /∈ 2Z; hγ(z) is the standard factor of automorphy
of weight 1/2, which was written j(γ, z) in [S73]. Clearly Δ can be replaced
by the discriminant of the discriminant field of the quadratic form represented
by Φ.

To obtain (31.10a, b), we consider the theta series θ(z; h, A, N, P ) of [S73,
(2.0)] with h = 0, A = 2Φ, and P = 1. Then it gives our series of (31.9), and
so we obtain (31.10a, b) as special cases of Proposition 2.1 of [S73].

We can similarly associate a theta series in the Hilbert modular case with
an integral lattice L in (V, ϕ) when F is totally real and ϕ is totally positive.
Then we can derive transformation formulas similar to (31.10a, b) from [S93,
Theorem 3.5, Proposition 3b.2]. The ideal μ(L̃)−1 is the level of the series in
the same sense.

32. Strong approximation in the indefinite case

32.1. The principal purpose of this section is to prove a kind of strong
approximation on an indefinite orthogonal group. As a preliminary step we
take a nondegenerate quadratic space (V, ϕ) over a local field F and prove
several lemmas concerning lattices in V and symmetric matrices. We use
symbols g, p as before and also Sn( ) and ≈ as in §30.10 and (31.5). From
§32.7 on, however, we consider objects over a global field.

Lemma 32.2. Let L be a lattice in V. If L(α − β) ⊂ pLα for α, β ∈
GL(V ), then Lα = Lβ.

Proof. Put Lα = M and Lβ = N. For x ∈ L we have xα − xβ ∈ pM

and xα ∈ M, and so N ⊂ M, Similarly M ⊂ N + pM, and we can show
inductively that M ⊂ N + pkM for every k ∈ Z, > 0. We have pkM ⊂ N for
some k, and so M ⊂ N. Thus M = N as expected.

Lemma 32.3. Suppose (V, ϕ) = 〈F, ϕ0〉 with ϕ0 ∈ Sn(F ); let L = g1
n.

Then Lϕ = L if and only if ϕ0 ∈ GLn(g) and L̃ = L if and only if 2ϕ0 ∈
GLn(g).

Proof. This is because 2L̃ = Lϕ = Lϕ−1
0 , as observed in §29.1.

Lemma 32.4. (i) Let ψ ∈ Sn(g) and ε ∈ Sr(g) ∩ GLr(g), r < n. If

ψ ≈
[

ε ∗
∗ ∗

]

, then ψ ≈ diag[ε, ξ] with ξ ∈ Sn−r(g).

(ii) Let L be a lattice in V such that μ0(L) ⊂ g; let M be a g-submodule
of L and X the F -linear span of M. Suppose ϕ is nondegenerate on X and
M =

{
x ∈ X

∣
∣ϕ(x, M) ⊂ g

}
. Then L = M ⊕ (L ∩X⊥).
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Proof. Given ψ as in (i), we can put ψ =
[

ε tβ
β ω

]

with β ∈ gn−r
r and

ω ∈ g
n−r
n−r. Put γ =

[
1 0

−βε−1 1

]

. Then γψ ·tγ = diag[ε, ξ] with ξ ∈ Sn−r(g).

This proves (i). In the setting of (ii) we easily see that M = L ∩ X. Take
a g-basis {ei}r

i=1 of M. Then
(
ϕ(ei, ej)

)r

i,j=1
∈ GLr(g) by Lemma 32.3.

Therefore, given z ∈ L, we can take ci ∈ g so that
∑r

i=1 ciϕ(ei, ej) = ϕ(z, ej)
for every j. Then z −∑r

i=1 ciei ∈ L ∩X⊥, which proves (ii). In fact, (ii) is
merely a reformulation of (i).

Lemma 32.5. Given σ = tσ ∈ Mn(F ), we have σ ≈ diag[σ1, . . . , σr]

with σi of size 1 or 2, where each σi of size 2 is of the form σi =
[

a b
b d

]

, ag+

dg � bg �= {0}, and is necessary only if 2 ∈ p.

Proof. We prove this by induction on n. Multiplying σ by a suitable
element of g, we may assume that σ ∈ Mn(g); we may also assume that
σ �= 0. Put σ = (sij). Let a be the g-ideal generated by the sij . Suppose
that a = siig for some i; we may then assume that i = 1, and we can put

σ =
[

a b
tb d

]

with a = s11. Put γ =
[

1 −a−1b
0 1n−1

]

and observe that a−1b ∈
g1

n−1. Thus γ ∈ GLn(g), and tγσγ = diag[a, d− tba−1b]. Applying induction
to d − tba−1b, we obtain the desired conclusion. Next suppose a = sijr

with i �= j and a �= skkr for every k; we may assume that a = s12r. Put

a =
[

s11 s12

s21 s22

]

and σ =
[

a b
tb d

]

. Then det(a)r = a2 and a−1 has entries

in a−1. Therefore, putting γ =
[

12 −a−1b
0 1n−2

]

, we see that γ ∈ GLn(g), and
tγσγ = diag[a, d − tba−1b]. Thus again induction gives the desired fact. To
see when σi of size 2 is necessary, suppose 2 ∈ g×; take the above a of size

2; put e =
[

1 1
0 1

]

. Then ea · te =
[

f g
g h

]

with f = s11 + s22 + 2s12, and

so fg = a. Therefore we can reduce our problem to the case of a of size 1.
This completes the proof.

Lemma 32.6. (i) If L is an integral lattice in V and L̃ = L, then L is
maximal.

(ii) If in addition n ≥ 3 or ϕ is isotropic, then ϕ[L] = g; if n = 2, then
g× ⊂ ϕ[L].

(iii) Let M be a maximal lattice in V. If n ≥ 4, then ϕ[M ] = g. If n = 3,

then there is a nonzero element c of g such that cg× ⊂ ϕ[M ].

Proof. In the setting of (i) if L ⊂ M and M is integral, then L ⊂ M ⊂
M̃ ⊂ L̃, and so L = M. Thus L is maximal and its nature was studied in
Lemma 29.8 and §29.10. Clearly g = ϕ[L] if ϕ is isotropic. Suppose ϕ is
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anisotropic. Then n ≤ 4. If n = 4, then (V, ϕ) = (B, β) and L = o with a
quaternion algebra B over F and the maximal order o in B. From Theorems
21.21 and 21.23 we see that ϕ[L] = g. Suppose n = 3. By (29.7) we have
2p2 = δg, which is impossible, as p ⊂ δg ⊂ g. Thus we obtain the first part of
(ii). Suppose n = 2 and ϕ is anisotropic. By (29.7) we have (V, ϕ) = (K, κ)
with an unramified quadratic extension K of F and L is the maximal order
of K, and so g× ⊂ ϕ[L] by Theorem 9.10(ii). As for (iii), if ϕ is isotropic,
then ϕ[M ] = g. Suppose ϕ is anisotropic. If n = 4, thenϕ[M ] = g as already
seen in the proof of (ii). Suppose n = 3; then we can put ϕ[x] = −δxxι for
x ∈ M as in the case t = 3 in §29.10, where δg is g or p. If δg = g, then
M = gy + rω with the symbols in that subsection. Let x = aω with a ∈ r.

Then ϕ[x] = δω2NK/F (a). By Theorem 9.10(ii) we have g× = NK/F (r×),
and so cg× ⊂ ϕ[M ] with c = δω2. If δg = p, then M = gy + rω−1, and we
similarly obtain g× ⊂ ϕ[M ]. This completes the proof.

32.7. Until the end of this section we assume F to be a global field and
take (V, ϕ) = 〈F, ϕ〉 with ϕ ∈ Sn(F ). Thus SO(ϕ) ⊂ SLn(F ). We will be
considering the group SO(ϕ)A defined in §30.7. We denote by r (as we did
in §28.6) the set of all real archimedean primes of F.

Lemma 32.8. Let a be an integral g-ideal and let x ∈ SO(ϕ)A. Then
there exists an element α of SO(ϕ) such that α− x ≺ a. (See (30.10) for the
symbol ≺ .)

Proof. Let p be the set of all prime factors of a. For each v ∈ p, we
have, by Theorem 24.6, xv = τ(uv1 · · ·uvr) with invertible uvi ∈ Vv and
r ∈ 2Z. The integer r may depend on v, but we can take the same r for
all v ∈ h, since τ(w2) = 1 for every invertible w ∈ V. Put L = g1

n. Then
for k ∈ Z, > 0, we can find invertible yi ∈ V such that yi − uvi ≺ ak

vLv for
every v ∈ p. Since the map τ : G(V )v → O(ϕ)v is continuous, by taking a
sufficiently large k, we find that τ(y1 · · · yr)− x ≺ a. This proves our lemma.

Lemma 32.9. Given lattices L and M belonging to the same ϕ-genus and
a finite subset p of h, we can find a lattice N belonging to the SO(ϕ)-class
of M such that Nv = Lv for every v ∈ p.

Proof. We can put L = Mx with x ∈ SO(ϕ)A. By Lemma 32.8 we can
find an element α of SO(ϕ) such that Mv(α − xv) ⊂ πvLv for every v ∈ p,

where πv is a prime element of Fv. Then Mvα = Mvxv by Lemma 32.2, and
so (Mα)v = Lv for every v ∈ p. Thus Mα gives the desired N.

Lemma 32.10. Let {Li}h
i=1 be a complete set of representatives for the

SO(ϕ)-classes in the ϕ-genus of a lattice L in V. If a ∈ ϕ[V ] and a ∈ ϕ[Lv]
for every v ∈ h, then a ∈ ϕ[Li] for some i.
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Proof. Suppose 0 �= a = ϕ[x] with x ∈ V and a ∈ ϕ[Lv] for every
v ∈ h. Let p =

{
v ∈ h

∣
∣x /∈ Lv

}
. Then p is a finite set. Since a ∈ ϕ[Lv], by

Lemma 22.5(ii) we can find, for each v ∈ p, an element αv of O(ϕv) such that
x ∈ Lvαv. By Lemma 21.6(ii) we can define a lattice M so that Mv = Lvαv

for every v ∈ p and Mv = Lv for v /∈ p. Then M belongs to the ϕ-genus of
L, and so M = Liβ for some i and some β ∈ SO(ϕ). We see that x ∈ Mv for
every v ∈ h, and so x ∈ M by Lemma 21.6(iv). Thus ϕ[x] ∈ ϕ[M ] = ϕ[Li],
which proves our lemma.

Lemma 32.11. Suppose n ≥ 3; let p be a finite subset of h and L a
lattice in V. Then there exists an element λ of g such that λ ∈ g×v for every
v ∈ p and

(∗) a ∈ ϕ[V ] ∩ λg and a ∈ ϕ[Lv] for every v ∈ h =⇒ a ∈ ϕ[L].

Proof. If this holds for p′ in place of p and p ⊂ p′, then it holds for
p. Thus we may assume that L̃v = Lv for every v /∈ p and p contains every
prime factor of 2. Then for v /∈ p, Lv is integral and maximal, andϕ[Lv] = gv

by Lemma 32.6. Take {Li}h
i=1 as in Lemma 32.10. By Lemma 32.9 we may

assume that (Li)v = Lv for every i and for every v ∈ p. Let q =
{
v ∈

h
∣
∣ (Li)v �= Lv for some i

}
. Then q is finite and p ∩ q = ∅. Take c ∈ g, �= 0,

so that cLi ⊂ L for every i. By Theorem 1.3 we can find d ∈ g such that
d ∈ g×v for every v ∈ p and d ∈ cgv for every v ∈ q. Then (dLi)v = Lv for
every v ∈ p and (dLi)v ⊂ Lv for every v ∈ q. For v /∈ p∪q we have (dLi)v ⊂
(Li)v = Lv. Thus dLi ⊂ L for every i. Let a be as in the left-hand side of (∗)
with λ = d2. Then a = d2b with b ∈ g. For v /∈ p we have b ∈ gv = ϕ[Lv]. If
v ∈ p, then a ∈ ϕ[Lv] and d ∈ g×v , and so b ∈ ϕ[Lv]. Therefore, by Lemma
32.10, b ∈ ϕ[Li] for some i. Thus a = d2b ∈ ϕ[dLi] ⊂ ϕ[L]. This proves our
lemma.

Theorem 32.12. Suppose n ≥ 4 and there is a prime u ∈ a such that
ϕu is indefinite (that is, |su(ϕ)| �= n); let L be a lattice in V. Let a be
an integral g-ideal and p a finite subset of h. Further let a be a nonzero
element of ϕ[V ] and x an element of VA such that a = ϕ[x] and xv ∈ Lv

for every v ∈ h, /∈ p. Then there exists an element y of V such that a = ϕ[y],
y − xv ∈ avLv for every v ∈ p, and y ∈ Lv for every v ∈ h, /∈ p. (Notice
that y ∈ L if xv ∈ Lv for every v ∈ p.)

Proof. Suppose our lemma holds for L. Given a lattice M in V and a
finite subset p of h, put p′ = p∪ {v ∈ h

∣
∣Lv �= Mv

}
. Let 0 �= a ∈ ϕ[V ] and

let x ∈ VA; assume that a = ϕ[x] and xv ∈ Mv for every v ∈ h, /∈ p. Then
xv ∈ Lv for every v ∈ h, /∈ p′. There exists an element y of V such that
y ∈ Lv for every v ∈ h, /∈ p′, a = ϕ[y], and y − xv ∈ a′vLv for every v ∈ p′,

where we take a′ so that a′L ⊂ aM. Then for v ∈ p we have y− xv ∈ aMv;
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for v /∈ p we have v ∈ p′ or v /∈ p′. In the former case y − xv ∈ aMv and
xv ∈ Mv and so y ∈ Mv; in the latter case y ∈ Lv = Mv. Thus our lemma
holds for M.

Therefore we can change L. Thus we may assume that L = g1
n and xv ∈ Lv

for every v ∈ h. Also, replacing ϕ by a−1ϕ, we may assume that a = 1.

Replacing p by a larger set, we may assume that p contains every prime
factor of 2 and L̃v = Lv for v ∈ h, /∈ p. Further replacing a by its suitable
multiple, we may assume that av �= gv for v ∈ p. Take an element z of V

such that ϕ[z] = 1. By Lemma 22.5(ii), SO(ϕv) has an element αv such that
xv = zαv. By Lemma 32.8, SO(ϕ) has an element β such that zβ − xv =
z(β−αv) ∈ aLv for every v ∈ p. Put f = zβ. Then ϕ[f ] = 1 and f−xv ∈ aLv

for every v ∈ p. Take c ∈ g, �= 0 so that cf ∈ L. We can find μ ∈ g such that
μ − 1 ∈ av for v ∈ p and μ ∈ cgv for v /∈ p. Put w = μf. Then for every
v ∈ p, w − xv ∈ aLv, and so w ∈ Lv, since xv ∈ Lv. We have also w ∈ Lv

for v /∈ p, since cf ∈ L. Thus w ∈ L, ϕ[w] = μ2, and μ ∈ g×v for v ∈ p.

Put q1 =
{
v ∈ h

∣
∣μ /∈ g×v

}
and U = (Fw)⊥. Then q1 ∩ p = ∅ and

V = Fw⊕ U. By Lemma 21.6(iii), (L ∩U)v = Lv ∩Uv for every v ∈ h. Also,
by Lemma 21.6(ii) there exists a lattice M in U such that Mv = Lv ∩ Uv for
v /∈ p and Mv = avLv ∩ Uv for v ∈ p. Then M ⊂ L ∩ U. Since ϕ[w] ∈ g×v if
v /∈ q1, by Lemma 32.4(ii), Lv = gvw⊕Mv for v /∈ p∪ q1. We have L̃v = Lv

for v /∈ p, and so M̃v = Mv for v /∈ p ∪ q1. Since dim(U) ≥ 3, we have
gv = ϕ[Mv] for v /∈ p ∪ q1 by Lemma 32.6(ii).

Let v ∈ q1. Then v /∈ p, and so v � 2, L̃v = Lv, and μ(Lv) = gv. We
can find a gv-basis {ei}n

i=1 of Lv such that Fe1 = Fw by the local version
of Theorem 10.19. Then w ∈ gve1 and Uv = (Fve1)⊥. Since L̃v = Lv and
2 ∈ g×v , we see that

(
ϕ(ei, ej)

)n

i,j=1
∈ GLn(gv), and so ϕ(e1, ej) ∈ g×v for

some j. If ϕ[e1] ∈ g×v , then Lv = gve1 ⊕Mv by Lemma 32.4, and M̃v = Mv.

Thus gv ⊂ ϕ[Mv] by Lemma 32.6(ii). If ϕ[e1] /∈ g×v , then ϕ(e1, ej) ∈ g×v

for some j > 1, and
[

ϕ(e1, e1) ϕ(e1, ej)
ϕ(e1, ej) ϕ(ej , ej)

]

∈ GL2(gv). By Lemma 32.4 we

have Lv = Sv ⊕ Tv with Sv = gve1 + gvej and Tv orthogonal to Sv. Then
T̃v = Tv, w ∈ Sv, and Tv ⊂ Mv, since ϕ(w, Tv) = 0. By Lemma 32.6(ii),
g×v ⊂ ϕ[Tv] ⊂ ϕ[Mv]. Thus g×v ⊂ ϕ[Mv] for every v ∈ q1.

Next, let v ∈ p. Let N be a maximal lattice in Uv. Then cN ⊂ Mv for
some c ∈ gv, �= 0. By Lemma 32.6(iii), c′g×v ⊂ ϕ[N ] for some c′ ∈ gv, �= 0.

Then c2c′g×v ⊂ ϕ[Mv]. Therefore, multiplying this by a suitable square, we
can find an element ev of gv such that

(1) evg×v ⊂ ϕ[Mv] and 0 �= ev ∈ 4av.

This is for every v ∈ p.

By Lemma 32.11 there exists an element λ of g such that λ ∈ g×v for
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every v ∈ p ∪ q1 and

(2) a ∈ ϕ[U ] ∩ λg and a ∈ ϕ[Mv] for every v ∈ h =⇒ a ∈ ϕ[M ].

Put q2 =
{
v ∈ h

∣
∣λ /∈ g×v

}
. Then q2 ∩ (p∪q1) = ∅. By Lemma 15.10 we can

find an element d of F such that:

(3) d ∈ gv for v ∈ h, /∈ p ∪ q2; d − μ−1(1 − ev/2) ∈ evav for v ∈ p;
1 − d2μ2 ∈ λgv for v ∈ q2; |d|u > 1/ε; |d|v < ε if u �= v ∈ r and 1 ∈ ϕ[Uv];
|d|v > 1/ε if u �= v ∈ r and 1 /∈ ϕ[Uv].

Here ε is a small positive number. Since ϕu is indefinite and ϕ[w] = μ2,

ϕ cannot be positive definite on Uu. With a sufficiently small ε we see that
1 − d2μ2 ∈ ϕ[Uv] for every v ∈ a. Also 1 − d2μ2 ∈ gv = ϕ[Mv] for v ∈ h, /∈
p∪q1; 1−d2μ2 ∈ g×v ⊂ ϕ[Mv] for v ∈ q1. For v ∈ p we have μ−1 ∈ av, and so
μ ∈ g×v . Thus d−1 ∈ av and 1−d2μ2−ev ∈ evav, so that (1−d2μ2)gv = evgv.

We easily see that d ∈ g. Therefore we can take 1− d2μ2 as a of (2) to find
that 1 − d2μ2 = ϕ[k] with k ∈ M. Put y = dw + k. Then y ∈ L and
ϕ[y] = 1. For v ∈ p we have k ∈ Mv ⊂ avLv, w ∈ Lv, and d − 1 ∈ av, and
so y − xv ∈ avLv. Thus y gives the desired element of our theorem.

Corollary 32.13. Let B be a quaternion algebra over a global field F such
that Bu

∼= M2(Fu) for some u ∈ a, and β the norm form on B. Then the
following assertions hold.

(i) Let o be an order in B, a an integral g-ideal, and p the set of the
prime factors of a; let a be an element of F× ∩ β[B] such that a ∈ β[ov]
for every v ∈ h, /∈ p. Given (ξv) ∈ ∏

v∈p Bv such that β[ξv] = a, there exists
an element α of B such that β[α] = a, α ∈ ov for every v ∈ h, /∈ p, and
α− ξv ∈ avov for every v ∈ p.

(ii) Let B1 =
{
γ ∈ B× ∣

∣ γγι = 1
}
. Then B1

A = DB1 for every open
subgroup of B1

A containing B1
a. (See §30.7 for the notation.)

Proof. Take (V, ϕ) of Theorem 32.12 to be (B, β). Then we immediately
obtain (i). To prove (ii), put U =

{
y∈B1

A

∣
∣ oy=o

}
and W =

{
w∈U

∣
∣wv − 1 ∈

aov for every v ∈ h
}
. Given D as in (ii), we can take a so that W ⊂ D, and

so it is sufficient to prove that B1
A = WB1. Let ζ ∈ U. By (i), we can find

α ∈ B1 such that α ∈ ov for every v ∈ h, /∈ p, and α − ζv ∈ aov for every
v ∈ p. Then α ∈ ov for every v ∈ h, and so α ∈ o. Since ααι = 1, we have
α ∈ o×. Put η = ζα−1. Then η ∈ W. Thus ζ = ηα ∈ WB1. This shows that
U ⊂WB1. Therefore we have only to prove that B1

A ⊂ UB1. Given ξ ∈ B1
A,

take an integral ideal a such that aov ⊂ ovξv for every v ∈ h, and let p
be the set of the prime factors of a. If v /∈ p, we have ov ⊂ ovξv, and so
ξι
v ∈ ovξ

ι
v ⊂ ov, which means that ξv ∈ ov. Thus ov = ovξv for v /∈ p. By (i)

there exists an element γ ∈ B1 such that γ − ξv ∈ a2ov if v ∈ p and γ ∈ ov

if v /∈ p. By Lemma 32.2, we have ovγ = ovξv if v ∈ p and γ ∈ o×v if v /∈ p.
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Thus ovγ = ovξv for every v ∈ h, and so ξγ−1 ∈ U. Therefore, ξ ∈ Uγ,

which shows that B1
A ⊂ UB1 as expected. This completes the proof.

32.14. Notice that (i) of the above corollary is similar to Theorem 10.21,
and (ii) to Theorem 30.9. Thus the above corollary shows that strong ap-
proximation holds for B1 with a quaternion algebra B over F such that Bu

∼=
M2(Fu) for some u ∈ a. We now prove strong approximation for S◦(V, ϕ)
with an indefinite ϕ in the sense stated in the following theorem, where S◦

is defined in (24.8). The theorem as well as the above corollary are due to
Eichler.

Before stating the result, we note that the map τ : G+(V ) → SOϕ(V ) is
defined by rational expressions in matrix entries, and so defines a continuous
map of G+(V )v to SOϕ(V )v for every v ∈ v. This is so for every homomor-
phism of an algebraic group into another defined by rational expressions. To
be explicit, fix v ∈ h and a lattice L in V. Let R be an order in A(V ). Then
the continuity of τ : G+(V )v → SOϕ(V )v can be stated as follows: Given
α, β ∈ G+(V )v and an integral g-ideal a such that av �= gv, there exists a
positive integer ν such that

(32.1) α− β ∈ aνRv =⇒ Lv

(
τ(α) − τ(β)

) ⊂ aLv.

The following theorem and Theorem 32.17 below are called strong ap-
proximation in S◦(V ) and SOϕ(V ); they are due to Eichler; see [E52a] and
[K].

Theorem 32.15. Let (V, ϕ) be a nondegenerate quadratic space of dimen-
sion n ≥ 3 over a global field F such that ϕu is indefinite for some u ∈ a.

Let L be a lattice in V, a an integral g-ideal, and p the set of the prime
factors of a. Given (ξv) ∈ ∏

v∈p S◦(Vv), there exists an element α of S◦(V )
such that Lvα = Lv for every v ∈ h, /∈ p, and Lv(α − ξv) ⊂ aLv for every
v ∈ p.

Proof. We first note that Gc(Vv) = S◦(Vv) for every v ∈ h, where Gc( )
is defined in §24.10. Indeed, if ϕv is isotropic or n = 3, the fact is proved
in Lemma 24.13. If n > 3 and ϕv is anisotropic, then by Theorem 25.4(ii),
(V, ϕ)v is isomorphic to (B, β) with a division quaternion algebra B over Fv,

and so (iv) of the same theorem gives the equality.
To prove our theorem, we naturally assume that a �= g and denote by

a1, a2, . . . , etc., sufficiently high powers of a chosen suitably in each instance
so that the continuity property similar to (32.1) holds, so that we will even-
tually obtain the desired result at the end. We may also assume that L is
maximal.

We first assume that n ≥ 4 and consider ζv = τ(xvyvxvyv) with invertible
xv, yv ∈ Vv given for each v ∈ h. We can find invertible x, y ∈ V such that
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x−xv ∈ a1Lv and y− yv ∈ a1Lv for every v ∈ p. (Since V ∼= F 1
n , this follows

from Lemma 15.3(ii), or even from Theorem 1.3.) Put w = xτ(y). Then
τ(x)τ(w) = τ(x)τ(y)τ(x)τ(y), ϕ[x] = ϕ[w], and Lv

(
τ(xw) − ζv

) ⊂ a2Lv for
every v ∈ p. We are going to find α ∈ S◦(V ) such that

(1) Lvα = Lv if v ∈ h, /∈ p, and Lv

(
α− τ(ζv)

) ⊂ a2Lv if v ∈ p.

Replacing x and w by their suitable scalar multiples, we may assume that
x, w ∈ L, and still with ϕ[x] = ϕ[w]. Put p′ =

{
v ∈ h

∣
∣ v /∈ p, ϕ[x] /∈ g×v

}
. By

Theorem 32.12, there exists an element z of V such that ϕ[z] = ϕ[x], z ∈ Lv

for v ∈ h, /∈ p ∪ p′, z − w ∈ a3Lv for v ∈ p, and z − x ∈ a3Lv for v ∈ p′.

Then z ∈ L, Lv

(
τ(z)− τ(w)

) ⊂ a4Lv for v ∈ p and Lv

(
τ(z)− τ(x)

) ⊂ a4Lv

for v ∈ p′. Put α = τ(x)τ(z). Then σ(α) = ϕ[x]2, and so α ∈ S◦(V ). Also,
Lv

(
α−τ(xw)

) ⊂ a2Lv for v ∈ p and Lv(α−1) ⊂ a2Lv for v ∈ p′ (if we choose
a3 and a4 so that a4Lτ(x) ⊂ a2L). Then Lv

(
α − τ(ζv)

) ⊂ a2Lvfor v ∈ p.

By Lemma 32.2, Lvα = Lv for v ∈ p′. For v /∈ p ∪ p′ we have ϕ[x] ∈ g×v ,

and so Lvτ(x) = Lvτ(w) = Lv by Lemma 29.5. Thus Lvα = Lv for every
v ∈ h, /∈ p, and α as in (1) has been obtained.

Now, given ξv as in our theorem, we express ξv for each v ∈ p as a prod-
uct ζv1 · · · ζvr of commutators ζvi, each of which is of the type τ(xvyvxvyv)
discussed above, since S◦(Vv) = Gc(Vv); see Lemma 24.11. The number r

may depend on v, but we may assume that r is the same for all v ∈ p, since
we can insert 1 = τ(xxxx) as many as we like. Then by (1), for 1 ≤ i ≤ r

we can find αi ∈ S◦(V ) such that Lvαi = Lv for every v ∈ h, /∈ p, and
Lv(αi − ζvi) ⊂ a2Lv for every v ∈ p. Then α1 · · ·αr gives the element α of
S◦(V ) with the required properties of our theorem. This completes the proof
in the case n ≥ 4.

Let us finally consider the case n = 3. By lemma 25.2(ii), there is a
quaternion algebra B over F such that (V, ϕ) ∼= (B◦, cβ◦) with c ∈ F×.

Then G+(V ) = B×, xτ(b) = b−1xb for x ∈ V = B◦ and b ∈ B×, and
S◦(V ) = τ(B1) with B1 =

{
γ ∈ B× ∣

∣ γγι = 1
}
, as noted in (25.3b). Given

(ξv) ∈ ∏
v∈p S◦(Vv), take γv ∈ B1

v so that ξv = τ(γv). Take a maximal or-
der o in B and put L = o ∩ B◦. By Corollary 32.13 we can find y ∈ B1

such that y − γv ∈ a5ov for every v ∈ p and y ∈ ov for v ∈ h, /∈ p.

Since yyι = 1, we have y ∈ o×v for v ∈ h, /∈ p. Put α = τ(y). Then
α ∈ S◦(B◦) and Lvα = y−1(o∩B◦)vy = (o∩B◦)v = Lv for v ∈ h, /∈ p. Also,
Lv(α− ξv) = Lv

(
τ(y)− τ(γv)

) ⊂ aLv for every v ∈ p if a5 is taken suitably.
This settles the case n = 3, and completes the proof of our theorem.

32.16. Still with (V, ϕ) over a global field F, following the general princi-
ple of §30.7, we can define VA, A(V )A, and A(V )×A. Then G(V )A, G+(V )A,

and G1(V )A can be defined as subgroups of A(V )×A. To be explicit, take an
arbitrary order R in A(V ). Then
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G+(V )A =
{

(xv)v∈v ∈
∏

v∈v

G+(Vv)
∣
∣
∣
∣ xv ∈ R×

v for almost all v ∈ h
}

.

The topology is defined so that G+(V )a
∏

v∈h

[
G+(Vv) ∩ R×

v

]
is an open

(locally compact) subgroup, whose topology is the product topology; here
G+(V )a =

∏
v∈a G+(Vv). All these are valid with G(V ) or G1(V ) in place of

G+(V ).
We can extend τ : G+(V )→ SOϕ and ν : G+(V ) → F× to the maps

(32.2) τ : G+(V )A → SOϕ
A and ν : G+(V )A → F×

A .

Indeed, for x = (xv)v∈v ∈ G+(V )A we put formally τ(x) =
(
τ(xv)

)
v∈v

and
ν(x) =

(
ν(xv)

)
v∈v

. The notation being as in Lemma 29.13, we have xv ∈ Xv

and τ(xv) ∈ Cv for almost all v ∈ h, and so τ(x) ∈ SOϕ
A. Also, since A(L)

is stable under the canonical involution, we see that x∗
v ∈ A(L)×v , and so

ν(xv) = xvx∗
v ∈ A(L)×v ∩ Fv = g×v , which shows that ν(x) ∈ F×

A .

We now define a homomorphism

(32.3) σ : SOϕ
A −→ F×

A/F×2
A

as follows. Since τ : G+(V )v → SOϕ
v is surjective for every v ∈ v, we see

from Lemma 29.13 that τ of (32.2) is surjective. Therefore, given α ∈ SOϕ
A,

we can find an element ξ ∈ G+(V )A such that τ(ξ) = α. Then we define
σ(α) to be the element of F×

A/F×2
A represented by ν(ξ). Clearly this is well

defined. For expediency, we will often denote by σ(α) any element of F×
A that

represents it. We can view this map as an extension of the homomorphism
σ : SOϕ → F×/F×2 of (24.7). (Since F×2 = F×∩F×2

A , we can view F×/F×2

as a subgroup of F×
A/F×2

A .) Restricting the map of (32.3) to SOϕ
v , we obtain

a map SOϕ
v → F×

v /F×2
v for each v ∈ v. We put

(32.4) S◦(V )A =
{
α ∈ SOϕ

A

∣
∣σ(α) = 1

}
.

Here we are abusing the notation, since S◦(V )A is not the adelization of the
group S◦(V ) of (24.8); it is merely defined as a subgroup of SOϕ

A by the last
equality.

We will be considering the image σ(X) of a subgroup X of SOϕ. To simplify
our notation, we will denote by σ(X) the subgroup of F× containing F×2 such
that σ(X)/F×2 is the image of X in the strict sense. We understand σ(X)
for a subgroup X of SOϕ

v or SOϕ
A in a similar way.

Theorem 32.17. Suppose that n ≥ 3 and Oϕ
a is not compact. Let D be an

open subgroup of SOϕ
A containing SOϕ

a . Then S◦(V )A ⊂ S◦(V )D. Moreover,
for every y ∈ SOϕ

A we have

(32.4a) SOϕyD =
{
x ∈ SOϕ

A

∣
∣ σ(y−1x) ∈ F×σ(D)

}
.

Proof. For simplicity put G = SOϕ and S◦ = S◦(V ). Clearly it is suffi-
cient to prove the case in which D is given in the form
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D =
{
y ∈ GA

∣
∣Λy = Λ, Λv(yv − 1) ⊂ aΛv for every v ∈ h

}

with a g-lattice Λ in V and an integral ideal a. Given x ∈ S◦
A, put p =

{
v ∈

h
∣
∣xv /∈ Dv

}
. This is a finite set. By Theorem 32.15 we can find an element

α ∈ S◦ such that Λvα = Λv if v /∈ p and Λv(α − xv) ⊂ πvaΛvxv if v ∈ p,

where πv is a prime element of Fv. Then Λvα = Λvxv by Lemma 32.2 for
v ∈ p, and consequently for every v ∈ h. Thus αx−1 ∈ D, which proves that
S◦

A ⊂ S◦D.

Next, taking yDy−1 in place of D, we have S◦
A ⊂ S◦yDy−1 ⊂ GyDy−1.

Suppose σ(y−1x) ∈ F×σ(D); then σ(y−1xd−1) = aF×2
A with a ∈ F and

d ∈ D. We see that a ∈ σ(Gv) for every v ∈ a. The set σ(Gv), viewed as a
subset of F×

v , consists of the nonzero products ϕ[z1] · · ·ϕ[z2m] with zi ∈ Vv,

and so coincides with
{
t ∈ R

∣
∣ t > 0

}
if v is real and ϕv is definite. Otherwise

σ(Gv) = F×
v . Let us now show that a = ν(γ) for some γ ∈ G+(ϕ). If n = 3,

then by Lemma 25.2(ii), G+(ϕ) = B× with a quaternion algebra B over F

such that Bv
∼= H for v ∈ a if and only if v is real and ϕv is definite.

Applying Corollary 27.5 to (B, β), we find an element γ ∈ B× such that
ν(γ) = a. Next suppose n > 3. Take any ξ ∈ V such that ϕ[ξ] �= 0. By
Corollary 27.5 there is an element η ∈ V such that ϕ[η] = aϕ[ξ]−1. Then
a = ν(γ) with γ = ξη. Thus for n ≥ 3 we can put a = ν(γ) with γ ∈ G+(ϕ).
Put α = τ(γ). Then α ∈ G, σ(α) = a, and σ(α−1xd−1y−1) = 1. Thus
α−1xd−1y−1 ∈ S◦

A ⊂ GyDy−1, and so x ∈ GyD. This proves (32.4a), since
σ(y−1GyD) ⊂ F×σ(D).

Lemma 32.18. (i) Given (V, ϕ) over a global field F as before, let C ={
x ∈ SOϕ

A

∣
∣Lx = L

}
with a maximal lattice L in V. Then

∏
v∈h g×v ⊂ σ(C),

provided n ≥ 3.

(ii) With (V, ϕ) as above, suppose F = Q, ϕ is indefinite, and n ≥ 3.

Then σ(SOϕ) = Q× and σ(SOϕ
a ) = R×.

Proof. To prove (i), take v ∈ h and assume that ϕv is isotropic. Then
from Lemma 29.8 we see that ϕ[Lv] = gv. Thus for every a ∈ g×v there exists
an element x ∈ Lv such that ϕ[x] = a, and also y ∈ Lv such that ϕ[y] = 1.

Then σ
(
τ(xy)

)
= a. Suppose ϕ is anisotropic and n = 4. Then by Theorem

25.4(ii), (V, ϕ)v
∼= (B, β) with a division quaternion algebra B over Fv and

Lv = o with the maximal order o in B as shown in §29.10. By Theorems
21.21 and 21.23(i) we have gv = ϕ[Lv] in this case, and so the argument in
the isotropic case is applicable. Suppose ϕ is anisotropic and n = 3. By
Theorem 25.2(ii), (V, ϕ)v

∼= (B◦, dβ◦) with d ∈ F× and B as in the case
n = 4, and G+(V ) = B×. Given any c ∈ g×v , by Theorem 21.23(i) there exists
an element z ∈ B× such that zzι = c; similarly wwι = 1 for some w ∈ B×.

Then Lvτ(z) = Lvτ(w) = Lv by Lemma 29.7. Since σ
(
τ(zw)

)
= c, we obtain

the desired result. This proves (i).
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The proof of (ii) is similar. Suppose n ≥ 4. By Corollary 27.5, for every
a ∈ Q× there exist elements x, y ∈ V such that ϕ[x] = a and ϕ[y] = 1.

Then σ
(
τ(xy)

)
= a. Suppose n = 3. By Lemma 25.2(ii) we can put (V, ϕ) =

(B◦, −δβ◦) with a quaternion algebra B over Q, and G+(V ) = B×. Since ϕ

is indefinite, Ba
∼= M2(R). Therefore, for every c ∈ Q× the Hasse principle

(combined with Theorem 21.23(i)) guarantees an element z of B such that
zzι = c. Then σ

(
τ(z)

)
= zzι = c, and so σ(SOϕ) = Q×. That σ(SOϕ

a ) = R×

can be proved in a similar way.

Theorem 32.19. (i) Let (V, ϕ) be a nondegenerate quadratic space over
Q of dimension n ≥ 3 such that ϕ is indefinite. Given a lattice L in V, let
D =

{
x ∈ SOϕ

A

∣
∣Lx = L

}
. If Z×

p ⊂ σ(D) for every prime number p, then
the ϕ-genus of L consists of a single SOϕ-class. In particular, the genus of
maximal lattices in V consists of a single SOϕ-class.

(ii) Let Φ be a q-reduced element of 2−1Tn(Z) such that |s(Φ)| �= n ≥ 3. If
Ψ ∈ 2−1Tn(Z) and Ψ = αΦ · tα with α ∈ GLn(Q), then such an α can be
taken from α ∈ SLn(Z).

Proof. To prove (i), put G = SOϕ. Suppose Z×
p ⊂ σ(D) for every p. Then

by Lemma 32.18(ii) we have σ(DG) ⊃ Q×R×∏
p Z×

p = Q×
A; see (15.6a). Let

y ∈ GA. Then σ(y) = σ(xα) with α ∈ G and x ∈ D. Thus x−1yα−1 ∈
S◦(V )A ⊂ DS◦(V ) by Theorem 32.17, and so y ∈ xDS◦(V )α ⊂ DG, which
means that GA = DG, that is, #(D\GA/G) = 1. This proves the first part
of (i) for the reason explained at the end of §30.7. In view of Lemma 32.18(i),
our result is applicable to a maximal lattice, and so we obtain the latter part
of (i).

As for (ii), the isomorphism class of 〈Q, Φ〉 with a q-reduced Φ determines
the genus of Φ as explained in the second paragraph of §31.1, and so if Ψ is
q-reduced and Ψ = αΦ · tα with α ∈ GLn(Q), then Ψ belongs to the genus
of Φ. Therefore, by (i), Ψ belongs to the SO-class of Φ. This proves (ii).

32.20. As a consequence of the above theorem we see that if |σ| �= n ≥ 3,

then the number of genera in Theorem 31.9 is actually the number of SO-
classes of the matrices Φ ∈ S0

n in question. For instance, we obtain the
following results, in which a class means an SO-class and we asssume that
n ≥ 3, |σ| < n, and σ − n ∈ 2Z :

(32.5a) If σ ∈ 8Z, then there exists a unique class of symmetric matrices
ψ ∈ Tn(Z) such that det(ψ) = 1 and s(ψ) = σ.

(32.5b) If σ ± 1 ∈ 8Z, then there exists a unique class of symmetric matrices
ψ ∈ Tn(Z) such that det(ψ) = 2 and s(ψ) = σ.

(32.5c) If f is an odd prime number, n ∈ 2Z, and σ − f + 1 ∈ 4Z, then
there exists a unique class of symmetric matrices ψ ∈ Tn(Z) such
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that det(ψ) = f and s(ψ) = σ.

(32.5d) If m is an odd prime number and n − 1 ∈ 2Z, then there exists
a unique class of symmetric matrices ψ ∈ Tn(Z) such that det(ψ) =
2m and s(ψ) = σ.

More generally, the number of genera mentioned after (31.8c, d) is actually the
number of classes, and the genus of Φ in Theorem 31.9 becomes the SO-class
of Φ, provided |σ| �= n ≥ 3.

In fact we can state a result about #(D\SOϕ
A/SOϕ) for (V, ϕ) over an

arbitrary global field F such that SOϕ
a is not compact and n ≥ 3. We refer

the reader to Theorem 9.26 of [S04b]. In that theorem a certain condition
(9.2) is assumed in the last statement of the theorem, but that is actually
unnecessary, as explained in [S06c, Remark 2.4, (5)].

33. Integer-valued symmetric forms

33.1. As we said in §31.1, there is a great difference between quadratic
forms and symmetric forms when they are discussed over the ring of integers.
We have treated q-reduced quadratic forms in previous sections, and our next
task is the discussion of s-reduced symmetric forms in the sense of (31.3).

Thus we take a local or global field F and its maximal order g. We consider
Sn(g), that is, the set of all symmetric elements of Mn(g)∩GLn(F ). In §31.4
we divided the elements of Sn(g) into two types, that is, Type 1 and Type
2. For λ = 1 or 2 we denote by Sλ

n(g) the set of all s-reduced elements of
Sn(g) of Type λ. If F is local and 2 ∈ g×, then clearly S1

n(g) = ∅ and S2
n(g)

consists of all the q-reduced elements of Tn(g), which correspond to maximal
lattices. Therefore the problem about s-reduced matrices over a local field
with 2 ∈ g× is already settled by what we have done in Sections 29 through
32. If 2 ∈ p, however, the matter is far more complicated. Indeed, we easily
see that

(33.1) ψ ∈ S2
n(g) =⇒ 2−1ψ is q-reduced.

But the converse is false if 2 ∈ p. Take for example g = Z2 (or even g =
Z), and ψ = 2 · 12. Clearly 12 is the matrix representing the norm form of
Q2(

√−1 ) with respect to the basis {1,
√−1 }, and Z2 +Z2

√−1 is a maximal
lattice, and so 12 is q-reduced. However, we have

[
2 0
0 2

]

=
[

1 0
−1 2

] [
2 1
1 1

] [
1 −1
0 2

]

,

which shows that 2 · 12 is not s-reduced. It should also be noted that ϕ =[
2 1
1 1

]

is s-reduced and belongs to S1
2(Z2); also, ϕ is q-reduced. Indeed, if

ϕ = tαξα with ξ ∈ 2−1T2(Z2) and α ∈ M2(Z2), /∈ GL2(Z2), then det(2ξ) ∈
Z×

2 , which contradicts (29.7).
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Let us now state more general results in the local case.

Lemma 33.2. Suppose F is local and 2 ∈ p; then the following assertions
hold:

(i) Let σ = diag[σ1, . . . , σr] ∈ Sn(g) with σi as in Lemma 32.5. Suppose
σ is s-reduced. Then every σi of size 2 belongs to GL2(g) and there is at
most one σi of size 1 not contained in g×; such a σi not contained in g× is
a prime element of F. Moreover, every σi of size 2 belongs to T2(g) if p = 2g.

(ii) An element σ of Sn(g) is s-reduced if and only if σ ∈ GLn(g) or
det(σ)g = p.

Proof. Suppose σi =
[

a b
b d

]

and ag + dg � bg �= {0}. If b ∈ p, then

ασi · tα ∈ Sn(g) for α = diag[1, π−1] with a prime element π, and so σ

cannot be s-reduced. Therefore if σ is s-reduced, then b ∈ g×, and so
σi ∈ GL2(g); clearly σi ∈ T2(g) if p = 2g. Similarly σ cannot be s-reduced
if σi ∈ p2 for some i. Thus every σi of size 1 belongs to g× or is a prime
element of F. Suppose σ1 and σ2 are prime elements. By Lemma 21.12(iii)

we have −σ2/σ1 = u2 − σ1a with some u, a ∈ g. Put α =
[

1 0
−u σ1

]

and

ψ =
[

σ1 u
u a

]

. Then αψ · tα = diag[σ1, σ2], which cannot happen if σ is

s-reduced. Thus we obtain (i), which immediately implies the “only if”-part
of (ii). The “if”-part of (ii) follows from (31.3).

33.3. Let (V, ϕ) be a nondegenerate quadratic space over Q, L a lattice
in V, and Φ an element of Sn(Q) that represents ϕ with respect to a Z-basis
of L. Then Φ ∈ Sn(Z) if and only if μ0(L) ⊂ Z, and Φ is s-reduced if and
only if L is ϕ∗-maximal, as observed in §31.3. Also, by Lemma 29.2(5), L

is ϕ∗-maximal if and only if Lp is ϕ∗-maximal for every prime number p.

Therefore Φ is s-reduced if and only if it is an s-reduced element of Sn(Zp)
for every p. For p �= 2 it must be a q-reduced element of Tn(Zp).

Theorem 33.4. The set S2
n(Z) consists of the elements τ of Tn(Z) such

that 2−1τ is q-reduced and det(τ) /∈ 4Z.

Proof. Take τ ∈ S2
n(Z). By Lemma 33.2(ii), det(τ) /∈ 4Z. From (31.2)

and (31.3) we easily see that 2−1τ is q-reduced. Conversely, suppose τ ∈
Tn(Z) and 2−1τ is q-reduced. Put L = Z1

n. Then L is (2−1τ)-maximal, and
so Lp is τ∗-maximal for every p �= 2. Suppose now det(τ) /∈ 4Z. Then by
Lemma 33.2(ii), τ is s-reduced at the prime 2. Thus L2 is τ∗-maximal, and
so L is τ∗-maximal. Consequently τ is s-reduced. This proves our theorem.

33.5. By means of this theorem, the classification of the elements of S2
n(Z)

and their genera can be reduced to the classification of the reduced Z-valued
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quadratic forms represented by the elements Φ of 2−1Tn, which was settled in
Theorems 31.6, 31.7, and 31.9; see also §31.8. We obtain the desired results
on S2

n(Z) by simply imposing an additional condition that det(2Φ) /∈ 4Z. For
this reason, we restrict our results on the classification of s-reduced elements
to those of Type 1.

In the discussion of q-reduced matrices, the crucial fact is that all the
maximal lattices form a single genus. Thus the main question in the case
of s-reduced matrices is whether all the ϕ∗-maximal lattices form a single
genus. The answer in general is no, but we can give a satisfactory answer if
the prime 2 is unramified in the global field F that is the base field. If F = Q
in particular, we have a clear-cut answer.

Before stating it, we first make some easy observations. Let (V, ϕ) be a
nondegenerate quadratic space over a local field F in which p = 2g, and L a
ϕ∗-maximal lattice in V. Then

(33.2a) [Lϕ/L] = g ⇐⇒ δ0(ϕ) ∩ g× �= ∅,
(33.2b) [Lϕ/L] = p ⇐⇒ δ0(ϕ) ∩ g× = ∅.
Indeed, let σ be the element of Sn(g) that represents ϕ with respect to a
g-basis of L. Clearly [Lϕ/L] = det(σ)g. By Lemma 33.2, this is p or g. Since
δ0(ϕ) is represented by ± det(σ), we obtain (33.2a, b). We also see that
σ ∈ S1

n(g) if and only if μ(L) = g, and σ ∈ S2
n(g) if and only if μ(L) ⊂ 2g.

We say that L is of Type λ if σ ∈ Sλ
n(g). Now we have

Theorem 33.6. Let (V, ϕ) be a nondegenerate quadratic space over a local
field F in which p = 2g, and let L and M be ϕ∗-maximal lattices in V of the
same type. Then L = Mγ for some γ ∈ SOϕ(V ).

This was given as Theorem 2.4(iii) in [SO8]. Unfortunately the proof is
long and involved, and therefore we refer the reader to that paper for details.

Theorem 33.7. Let ϕ ∈ Sn(Q) with n > 2. Then there exists an element
ψ of S1

n(Z) such that ψ = αϕ · tα with α ∈ GLn(Q). Moreover, the genus of
such a ψ is uniquely determined by ϕ.

Proof. Let (V, ϕ) = 〈Q, ϕ〉. By Lemma 29.2(1) we can find a maximal
lattice L in V = Q1

n. Then μ(L2) = Z2 by (29.8), since n > 2. By Lemma
29.2(1) there is a ϕ∗-maximal lattice L′ in V2 containing L2. By Lemma
21.6(ii) there exists a lattice M in V such that Mp = Lp for every p �= 2 and
M2 = L′. Then M is ϕ∗-maximal. Let ψ be the matrix that represents ϕ

with respect to a Z-basis of M. Since μ(M2) = Z2, we see that ψ ∈ S1
n(Z)

and ψ ∼ ϕ. By Theorem 33.6 the genus of M is determined by ϕ. This proves
our theorem.
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Theorem 33.8. Let two integers n and σ be given as follows: 3 ≤ n ∈
Z, n− σ ∈ 2Z, |σ| ≤ n; also let m and e be square-free positive integers. Let
r be the number of prime factors of e, and f the product of the prime factors
of e prime to 2m. Suppose that σ − 4r ≡ 0 or 2 (mod 8) if n is even and
σ − 4r ≡ ±1 (mod 8) if n is odd. Then there exists an element ψ of S1

n(Z)
such that

| det(ψ)| = mf2, s(ψ) = σ,

and Q(ψ) is ramified at a prime number p if and only if p|e. Moreover, every
element of S1

n(Z) is of this type, and its genus is determined by (n, σ, m, e).

Proof. Let δ = (−1)[σ/2]m and let B be a quaternion algebra over Q
that is ramified exactly at the prime factors of e, and also at the archimedean
prime if r is odd. By Theorem 28.9 we can find a quadratic space (V, ϕ)
over Q such that Q(ϕ) = B, σ = s(ϕ), and δ ∈ δ0(ϕ). Indeed, (28.7a) or
(28.7b) is satisfied; the condition on σ − 4r implies (28.6a, b). Thus the
desired (V, ϕ) exists. By Theorem 33.7 we can find ψ ∈ S1

n(Z) such that
ψ ∼ ϕ. Now for L = Zn we have det(ψ)Z = [Lψ/L]. From (33.2a, b) we
obtain [Lψ/L]2 = mZ2. If p �= 2, then [Lψ/L]p coincides with [L̃/L]p, which
can be given by (29.7). Combining all these, we obtain

(33.3) [Lψ/L] = mf2Z,

and so | det(ψ)| = mf2. This proves the first part of our theorem. Next, given
τ ∈ S1

n(Z), let e be the product of the prime numbers ramified in Q(τ); take
a square-free positive integer m so that ±m ∈ δ0(τ). Then we find that τ is
of the type described in our theorem. Now the genus of τ is determined by
n, s(τ), δ0(τ), and Q(τ); also, Q(τ) is determined by e. Therefore we obtain
our assertion about the genus. This proves our theorem.

Theorem 33.9. Let n ∈ Z, > 2, and let σ be an integer such that |σ| ≤ n

and σ − n ∈ 2Z. Let m and f be two square-free positive integers such that
f is prime to 2m, and let ν be the number of different prime factors of 2m.

Then there exist exactly 2ν−1 genera of ψ ∈ S1
n(Z) such that | det(ψ)| = mf2

and s(ψ) = σ.

Proof. Since the genus of ψ is determined by (n, σ, m, e) as stated in
Theorem 33.8, our task is to count the number of possible e’s. Clearly e = fg

with a square-free factor g of 2m. Thus we have to count the number of
possible g’s. Let μ be the number of prime factors of g. Then μ ≤ ν and
σ− 4r modulo 8 must be determined as in Theorem 33.8. We easily see that
each (σ, f) determines μ modulo 2, and so by (31.7) we have exactly 2ν−1

choices for g. This proves our theorem.
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Lemma 33.10. Let F be a local field in which p = 2g. Given ϕ ∈ S1
n(g),

put C(ϕ) = GLn(g)∩SO(ϕ) and Σ(ϕ) = σ
(
C(ϕ)

)
. Let σ : SO(ϕ) → F×/F×2

be the spinor norm map of (24.7). Then g× ⊂ Σ(ϕ) provided n > 2.

Proof. This was given as Lemma 2.16 in [S08]. Here we merely explain
the basic ideas of the proof in the case in which F = Q2, g = Z2, and ϕ =
diag[1, 1, 5]. Let L = (Z2)13. Then ϕ[L] consists of the number a2 + b2 + 5c2

with a, b, c ∈ Z2. If ϕ[x] ∈ Z×
2 and ϕ[y] ∈ Z×

2 with x, y ∈ L, then τ(xy) ∈
C(ϕ) by Lemma 29.5 and ϕ[x]ϕ[y] = σ

(
τ(xy)

) ∈ Σ(ϕ). We can certainly find
y ∈ L such that ϕ[y] = 1. From the fact in the table below (9.3) concerning
Q2(

√−1 ) we see that every element of 1 + 4Z2 can be expressed as a2 + b2

with a, b ∈ Z2. Clearly 7 ∈ ϕ[L]. Thus Σ(ϕ) contains 7 and 1 + 4Z2, and so
Z×

2 ⊂ Σ(ϕ), which proves our lemma in this special case. The general case
can be handled more or less in a similar way.

Theorem 33.11. Let ϕ and ψ be indefinite elements of Sλ
n(Z) with n ≥

3. Then the following assertions hold:
(i) If ϕ = αψ · tα with α ∈ GLn(Q), then such an α can be taken from

GLn(Z).
(ii) If λ = 1, s(ϕ) = s(ψ), and | det(ϕ)| = | det(ψ)| = f2 or = 2f2 with

a square-free odd integer f, then ϕ = αψ · tα with α ∈ GLn(Z). Such a ϕ

exists for both values f2 and 2f2 and also for a given value of s(ϕ), provided
|s(ϕ)| ≤ n and s(ϕ)− n ∈ 2Z.

Proof. For λ = 2, (i) follows from Theorems 33.4 and 32.19(ii). Thus we
have only to consider the case λ = 1. Let (V, ϕ) = 〈Q, ϕ〉 with an indefinite
ϕ ∈ S1

n(Z), n ≥ 3. By Theorem 33.7, if ψ ∈ S1
n(Z) and ϕ ∼ ψ, then ψ

belongs to the genus of ϕ. Combining Lemma 33.10 and Theorem 32.19(i),
we see that the genus of ϕ consists of a single SO-class, and so we obtain (i).
Next, if ϕ ∈ S1

n(Z) and det(ϕ) is as in (ii), then the genus of ϕ is determined
by det(ϕ) and s(ϕ), by virtue of Theorem 33.9. Therefore (ii) follows from
(i).

It should be noted that the case | det(ϕ)| = 1 of (ii) was proved by Milnor
in [M].

33.12. The case where det(ϕ) is square-free is different from the situation
of Theorem 33.11(ii). For example, take a prime number m such that m+1 ∈
4Z. Put ϕ = diag[13, −m] and ψ = diag[12, m, −1]. Clearly these belong
to S1

4(Z), det(ϕ) = det(ψ) = −m, and s(ϕ) = s(ψ) = 2. However, they
define nonisomorphic quadratic spaces. Indeed, suppose 〈Q, ϕ〉 ∼= 〈Q, ψ〉.
Then by Witt’s theorem, diag[1, −m] ∼ diag[−1, m]. Put K = Q(

√
m ) and

Km = K ⊗Q Qm. Then −1 = x2 −my2 with x, y ∈ Q, and x + y
√

m must
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be an integer of Km, and so x, y ∈ Zm, which means that x2 + 1 ∈ mZm.

This is impossible, since m + 1 ∈ 4Z. Therefore ϕ � ψ.

Viewing ϕ and ψ in the setting of Theorem 33.9, we have ν = 2, and so
there exist exactly two genera of the matrices ξ ∈ S1

4(Z) such that det(ξ) =
−m and s(ξ) = 2. By Theorem 33.11(i) each genus consists of a single SO-
class. Thus ϕ and ψ represent these two different classes of such ξ.



CHAPTER VII

QUADRATIC DIOPHANTINE EQUATIONS

34. A historical perspective

34.1. We take a nondegenerate quadratic space (V, ϕ) of dimension n over
a local or global field F in the sense of §21.1. By a quadratic Diophantine
equation we mean an equation of the type

(34.1) ϕ[x] = q

with a given q ∈ F×. Let g denote the maximal order of F as before. Given
a g-lattice L in V, put

(34.2a) L[q] =
{
x ∈ L

∣
∣ϕ[x] = q

}
,

(34.2b) Γ (L) =
{
α ∈ SOϕ(V )

∣
∣Lα = L

}
.

In particular, in the classical case with F = Q and V = Q1
n, we usually take

L = Z1
n and assume that ϕ is Z-valued on L and q ∈ Z. A quadratic form

with n = 2 is called a binary form. It was an old problem studied by many
mathematicians, Fermat and Euler in particular, to find integer solutions x

for a given binary form ϕ and q, that is, the elements of L[q]. They were
successful in some special cases, but the case of an arbitrary binary form ϕ

was settled by Lagrange and later reformulated by Gauss.
In this book, however, we do not discuss this problem of finding x for

equation (34.1). To explain what kind of problems we will discuss, we first
introduce the notion of primitive solution. Still with Z-valued ϕ, q ∈ Z, and
L = Z1

n, we put

(34.3) L0[q] =
{
x ∈ L[q]

∣
∣ ∑n

i=1 xiZ = Z
}
,

and call the elements of L0[q] primitive solutions of (34.1). This condition
of primitivity is fundamental in our theory as will be explained later. For
the moment, let us just say that the nature of the question about L0[q] is
quite different from that about L[q]; roughly speaking, the former is more
conceptual, and the latter more computational. We will eventually explain
this difference and present a new interpretation of L0[q], which leads to certain
class number formulas for orthogonal groups.
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34.2. Before proceeding further, let us look more closely at binary forms.
A binary form in two variables x and y over F can be given in the form
ax2 + bxy + cy2 with a, b, c ∈ F. This is represented by the matrix h =[

a b/2
b/2 c

]

. Employing the notation of §28.1, our two-dimensional quadratic

space can be written 〈F, h〉. We have det(2h) = 4ac− b2, and call the number
b2 − 4ac the discriminant of the binary form represented by h.

We say that another form represented by a similar matrix h′ belongs to
the same class as h if

(34.4) h′ = det(α)−1 · αh · tα with α ∈ GL2(Z).

Here we deviate from the traditional definition h′ = αh · tα with α ∈ SL2(Z),
because (34.4) with GL2(g) in place of GL2(Z) is the best definition in the
case of an arbitrary number field.

Now Lagrange showed that when F = Q and g = Z, the number of classes
of the forms with a given discriminant is finite, which is the easiest case of
Theorem 30.4. For an obvious technical reason, it is natural to assume, as
Lagrange and later researchers did, that the binary form is primitive, which
means that the integers a, b, c have no common divisors other than ±1.

In order to interprete the notion of class in a different way, we consider a
ternary form ϕ defined on Q1

3 by

(34.5) ϕ[(x, y, z)] = 4xy − z2.

If we fix q, then a primitive binary form of discriminat −q corresponds to
a primitive solution h = (a, b, c) ∈ Z1

3 of the equation ϕ[h] = q with ϕ of
(34.5), that is, an element of L0[q] with L = Z1

3.

This much is trivial, but here is a nontrivial fact: Γ (L) defined by (34.2b)
in the present case consists of all the maps h 	→ h′ of (34.4). (It seems
that the previous researchers did not connect SO(ϕ) for ϕ of (34.5) with
binary forms, and the last fact on Γ (L), proved in §36.14 below, is not a well-
known old result. Indeed, the corresponding fact in the case of an arbitrary
number field F depends on the nature of the ideal class group of F ; see the
comments at the end of §36.14 below.) Therefore the classes of binary forms
of discriminant −q correspond bijectively to L0[q]/Γ (L) defined with respect
to ϕ of (34.5). Denoting by c(q) the number of classes of primitive binary
forms of discriminant −q, we thus obtain

(34.6) #
{
L0[q]/Γ (L)

}
= c(q).

Before discussing another ternary form, let us quote here a basic result
of Dedekind. Assuming that −q is not a square in Q, define a quadratic
extension K of Q by K = Q(

√−q ). Since q ∈ 4Z or −q−1 ∈ 4Z, we can put
−q = f2d with 0 < f ∈ Z and the discriminant d of K. Denote by r the ring
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of algebraic integers in K and define a subring f of r by f = Z + fr. Then
Dedekind [DD, §187] showed that there is a bijection from the set of all ideal
classes of proper f-ideals (whose definition will be given in §36.1 below) onto
the set of all classes of primitive binary forms of discriminat −q. If −q = d,

then f = 1, f = r, and a proper f-ideal is a fractional ideal in K. By virtue of
this result, c(q) is the class number of such an f, and in particular, the class
number of K if −q = d. We naturally ask whether we can state a theorem that
extends this result of Dedekind to the case of an arbitrary algebraic number
field. We will give an answer in Theorem 36.13.

34.3. Next we turn to a more difficult problem concerning

(34.7) ϕ[(x, y, z)] = x2 + y2 + z2.

We naturally look for primitive solutions h of the equation ϕ[h] = q for a
given q ∈ Z, > 0. In this case, the permutations of (x, y, z) and the diago-
nal elements of GL3(Z) generate a group of order 48 which has Γ (Z3) as a
subgroup of index 2. In the celebrated book [G] Gauss showed that such a
primitive solution exists if and only if q = b2m with an odd positive integer
b and a square-free positive integer m such that m �≡ 7 (mod 8). This is
a stronger result than Theorem 27.14(ii). Moreover, he proved a far deeper
result on L0[q] for such a q, which can be reformulated as follows:

(34.8a) #
{
L0[q]/Γ (L)

}
= c(q) ·

{
1 if m ≡ 3 (mod 4) or q ≤ 2,

2−1 otherwise.

From this we can easily derive a formula valid for q = b2m > 3 :

(34.8b) #L0[q] = c(q) ·
{

24 if m ≡ 3 (mod 4),

12 otherwise.

In fact, Gauss stated something equivalent to (34.8b), but did not give a
clear-cut statement in the form (34.8a). It should be added that Legendre
was the first person who had the insight that binary forms were involved,
and Gauss owed much to that idea. The argument of Gauss was long and
roundabout. Later Eisenstein and Minkowski investigated the case of five
squares, but they never explained why class numbers were involved. Weil’s
book [We] gives a detailed historical account of what Lagrange and Legendre
did, but unfortunately, it does not explain much of the works of Gauss or his
successors. We mention Bachmann’s book [B], which includes an exposition
in that respect.

History aside, our point is that there is an unmistakable parallelism between
(34.6) and (34.8a). Therefore we can expect the existence of a general principle
of which (34.6) and (34.8a) are special cases. In the above two cases, n = 3
and binary forms have two variables, and so the expected principle for ϕ of
n variables may be of the following type:
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(34.9a) #
{
L0[q]/Γ (L)

}
= the class number of an object in dimension n− 1.

But things are not that simple, though the idea of (34.9a) is basically right. In
fact, if #L0[q] is finite, we will eventually find another formula that generalizes
(34.8b) and takes the following form in the simplest case:

(34.9b) #L0[q] = the “mass” of an object in dimension n− 1.

This of course requires the defintion of the mass. Without going into details
here, let us merely say that it is a quantity associated with an orthogonal
group and its arithmetic subgroups.

As we said in the introduction, it is one of the main purposes of this book
to present a general principle that a primitive solution of (34.1) of dimension
n determines a class in an (n − 1)-dimensional orthogonal group. In other
words, we will give a conceptual interpretation of each element of L0[q]. We
will eventually obtain precise versions of (34.9a, b).

35. Basic theorems of quadratic Diophantine equations

35.1. Let us now develop our theory systematically by considering a more
general situation with (V, ϕ) as in §34.1. To make our exposition smooth, we
restate Lemma 22.5(ii) in the following form:

(35.1)
{
h ∈ V

∣
∣ϕ[h] = ϕ[k]

}
= h · SOϕ(V ) if ϕ[h] �= 0 and n > 1.

We take F to be local and use the symbols g and p. Fixing a maximal lattice
L in V, we put

(35.2a) C =
{
α ∈ SOϕ(V )

∣
∣Lα = L

}
,

(35.2b) L∗ =
{
x ∈ V

∣
∣ 2ϕ(x, L) = g

}
.

Clearly L∗γ = L∗ for every γ ∈ C.

We now state a theorem which plays a crucial role in our theory.

Theorem 35.2. Suppose that dim(V ) > 1. Let h and k be elements of
V such that ϕ[h] = ϕ[k] �= 0 and ϕ(h, L) = ϕ(k, L). Then k = hγ for
some γ ∈ C, except when n = 2, ϕ is isotropic, and ϕ[h] ∈ p, in which case
k = hα with an element α of Oϕ such that Lα = L.

This was proved in [S04b, Theorem 10.5] under the following condition:

(35.3) δ0(ϕ) ∩ g× �= ∅ if n /∈ 2Z.

It was shown in [S06c] that this condition was unnecessary. In any case the
proof is long and involved, and therefore in this book we prove only the case
n = 3 under the following condition:
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(35.4) δ0(ϕ) ∩ g× �= ∅ if ϕ is isotropic.

Proof. First suppose that ϕ is anisotropic. Then by Lemma 29.7, Lα =
L for every α ∈ Oϕ, and so C = SOϕ. Let h and k be as in our theorem.
Then by (35.1), h ∈ k · SOϕ = kC, which gives the desired result.

Thus we assume that ϕ is isotropic. Then we have a Witt decomposition
V = Fe + Ff + Fg, e2 = f2 = 0, ef + fe = 1, g2 = δ ∈ F×. Our assumption
(35.4) allows us to take δ so that δ ∈ g×. Replacing ϕ by δ−1ϕ, we may
assume that δ = 1. (Indeed, every ϕ-maximal L is δ−1ϕ-maximal.) We can
take L = ge + gf + gg. Given 0 �= h ∈ V, we can find c ∈ F× such that
ch ∈ L∗. Therefore, it is sufficient to prove the following statement:

(∗) If h, k ∈ L∗ and ϕ[h] = ϕ[k] �= 0, then h ∈ kC.

We note that L∗ ⊂ L̃ = ge+ gf +2−1gg. Thus let h = ae+ bf + cg ∈ L∗ with
a, b ∈ g and c ∈ 2−1g. Then ag + bg + 2cg = g and ϕ[h] = ab + c2.

We divide our discussion according to the nature of 2.

Case 1: 2 ∈ g×;

Case 2: 2 ∈ p.

In Case 1, we see that c ∈ g and ϕ[h] ∈ g. Therefore we have two cases:

Case 1a: 2 ∈ g× and ϕ[h] ∈ g×;

Case 1b: 2 ∈ g× and ϕ[h] ∈ p.

In Case 1a, let W1 = (Fh)⊥ and W2 = (Fk)⊥ for h, k as in (∗). Then by
Lemma 32.4, L = gh⊕ (L ∩W1) = gk ⊕ (L ∩W2). Since ϕ[h] = ϕ[k], (35.1)
guarantees an element α of SOϕ(V ) such that hα = k. Then W1α = W2.

Clearly L ∩Wi is maximal in Wi, and so (L ∩W1)α is maximal in W2. By
Lemma 29.9, (L∩W1)αβ = L∩W2 for some β ∈ SOϕ(W2). We can extend β

to an element of SOϕ(V ) by putting kβ = k. Then αβ ∈ SOϕ(V ), hαβ = k,

and Lαβ = L, which gives the desired fact.
Let h = ae + bf + cg ∈ L∗ as before in both Cases 1 and 2. Since ϕ[h] =

ab + c2, we have ϕ[h] ∈ g if and only if c ∈ g. Thus we divide Case 2 into
two cases:

Case 2a: 2 ∈ p and ϕ[h] ∈ g;

Case 2b: 2 ∈ p and ϕ[h] /∈ g.

Since ag + bg + 2cg = g, we see that a ∈ g× or b ∈ g× in Cases 1b and 2a.
Suppose now a ∈ g× or b ∈ g×. Represent GL(V ) with respect to the

basis {f, e, g}. Then diag
[ [

0 1
1 0

]

, −1
]

∈ C and diag[a, a−1, 1] ∈ C for

every a ∈ g×. Thus replacing h by a suitable element of hC, we may assume
that h = ae + f + cg with a ∈ g and c ∈ 2−1g.
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Let us next represent GL(V ) with respect to the basis {f, g, e} instead of
{f, e, g}, and let P denote the upper triangular elements of SOϕ. It is easy
to verify that P consists of the matrices of the form

(35.5)

⎡

⎣
d−1 s −s2d
0 1 −2sd
0 0 d

⎤

⎦ (d ∈ F×, s ∈ F ).

For h = ae + f + cg we have ϕ[h] = a + c2. In Cases 1b and 2a put

α =

⎡

⎣
1 −c −c2

0 1 2c
0 0 1

⎤

⎦ .

Then α ∈ C and hα = f + ϕ[h]g. Given k ∈ L∗ such that ϕ[k] = ϕ[h], we
can similarly find an element β ∈ C such that kβ = f + ϕ[k]g = hα. Thus
our problem is settled in Cases 1b and 2a.

Before discussing Case 2b, let us state a basic reult:

(35.6) SOϕ(V ) = PC.

This will be proved at the end. Still postponing the discussion of Case 2b, we
consider any h ∈ L∗, with no conditions on a, b, satisfying

(35.7) 4ϕ[h] ∈ g×2.

In this case we put 4ϕ[h] = u2 with u ∈ g× and � = 2−1ug. Then ϕ[�] = ϕ[h]
and � ∈ L∗. By (35.1) we have h = �ξ with ξ ∈ SOϕ(V ). By (35.6) we can
put ξ = πγ with π ∈ P and γ ∈ C. Take π in the form (35.5). Then �π can
be identified with the row vector [0 2−1u − usd]. Since �π = hγ−1 ∈ L∗, we
see that −usd ∈ g. Put x = −sd and

η =

⎡

⎣
1 −x −x2

0 1 2x
0 0 1

⎤

⎦ .

Then η ∈ C and �η = �π = hγ−1. Thus h ∈ �C. Since � depends only on
ϕ[h], this gives the desired result under (35.7).

Therefore we hereafter assume that 4ϕ[h] /∈ g×2. Let h = ae+bf +cg ∈ L∗

in Case 2b. Suppose a ∈ p and b ∈ p. Then 2cg = g. Put d = 2c. Then
d ∈ g× and 4ϕ[h] = 4(ab + c2) = d2(1 + 4d−2ab) ∈ g×2 by Lemma 21.12(i),
a contradiction. Therefore a ∈ g× or b ∈ g×. For the reason explained in
Cases 1b and 2a, we may assume that h = f + ae + cg. Similarly we may
assume that k = f + a1e + c1g. Then a + c2 = ϕ[h] = ϕ[k] = a1 + c2

1, and so
(c − c1)(c + c1) = c2 − c2

1 = a1 − a ∈ g. Therefore c − c1 ∈ g or c + c1 ∈ g.

Since 2c1 ∈ g, we see that c− c1 ∈ g. Put r = c− c1 and

ζ =

⎡

⎣
1 r −r2

0 1 −2r
0 0 1

⎤

⎦ .
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Then ζ ∈ C and kζ = h as desired. This completes the proof of (∗), except
that we have to prove (35.6).

Proof of (35.6). We easily see that P =
{
α ∈ SOϕ

∣
∣ eα ∈ Fe

}
. Also

(V, ϕ) ∼= (B◦, β◦) with B = M2(F ), B◦ =
{
x ∈ B

∣
∣ tr(x) = 0

}
, and β◦[x] =

−xxι for x ∈ B◦. Indeed, we can put

e =
[

0 1
0 0

]

, f =
[

0 0
1 0

]

, g =
[

1 0
0 −1

]

.

This is a special case of Lemma 25.2(ii). We have G+(V ) = B× = GL2(F )
and xτ(b) = b−1xb for x ∈ B◦ and b ∈ GL2(F ). We have L = ge+gf +gg =
M2(g)∩B◦. Let D = GL2(g) and let T be the subgroup of GL2(F ) consisting
of the upper triangular matrices. We easily see that b−1eb ∈ Fe for b ∈ T,

and so τ(T ) ⊂ P. If b ∈ D, then Lτ(b) = b−1Lb ⊂ M2(g) ∩ B◦ = L. Thus
Lτ(b) = L, since det

(
τ(b)

)
= 1. This means that τ(D) ⊂ C. Now GL2(F ) =

TD by Lemma 21.24. Thus SOϕ = τ
(
GL2(F )

)
= τ(T )τ(D) ⊂ PC, which

proves (35.6).

We note here an easy fact included in the above proof:

(35.7a) If x ∈ L∗, then x ∈ hC with h of the form h = ae + f + cg or
h = cg with a ∈ g and 2c ∈ g.

Indeed, if q = ϕ[x] ∈ g, then x ∈ hC with h = qe + f. Otherwise x falls into
Case 2b, and the above proof proves (35.7a).

Here we proved (35.6) only for isotropic ϕ of dimension 3. In fact, equality
(35.6) holds for an arbitrary dimension. For this fact the reader is referred to
[S04b, Theorem 6.13].

Theorem 35.3. Given (V, ϕ) over a local field as in §35.1, let Λ be an
arbitrary g-lattice in V, and h an element of Λ such that ϕ[h] �= 0; let D ={
γ ∈ SOϕ

∣
∣Λγ = Λ

}
. Then there exists a finite subset A of SOϕ such that

(35.8)
{

x ∈ Λ
∣
∣ϕ[x] = ϕ[h]

}
=
⊔

α∈A hαD.

Moreover, we can take A = {1} if dim(V ) > 1, Λ is maximal, ϕ[h] ∈ g×,

and 2 /∈ p.

Proof. This is obvious if dim(V ) = 1; so we assume dim(V ) > 1. Let
C be as in (35.1) with a maximal lattice L in V. We have [C : C ∩D] < ∞
and aΛ ⊂ L for some a ∈ F×. Thus it is sufficient to prove the case Λ = L.

To prove the last assertion, suppose h ∈ L, ϕ[h] ∈ g×, and 2 /∈ p. Define
M as in Lemma 32.4(ii) for the present L with Fh as X. Clearly M = gh,

and so L = gh ⊕ (L ∩ X⊥). If k ∈ L and ϕ[k] = ϕ[h], then similarly L =
gk⊕ (L∩Y ⊥), where Y = Fk. By (35.1), k = hγ with an element γ of SOϕ.

Then X⊥γ = Y ⊥. Since L is maximal, we easily see that L ∩X⊥ and L∩ Y ⊥

are maximal. Therefore (L ∩ X⊥)γ is a maximal lattice in Y ⊥, and so by
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Lemma 29.9, (L∩X⊥)γβ = L∩Y ⊥ with some β ∈ SOϕ(Y ⊥). We can extend
β to an element of SOϕ(V ) so that kβ = k. Then Lγβ = L and hγβ = k,

which proves the last assertion.
Next, if x ∈ L and ϕ[x] = ϕ[h], then 2ϕ[h]g⊂ 2ϕ(x, L)⊂ g. Thus, the

set on the left-hand side of (35.8) for Λ=L is contained in
⊔

b

{
x∈V

∣
∣ϕ[x]=

ϕ[h], 2ϕ(x, L) = b
}
, where b runs over all the integral divisors of 2ϕ[h]g.

Therefore, by Theorem 35.2, equality (35.8) for Λ = L holds with A such that
#A is at most the number of such ideals b. This completes the proof.

For h ∈ V and z ∈ Oϕ(V )A the element hz is meaningful as an element
of VA, and so V ∩ hT for a subset T of Oϕ(V )A is a meaningful subset of V.

We now prove the global version of Theorem 35.3 as follows.

Theorem 35.4. Let (V, ϕ) be a nondegenerate quadratic space over a
global field F of dimension n. Let L be a g-lattice in V, C =

{
γ ∈ SOϕ(V )A

∣
∣

Lγ = L
}
, and Γ = SOϕ(V )∩C; let h be an element of L such that ϕ[h] �= 0

and let X =
{
x∈SOϕ(V )A

∣
∣hxv ∈ Lv for every v ∈ h

}
. Then the following

assertions hold:

(i)
{

k ∈ L
∣
∣ϕ[k] = ϕ[h]

}
=
⊔ν

i=1 kiΓ with a finite set {ki}ν
i=1 ⊂ L.

(ii) Put W = (Fh)⊥. Then SOϕ(W )\X/C is finite.

Proof. Since our assertions are trivial if n = 1, we assume that n > 1.

For simplicity put G = SOϕ(V ), H = SOϕ(W ), and Cv = C ∩Gv for v ∈ h.

We can identify H with
{
α ∈ G

∣
∣ hα = h

}
. By Theorem 35.3, for each v ∈ h

there exists a finite subset Xv of Gv such that
{

x ∈ Lv

∣
∣ϕ[x] = ϕ[h]

}
=
⊔

γ∈Xv
hγCv;

moreover, we can take Xv = {1} for almost all v. Therefore we can find a
finite subset X of Gh such that hX =

⋃
ξ∈X hξC. Thus for every x ∈ X we

have hx = hξδ with some ξ ∈ X and δ ∈ C. Then ξδx−1 ∈ HA, which
shows that X =

⋃
ξ∈X HAξC. Applying Theorem 30.8 to H, for each ξ ∈ X

we can find a finite subset Eξ of Hh such that HA=
⊔

ε∈Eξ
Hε(HA ∩ ξCξ−1).

Then HAξC =
⋃

ε∈Eξ
HεξC, and so X =

⋃
ξ,ε HεξC. This proves (ii). Let k

be an element of L such that ϕ[k] = ϕ[h]. By (35.1), k = hα with α ∈ G.

Then α ∈ X, so that α ∈ HεξC with some (ε, ξ). For each (ε, ξ) such that
G ∩ εξC �= ∅, pick any β ∈ G∩ εξC. Then G∩HεξC =G∩HβC =HβΓ. Let
B be the set of such β’s chosen for each (ε, ξ). Then α ∈ ⊔

β∈B HβΓ, and so
k=hα ∈ ⊔

β∈B hβΓ, which proves (i) and completes the proof.

35.5. Let (V, ϕ) be a nondegenerate quadratic space over a global field F

of dimension n. Given a g-lattice L in V, q ∈ F×, and a g-ideal b, we put

(35.9a) Γ (L) =
{

γ ∈ SOϕ(V ) |Lγ = L
}
,

(35.9b) C =
{

x ∈ SOϕ(V )A |Lx = L
}
,
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(35.9c) L[q, b] =
{

x ∈ V |ϕ[x] = q, ϕ(x, L) = b
}
.

We will later assume that L is maximal, but for the moment we don’t need
that condition. Clearly Γ (L) = C ∩ SOϕ(V ). We have also Γ (L) = Γ (L̃),
since (Lγ)∼ = L̃γ for every γ ∈ Oϕ as noted in §29.1. We easily see that
Γ (L) acts on the right of L[q, b], and L[q, b] ⊂ 2bL̃. Therefore, by Theorem
35.4, #

(
L[q, b]/Γ (L)

)
< ∞. (L[q, b] is not necessarily contained in L.)

For an algebraic subgroup H of Oϕ, SOϕ, or G+(V ), we can speak of the
H-genus and H-class of L as defined in §30.1. We let G+(V ) act on V by
the rule xα = xτ(α) for x ∈ V and α ∈ G+(V ), and so for a subgroup J

of G+(V ) the J-genus and J-class of L are the same as the τ(J)-genus and
τ(J)-class of L. As noted in in §30.1, the SOϕ(V )-genus of a maximal lattice
consists of all the maximal lattices in V, and it coincides with the Oϕ(V )-genus
of the lattice. We call it, as we did there, the ϕ-genus of maximal lattices.

We now state the main theorem of quadratic Diophantine equations.

Theorem 35.6. Let (V, ϕ) be a nondegenerate quadratic space over a
global field F of dimension > 1. Define C by (35.9b) with a fixed lattice
L in V. Let h be an element of V such that ϕ[h] �= 0; put W = (Fh)⊥,

G=SOϕ(V ), and H =SOϕ(W ). Let us consider H a subgroup of G by defin-
ing the action of H on Fh to be trivial. Thus H =

{
α ∈ G

∣
∣ hα = h

}
. Then

the following assertions hold:
(i) For y ∈ GA we have HA ∩GyC �= ∅ if and only if V ∩ hCy−1 �= ∅.
(ii) Fixing y ∈ GA, take E ⊂ HA so that HA ∩GyC =

⊔
ε∈E Hε(HA ∩C).

For every ε ∈ E take αε ∈ G so that ε ∈ αεyC. Then the map ε 	→ hαε

gives a bijection of H
∖
(HA ∩GyC)

/
(HA ∩ C) onto (V ∩ hCy−1)/Γ y, where

Γ y = G ∩ yCy−1.

(iii) Take Y ⊂ HA so that GHAC =
⊔

y∈Y GyC. Then

(35.10a) #
{
(V ∩ hCy−1)/Γ y

}
= #

{
H
∖
(HA ∩GyC)

/
(HA ∩ C)

}
,

(35.10b) #
{
H
∖
HA

/
(HA ∩ C)

}
=

∑

y∈Y

#
{
(V ∩ hCy−1)/Γ y

}
.

(iv) Let Ξ be the H-genus of L and let Λ =
{
Ly−1

∣
∣ y ∈ Y

}
with Y as in

(iii). Then Λ is a minimal subset of Ξ with the property that every member
of Ξ is of the form Mα with some M ∈ Λ and α ∈ G.

(v) In particular, suppose L is maximal and n > 2; put q = ϕ[h] and
b = ϕ(h, L). Then

(35.11) V ∩ hCy−1 = (Ly−1)[q, b] for every y ∈ GA,

(35.12a) #
{
M [q, b]/Γ (M)

}
= #

{
H
∖
(HA ∩GyC)

/
(HA ∩ C)

}

if M = Ly−1, y ∈ HA,

(35.12b) #
{
H
∖
HA

/
(HA ∩ C)

}
=

∑

M∈Λ

#
{
M [q, b]/Γ (M)

}
.
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(vi) Let Q be an open subgroup of G+(V )A containing G+(V )a and let
Δx = G+(V )A ∩ xQx−1 for x ∈ G+(V )A. Then (ii) and (iii) are valid with{
G+(V ), G+(W ), Q, Δx

}
in place of

{
G, H, C, Γ y

}
. Moreover, if L, q, and

b are as in (v) and τ(Q) = C, then

(35.13a) #
{
G+(W )

∖[
G+(W )A ∩G+(V )zQ

]/
[G+(W )A ∩Q]

}

= #
{
M [q, b]

/
Δ(M)

}
if M = Lτ(z−1), z ∈ G+(W )A,

(35.13b) #
{
G+(W )

∖
G+(W )A

/
[G+(W )A ∩Q]

}
=
∑

M

#
{
M [q, b]

/
Δ(M)

}
,

where Δ(M) =
{
α ∈ G+(V )

∣
∣Mτ(α) = M

}
, and M runs over the lattices

Lτ(z)−1 with z ∈ G+(V )\G+(V )G+(W )AQ/Q.

Note: Since G\GA/C and H
∖
HA

/
(HA∩C) are finite sets by Theorem 30.8,

we see that Y is a finite set, and also from (ii) we see that (V ∩ hDy−1)/Γ y

is a finite set. Also, we easily see that Γ (M) = τ
(
Δ(M)

)
, since τ

(
G+(V )

)
=

SOϕ(V ).

Proof. Let y, ε, and αε be as in (ii); then αε ∈ εCy−1, and so hαε ∈
V ∩ hCy−1. If ηεζ ∈ βyC with η ∈ H, ζ ∈ HA ∩ C, and β ∈ G, then
β−1ηαε ∈ G ∩ yCy−1 = Γ y, and so hαε = hηαε ∈ hβΓ y. Thus our map of
(ii) is well defined. Next let k ∈ V ∩ hCy−1. Then k = hδy−1 with δ ∈ C,

and moreover, by (35.1), k = hξ with ξ ∈ G. Then h = hξyδ−1, so that
ξyδ−1 ∈ HA. Thus ξyδ−1 ∈ HA ∩ GyC. This shows that k is the image
of an element of HA ∩ GyC. To prove that the map is injective, suppose
ε ∈ αyC ∩ HA and δ ∈ βyC ∩ HA with α, β ∈ G, and hα = hβσ with
σ ∈ Γ y. Put ω = βσα−1. Then hω = h, so that ω ∈ H. Since σ ∈ yCy−1,

we have βyC = βσyC = ωαyC, and so δ ∈ βyC ∩ HA = ωαyC ∩ HA =
ω(αyC ∩HA) = ω(εC ∩HA) = ωε(C ∩HA) ⊂ Hε(C ∩HA). This proves the
injectivity, and completes the proof of (ii). At the same time we obtain (i).

We have HA =
⊔

y∈Y (HA ∩ GyC) with Y as in (iii), and so (35.10a, b)
follow immediately from (ii). To prove (iv), let x ∈ HA. Then x ∈ GyC with
some y ∈ Y, and so x ∈ αyC with some α ∈ G. Thus Lx−1 = Ly−1α−1.

If Ly−1 = Lz−1β with y, z ∈ Y and β ∈ G, then z−1βy ∈ C, and so
y ∈ GzC. Thus y = z, which shows that Λ is a minimal subset with the
property described in (iv).

As for (v), clearly V ∩ hC ⊂ L[q, b]. Conversely, every element of L[q, b]
belongs to hC by virtue of Theorem 35.2. Thus

(35.14) V ∩ hC = L[q, b].

Let k ∈ V ∩hCy−1 with y ∈ GA; put M = Ly−1. Then ϕ[k] = q, ϕ
(
k, M) =

ϕ(h, L) = b, and kyCy−1 = hCy−1. Taking k, M, and yCy−1 in place of
h, L, and C in (35.14), we obtain V ∩ hCy−1 = V ∩ kyCy−1 = M [q, b] =
(Ly−1)[q, b]. This proves (35.11) when V ∩hCy−1 �= ∅. To prove the remaining
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case, suppose � ∈ (Ly−1)[q, b]; then ϕ(�yv, Lv) = bv = ϕ(h, L)v for every
v ∈ h. By Theorem 35.2, �y ∈ hC, and hence � ∈ hCy−1. This shows that
if (Ly−1)[q, b] �= ∅, then V ∩ hCy−1 �= ∅, and so (35.11) holds for every
y ∈ GA. This combined with (35.10a, b) produces (35.12a, b). Assertion (vi)
can be proved by repeating all these arguments with the replaced symbols as
specified, since G+(W ) =

{
α ∈ G+(V )

∣
∣ hα = h

}
as noted in (24.3a). This

completes the proof.

Remark 35.7. (1) Formulas (35.12b) and (35.13b) are precise versions
of (34.9a). As explained in §30.7, #

{
H\HA/(H ∩ C)

}
is a generalized class

number of H ; it may or may not be the number of classes in the H-genus of
a lattice in W. The precise version of (34.9b) will be given in Theorem 37.12.

(2) The set Y in (35.10) can be replaced by a subset X of GA such that
GA =

⊔
x∈X GxC, which amounts to the addition of several zeros correspond-

ing to the elements x such that HA ∩GxC = ∅.
(3) In this book we consider only an equation of type ϕ[h] = q with a

scalar q. More generally, we can discuss an equation ξΦ · tξ = Ψ with Ψ of
size m > 1. For details, the reader is referred to [S04b, Section 13] and [S06c].

36. Classification of binary forms

36.1. We first recall some basic facts concerning the orders in a quadratic
extension of F. For the moment F is either local or global. We take symbols
K, r, and ρ in the following two cases:

(I) K is a quadratic extension of F, r is the maximal order of K, and ρ

is the generator of Gal(K/F ).

(II) K = F ⊕ F, r = g ⊕ g, and ρ is the automorphism of K given by
(a, b)ρ = (b, a) for (a, b) ∈ F ⊕ F.

Let f be an order in K containing g in the sense of §21.1. Since f ⊂ r,

we have a + aρ ∈ g for every a ∈ f, and so fρ = f. Put c =
{
α ∈ g

∣
∣αr ⊂ f

}
.

Then c is an integral g-ideal, which we call the conductor of f.

Let us now show that for every integral g-ideal c there is a unique order
in K of conductor c, and it is given by f = g+ cr. Clearly the global case can
be reduced to the local case; so assume F to be local. Take u ∈ r and c ∈ g

so that r = g[u] and c = cg. Suppose that c is the conductor of an order f;
then clearly c =

{
α ∈ g

∣
∣αu ∈ f

}
. If a + bu ∈ f with a, b ∈ g, then b ∈ c.

Therefore we have f = g+ cu = g+gcu = g+ cr. Conversely, given an integral
g-ideal c, we see that g + cr = g + cu and this has conductor c, which proves
the desired fact. Also every order f in the local case contains an element v

such that f = g[v]. Indeed, we can take cu above as v.

In both local and global cases, given an order f in K, we denote by δ(f)
the g-ideal generated by (x−xρ)2 for all x ∈ f, and call it the discriminant
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of f. If c is the conductor of f, then we easily see that δ(f) = c2δ(r); δ(r)
is the discriminant of K relative to F. (In the local case we have D(K/F ) =
(u−uρ)2r = δ(r) with u such that r = g[u]; see (14.9). In the global case, use
Theorem 14.4(ii).) Thus, once K is fixed, f is completely determined by its
discriminant. In the local case if f = g[v] with v ∈ r, then δ(f) = (v − vρ)2g.

We note that in both local and global cases we have

(36.1) r× ∩ f = f×.

Indeed, if a ∈ r× ∩ f, then aρ ∈ r× ∩ f and aaρ ∈ g× ⊂ f×, and so a−1 =
aρ(aaρ)−1 ∈ f, which proves (36.1).

Now in both local and global cases, for a g-lattice m in K put

(36.2) m∗ =
{
α ∈ K

∣
∣TrK/F (αm) ⊂ g

}
.

Here TrK/F

(
(a, b)

)
= a + b if K = F ⊕ F. Then m∗ is a g-lattice in K and

(m∗)∗ = m; if n ⊂ m, then m∗ ⊂ n∗. If f = g[v], then f∗ = (v − vρ)−1f

because
(
(v − vρ)−1, (vρ − v)−1vρ

)
is the dual basis of (v, 1) with respect to

(x, y) 	→ TrK/F (xy). Given an order f in K and a g-lattice m in K, we call
m a proper f-ideal if f =

{
α ∈ K

∣
∣αm ⊂ m

}
.

Theorem 36.2. (i) Let f be an order in K of the above types over a local or
global field F. Then all the proper f-ideals form a commutative group if we take
the product mn to be the g-lattice spanned by the products xy with x ∈ m and
y ∈ n; the identity element of this group is f, and m−1 =

{
a ∈ K

∣
∣ am ⊂ f

}
.

(ii) In the local case, a g-lattice m in K is a proper f-ideal if and only if
m=γf with γ ∈ K×.

Proof. Clearly the global case of (i) follows from the local case, which in
turn follows from (ii). Thus it is sufficient to prove (ii). The “if”-part of (ii)
is obvious. If αm⊂m or αm∗⊂m∗ for α ∈ K and a g-lattice m in K, then
TrK/F (αmm∗)⊂TrK/F (mm∗)⊂ g, so that αm∗ ⊂m∗ and αm⊂ (m∗)∗ = m.

Take m to be a proper f-ideal. Then we find that f =
{
α ∈ K

∣
∣αm∗⊂m∗}.

If ξ ∈ (mm∗)∗, then TrK/F (ξmm∗) ⊂ g, so that ξm∗ ⊂ m∗; hence ξ ∈ f.

Thus (mm∗)∗ ⊂ f, and so f∗ ⊂ mm∗. On the other hand TrK/F (fmm∗) =
TrK/F (mm∗)⊂ g, and so mm∗ ⊂ f∗; thus mm∗ = f∗ = e−1f, where e = v − vρ

with an element v such that f = g[v]. Take u ∈ r so that r = g[u], and
define an F -linear map f : K → F by f(r + su) = r for r, s ∈ F. Then
f(emm∗) = f(f) = g, so that we can find an element μ of em∗ such that
f(μm) = g. Then μm⊂ emm∗ = f. If α ∈ f, then f(α) = f(β) with β ∈ μm,

and α−β ∈ gu∩f=cu, where c is the conductor of f. Thus α ∈ μm+cr. This
shows that f=μm+cr. Then f= ff=(μm+cr)(μm+cr)⊂μm+c2r⊂μm+cf⊂ f.

Thus f = μm + cf. Our theorem is obvious if c = g; so suppose c �= g. Then
f=μm + c(μm + cf)=μm + c2f. Repeating a similar calculation, we find that
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f = μm + ckf for every positive integer k. Taking k so that ckf ⊂ μm, we
obtain f=μm. This completes the proof.

Lemma 36.3. The notation being as in §36.1, assume that F is local; let
{K/F} denote 1, −1, or 0, according as K = F ⊕ F, K is an unramified
quadratic extension of F, or K is a ramified quadratic extension of F. Let f be
the order in K of conductor pm, 0≤ m∈Z, and d the different of K relative
to F. Put τ(x) = xρ/x for x ∈ K. Then the following assertions hold:

(i) τ gives an isomorphism of r×/f× onto τ(r×)/τ(f×);
(ii) f× =

{
a ∈ r×

∣
∣ aρ − a ∈ pmd

}
;

(iii) τ(f×) =
{

y ∈ r×
∣
∣ yyρ = 1, y − 1 ∈ pmd

}
;

(iv) [r× : f×] = qm
(
1− {K/F}q−1

)
if m > 0, where q = #(g/p).

Proof. To prove (i), suppose a∈ r× and τ(a)∈ τ(f×); then τ(a) = τ(b)
with b∈ f×, and so a = cb with c∈F×. Clearly c∈ g×⊂ f×, and so a∈ f×.

This proves (i). To prove (ii), take u∈r so that r=g[u]. Then d=(u− uρ)r.
If a=b + cu∈r, then a− aρ =c(u− uρ), which combined with (36.1) proves
(ii). To prove (iii), let y = τ(x) with x∈ f×. By (ii), xρ − x∈ pmd, and so
y−1=(xρ−x)/x∈pmd. Conversely, if yyρ =1 and y−1∈pmd, then by Lemma
21.13(iii), y =xρ/x with x∈ r×. We have then xρ − x=x(y − 1)∈pmd, and
so x∈ f× by (ii). This proves (iii). Put c=pm and denote by f the natural
map of r× onto (r/cr)×. Since f=g + cr, we easily see that f(a)∈(g/c)× for
a∈ r× if and only if a∈ f×. Thus [r× : f×] =

[
(r/cr)× : (g/c)×

]
, from which

our formula of (iv) follows immediately.

36.4. Given an order f in K, we can define the class number of f as
follows. Let I (f) be the group of all proper f-ideals in the sense of §36.1 and
Theorem 36.2, and let P (f) be the subgroup of I (f) consisting of all f-ideals
of the form αf with α ∈ K×. Then we put c(f) = [I (f) : P (f)] and call c(f)
the class number of f. A coset of I (f)/P (f) is called a class of proper
f-ideals. For f = r, c(r) is the class number of K, which we denote by cK .

For K = F ⊕ F, we have r = g⊕ g, and we easily see that c(r) is c2
F , where

cF is the class number of F ; thus we put cK = c2
F for K = F ⊕F. If c is the

conductor of f, then

(36.3) c(f) = cK · [r× : f×]−1N(c)
∏

p|c

{
1− [K/F, p]N(p)−1

}
,

which can be proved as follows. Since every proper f-ideal can be written
xf with x ∈ K×

A, we easily see that c(f) =
[
K×

A : K×X(f)
]
, where X(f) =

K×
a

∏
v∈h f×v . Similarly cK =

[
K×

A : K×X(r)
]
, and so

c(f)/cK =
[
K×X(r) : K×X(f)

]
=
[
X(r) : X(r) ∩K×X(f)

]
.

We easily see that X(r) ∩K×X(f) = r×X(f). Thus

c(f)/cK =
[
X(r) : r×X(f)

]
=
[
X(r) : X(f)

]
/
[
r×X(f) : X(f)

]
.
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Clearly r×∩X(f) = f×, so that
[
r×X(f) : X(f)

]
= [r× : f×]. On the other hand[

X(r) : X(f)
]

=
∏

v|c[r
×
v : f×v ], which can be determined by Lemma 36.3(iv).

Therefore we obtain (36.3). Notice that the same reasoning proves (36.3) for
K = F ⊕ F if we put [K/F, p] = 1.

36.5. Let us now consider the genus and classes of maximal lattices for
(V, ϕ) of dimension 2 over a global field F. As shown in Lemma 25.2(i), we can
put (V, ϕ) = (K, cκ) with a suitable K as in §36.1, c ∈ F×, and κ[x] = xxρ

for x ∈ K; SOϕ(V ) can be identified with the group

(36.4) H =
{
α ∈ K× ∣

∣ααρ = 1
}
.

Taking the prime ideal decomposition of cg, we can put cg = bNK/F (a) with
a fractional ideal a in K and a square-free integral ideal b in F whose prime
factors remain prime in K. Then a−1r is a maximal lattice in V ; see §29.10.
Thus every maximal lattice is of the form a−1rx with x ∈ HA. Put

(36.5) E =
{
z ∈ HA

∣
∣ rz = r

}
.

Then E ∩ Hv =
{
a ∈ r×v

∣
∣ aaρ = 1

}
for every v ∈ h. Since our group is

commutative, each class of maximal lattices corresponds to a coset of HA/HE,

and so the class number is [HA : HE].
Assuming K to be a field, put x = xr with x ∈ HA; then xxρ = r. Con-

versely, if x is an r-ideal such that xxρ = r, then, by a well-known principle,
we can put x = y−1yρ with an r-ideal y. Take y ∈ K×

A so that y = yr and
put x = yρ/y. Then x ∈ HA and x = xr. Thus the genus of maximal lattices
consists of all the r-ideals of the form a−1x with x such that xxρ = r.

Let IK denote the ideal group of K and IK/F the subgroup of IK generated
by all the principal ideals and the ideals z such that zρ = z. Then it can easily
be seen that the map y 	→ a−1y−1yρ for y ∈ IK gives a bijection of IK/IK/F

onto the set of classes in the genus of maximal lattices. Thus

(36.6a) [HA : HE] = [IK : IK/F ].

Now we have

(36.6b) [IK : IK/F ] = (cK/cF ) · 21−λ[g× : NK/F (r×)].

Here cK resp. cF is the class number of K resp. F, and λ is the number of
v ∈ v ramified in K. This is a special case of a well-known formula for a cyclic
extension of an algebraic number field, which can be found in most textbooks
on class field theory. Here we cite an earliest reference [C, pp. 402–6]. When
F = Q, (36.6b) is well known in the so-called genus theory, and its proof will
be given in §38.4.

If K = F ⊕ F, we can take c = 1, and r = g ⊕ g; the genus of maximal
lattices consists of a⊕a−1 with all the g-ideals a; SOϕ is isomorphic to F×.
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We easily see that the class number in this case is exactly the class number
of F×.

36.6. To study the relationship between G and H in Theorem 35.6 when
dim(V )=3, we take (V, ϕ) = (B◦,−δβ◦) with a quaternion algebra B over a
local or global F and δ ∈ F× as in Lemma 25.2(ii). Then SOϕ(V ) consists
of the maps x 	→ b−1xb for x ∈ B◦, where b ∈ B×. Given h ∈ B◦ such
that hhι �= 0, put W = (Fh)⊥ and H = SOϕ(W ), and define a subalgebra
K of B by K = F + Fh. (If we start from (V, ϕ) and define B as a subset of
A(ϕ) as in the proof of Lemma 25.2(ii), then V = B◦z. Here we start from
(B◦,−δβ◦) with given B and δ ∈ F×, and put (V, ϕ) = (B◦,−δβ◦), and so
V = B◦. We don’t need A(ϕ); we have to know only that G+(ϕ) = B× and
xτ(α) = α−1xα for x ∈ B◦ and α ∈ B×.)

It can easily be seen that K =
{
α ∈ B

∣
∣αh = hα

}
; K is either a quadratic

extension of F, or isomorphic to F ⊕ F. In either case we have

(36.7) B = K + ωK, ω2 = γ, ωh = −hω

with a suitable γ ∈ F× and ω ∈ B; see Lemma 20.4 and §20.2. If B is not a
division algebra, then we have B =M2(F ) and B◦ =

{
x∈M2(F )

∣
∣ tr(x)=0

}
.

By (35.1), we can put, without losing generality, h =
[

0 p
1 0

]

with p ∈ F×.

Then we have (36.7) with ω = diag[1, −1] and γ = 1.

We easily see that B◦ = Fh+ωK and TrB/F (hιωK) = 0, and so W = ωK.

Put q = ϕ[h]. Since h2 = −hhι = δ−1q, K can be determined as follows:

(36.8) K =

{
F ⊕ F if δq ∈ F×2,

F
(
(δq)1/2

)
otherwise.

For y = ωx ∈ W with x ∈ K we have ϕ[y] = γδxxι, and so we can put
(W, ϕ) = (K, γδκ). Then H (= SOϕ(W )) is exactly the group of (36.4).
Besides, we easily see that H consists of the maps y 	→ b−1yb = b−1bρy for
all b ∈ K×.

36.7. Take F to be global in the setting of §36.6. We fix a maximal
order o in B and put L = o ∩ B◦. This is maximal, because each of its
localizations is maximal as shown in §29.10. Every maximal lattice is of this
form with some maximal order in place of o. Indeed, if M is a maximal lattice
in V, then M = Lτ(α) with α ∈ G+(V )A = B×

A, as noted in §30.1. Then
M = α−1oα∩B◦, and α−1oα is a maximal order in B. Now o is the unique
maximal order containing g and o ∩ B◦, since the corresponding fact over
a local field can easily be verified. (It is sufficient to prove the fact when
o = M2(g) in the local case.) Therefore the number of classes in the genus
of maximal lattices in V = B◦ is exactly the type number of B, that is, the
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maximum number of maximal orders in B that are not mutually conjugate
under the inner automorphisms of B.

We now take v ∈ h such that Bv
∼= M2(Fv). Taking a suitable isomor-

phism, we may assume that ov = M2(gv). Then o×v = GL2(gv). We have

(36.9) τ(o×v ) =
{
α ∈ SOϕ(V )v

∣
∣Lvα = Lv

}
, L = o ∩B◦.

Indeed, let a ∈ o×v . Then Lvτ(a) = a−1Lva = Lv. Conversely, suppose Lvα =
Lv with α ∈ SOϕ(V )v. We can put α = τ(b) with b ∈ B×

v . Then Lv =
b−1Lvb = b−1ovb ∩ B◦

v , and so b−1ovb = ov, since ov ∩ B◦
v determines ov

as explained above. Thus bov is a two-sided ideal of ov. By Lemma 21.20,
bov = cov with c ∈ F×

v , and so c−1b ∈ o×v . Since α = τ(c−1b), this proves
(36.9).

Lemma 36.8. Let (V, ϕ) = (B◦,−δβ◦) as in §36.6 with a local field F,

B = M2(F ), and δ ∈ g×; put o = M2(g) and M = B◦ ∩ o; further let
h be an element of V such that ϕ[h] �= 0. Put K = F [h], f = K ∩ o,

C =
{
γ ∈ SOϕ(V )

∣
∣Mγ = M

}
, and Y =

{
y ∈ V

∣
∣ϕ(h, y) = 0

}
. Then the

following assertions hold:
(i) f is the order of K whose discriminant is ϕ[h]ϕ(h, M)−2.

(ii) There exists an element ω of o× satisfying (36.7).

(iii) A+(M ∩ Y ) = f and M ∩ Y = ωf with any such ω.

(iv) SOϕ(Y ) ∩ C = τ(f×).
(v)

{
α ∈ SOϕ(Y )

∣
∣ (M ∩ Y )γ = M ∩ Y

}
= τ

({a ∈ K× ∣
∣ a/aρ ∈ f×}).

(vi) ωr is the only maximal lattice in Y containing M ∩ Y.

Proof. As shown in §36.6, K is given by (36.8). Changing h for its
suitable constant multiple, we may assume that 2ϕ(h, M) = g. Take � ∈ K

so that f = g[�]; put � =
[

u x
y v

]

and 2h =
[

c 2a
2b −c

]

. Then ag+bg+cg = g,

h = r + s� with r, s ∈ F, and 2h = h − hι = s(� − �ι) = s

[
z 2x
2y −z

]

with

z = u − v. Since � ∈ o, we can put xg + yg + zg = eg with e ∈ g. Put

m = e−1

[
z x
y 0

]

; then m = e−1(� − v) ∈ K ∩ o = f = g[�], so that e ∈ g×.

Now g = ag + bg + cg = s(xg + yg + zg) = seg = sg; thus s ∈ g×. Since
s2(�− �ι)2 = (h− hι)2 = δ−1ϕ[2h], we obtain (i).

We have C = τ(o×) by (36.9). By (35.7a) we can find an element γ ∈ C

such that hγ = k with k ∈ B◦ of the following two types: (1) k = diag[c, −c];

(2) k =
[

c a
1 −c

]

. Here a ∈ g and 2c ∈ g. Since hγ = αhα−1 with α ∈ o×,

in order to prove (ii), we can take h itself to be one of these two types.

Then we can take ω of (36.7) as follows: ω =
[

0 −1
1 0

]

for Type (1) and
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ω =
[−1 2c

0 1

]

for Type (2). Notice that ω2 = −1 for Type (1) and ω2 = 1

for Type (2); ω ∈ o× for both types. This proves (ii). Take any such ω.

Then Y = ωK as noted in §36.6, and M ∩ Y = o ∩ B◦ ∩ ωK = o ∩ ωK =
ω(o∩K) = ωf. Since (ωa)(ωb) = ω2aρb for a, b ∈ K and ω2 ∈ g×, we easily
see that A+(M ∩ Y ) = f. This proves (iii).

Next, G+(Y ) = K× and SOϕ(Y ) = τ(K×) as noted in §36.5. For x ∈ K

and a ∈ K× = G+(Y ), we have ωxτ(a) = ωbx, where b = a/aρ. Clearly
(M ∩Y )τ(a) = M ∩Y if and only if b ∈ f×, which proves (v). Also, τ(a) ∈ C

if and only if τ(a) = τ(c) with c ∈ o×, that is, a ∈ F×o×. This is the case
if and only if a ∈ F×f×, as o× ∩K = f×. This proves (iv). As for (vi), first
observe that r is a unique maximal lattice in K containing f with respect to
the quadratic form x 	→ NK/F (x) (even when K = F ⊕F ). Transferring this
from K to Y = ωK, we obtain (vi).

36.9. We now return to §36.6 with a quaternion algebra B over a global
field F, and take h, q, W, and K as considered there. We take also ω and
γ as in (36.7). We denote by r the maximal order of K, by d the different
of K relative to F, and by ρ the nontrivial automorphism of K over F. We
identify G+(W ) with K×; then SOϕ(W ) = H =

{
α ∈ K× ∣

∣ααρ = 1
}

as
shown in §36.5. Since H is commutative, #

[
H\HA/(HA ∩ C)

]
of (35.12b)

can be written
[
HA : H(HA ∩ C)

]
.

Theorem 36.10. The notation being as in §§36.7 and 36.9, suppose δ ∈
g×. Given h ∈ V such that ϕ[h] �= 0, let K = F + Fh ⊂ B as above and
let e be the product of all prime ideals in F ramified in B. Then the order
f in K given by f = K ∩ o has conductor c, which can be determined by
the condition that cv = gv if v|e and c2vNK/F (d)v = ϕ[h]ϕ(h, L)−2

v if v � e.

Moreover, define C by (35.9b) for the present L; suppose K is a field. Then

(36.10)
[
HA : H(HA ∩C)

]
= (cK/cF ) · 21−μ−ν

[
g× : NK/F (r×)

]

· [U : U ′]−1N(c)
∏

p|c

{
1− [K/F, p]N(p)−1

}
.

Here cK resp. cF is the class number of K resp. F ; μ is the number of prime
ideals dividing e and ramified in K; ν is the number of v ∈ a ramified in K;

U =
{
x∈r×

∣
∣xxρ =1

}
, and U ′ =

{
x∈U

∣
∣ x− 1∈cvdv for every v �e

}
;

p runs over all prime factors of c; [K/F, p] denotes 1, −1, or 0 according
as p splits in K, remains prime in K, or is ramified in K.

Proof. We take the localization at v ∈ h. Suppose ϕ is anisotropic at v,

which is the case if and only if v|e; see (25.3). From Theorem 21.21 we see that
rv ⊂ ov, so that fv = rv for such a v. Next suppose ϕ is isotropic at v; then
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we can put Bv = M2(Fv). By Lemma 36.8(i), c2vNK/F (d)v = ϕ[h]ϕ(h, L)−2
v ,

which proves our assertion concerning c.

To prove (36.10), suppose K is a field. Then we gave in (36.6b) a formula
for the number of classes in the genus of maximal lattices in W, which equals
[HA : HE], where E = Ha

∏
v∈h Ev with Ev = r×v ∩ Hv. Put D = HA ∩ C

and Dv = D ∩ Hv. If v|e, then ϕv is anisotropic, so that Cv = Gv; thus
Dv = Hv = Ev if v|e. If v � e, then, by Lemma 36.8(iv), Dv = τ(f×v ). Define
U and U ′ as above; then U = E ∩H, and

[HE :HD]=[E :E∩HD]=[E :UD]=[E :D]/[UD :D]=[E :D]/[U : U∩D].

Now U ∩ D =
{
x ∈ U

∣
∣ x ∈ τ(f×v ) for every v � e

}
. Therefore, from Lemma

36.3(iii) we obtain U ∩D = U ′. Thus

(36.10a) U ∩ C = U ∩D = U ′.

We have also

[E : D] =
∏

v�e[Ev : Dv] =
∏

v�e

[
Ev : τ(r×v )

][
τ(r×v ) : τ(f×v )

]
.

By Lemma 21.13(ii),
[
Ev : τ(r×v )

]
= 2 if v is ramified in K, and = 1 otherwise.

This combined with Lemma 36.3(i), (iv) gives

[E : D] = 2bN(c)
∏

p|c
{
1− [K/F, p]N(p)−1

}
,

where b is the number of the primes v � e ramified in K. Now [HA : HD] =
[HA : HE][HE : HD], and as we said, [HA : HE] is given by (36.6b).
Therefore we obtain the formula of our theorem.

In the above theorem we assumed that δ ∈ g×. We can actually prove a
similar result without that condition; see Theorem 5.7 and Corollary 5.8 of
[S06c].

36.11. Using (36.3), we can express (36.10) as follows:

(36.11)
[
HA :H(HA∩C)

]
= c(f)c−1

F 21−μ−ν
[
g× :NK/F (f×)

]
[U ∩ f× :U ′]−1.

Indeed, observing that the map x 	→ xxρ gives an isomorphism of r×/U f×

onto NK/F (r×)/NK/F (f×), we have
[
NK/F (r×) :NK/F (f×)

]
=[r× :U f×]=[r× : f×]/[U f× : f×]=[r× : f×]/[U :U ∩ f×].

From (36.1) and Lemma 36.3(ii) we obtain

(36.12) U ∩ f× =
{

x ∈ U
∣
∣ xρ − x ∈ cd

}
.

Now c of Theorem 36.10 is prime to e; so if v|e, then xρ−x∈dv = cvdv for
every x∈ r. Thus we can replace the condition “ xρ − x∈ cd ” in (36.12) by
“ xρ − x∈ cvdv for every v � e.” Since xρ − x = (1 − x)(1 + xρ) for x∈U, we
see that U ′ ⊂ U ∩ f×. Therefore, combining our calculations with (36.10) and
(36.3), we obtain (36.11).
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36.12. Let us next take B = M2(F ) and T =
{
x ∈ M2(F )

∣
∣ tr(x) = 0

}
.

Thus T = B◦, but we use the letter T in this subsection. We put

(36.13a) j =
[

0 −1
1 0

]

,

(36.13b) S =
{

x ∈ M2(F )
∣
∣ tx = x

}
,

(36.13c) ϕ(x, y) = 2−1tr(xyι)
(
x, y ∈ M2(F )

)
,

(36.13d) L = T ∩M2(g) and Λ = S ∩M2(g).

We view ϕ as a symmetric form on M2(F ). Clearly ϕ[x] = det(x) for x ∈
M2(F ), and the map x 	→ jx defines an isomorphism of (T, ϕ) onto (S, ϕ).

As observed in Lemma 25.2(ii) and §36.4, we have G+(T ) = GL2(F ) and
xτ(α) = α−1xα for x ∈ T and α ∈ GL2(F ), where α−1xα should be un-
derstood within the algebra M2(F ). Since (S, ϕ) is isomorphic to (T, ϕ),
G+(S) can also be identified with GL2(F ). Indeed, denote the projection map
G+(S) → SOϕ(S) by τ ′ instead of τ ; then using the isomorphism x 	→ jx,

we can easily verify that

(36.14) xτ ′(α) = det(α)−1 · tαxα
(
x ∈ S, α ∈ G+(S) = GL2(F )

)
.

We easily see that L resp. Λ is a maximal lattice in T resp. S, jL = Λ, and

(36.15) Λ̃ =
{[

a b/2
b/2 c

] ∣
∣
∣
∣ a, b, c ∈ g

}

.

We now associate a binary form ax2 + bxy + cy2 to h =
[

a b/2
b/2 c

]

∈ S.

Then −ϕ[2h] = b2 − 4ac, which is called the discriminant of the binary
form. Clearly, 2ϕ(h, Λ) = g if and only if ga + gb + gc = g. In the classical
case in which F = Q and g = Z, we called such a binary form primitive in
§34.2. In the general case, however, we have to deal with nonprincipal ideals,
so that the formulation is not so simple, since S may have maximal lattices
which are not equivalent to Λ.

In order to treat (S, ϕ), it is more practical to employ G+(S) = GL2(F )
instead of SOϕ(S) with the action of GL2(F ) on S defined by (36.14). Of
course we can let GL2(F ) act on S by the rule x 	→ tαxα for α ∈ GL2(F )
and x ∈ S, but this does not leave det(x) invariant, whereas τ ′(α) belongs
to SOϕ(S). In this case, for a g-lattice M in S, q ∈ F×, and a g-ideal b, the
set of (35.9c) can be written in the form

(36.16) M [q, b] =
{
h ∈ S

∣
∣ det(h) = q, tr(hιM) = 2b

}
.

Also, for y ∈ GL2(F )A and M = Λτ ′(y)−1 we put

(36.17) Δ(M) = GL2(F ) ∩ yQy−1 with Q = GL2(F )a
∏

v∈h

GL2(gv).

From (36.9) we obtain
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(36.18) τ(Q) =
{
x ∈ SOϕ(T )A

∣
∣Lx = L

}
.

Theorem 36.13. Let the notation be as in §36.12. Assuming Λ[q, b] �= ∅,
for h ∈ Λ[q, b] put W = (Fh)⊥ and K = F + Fjh (this is the subalgebra of
M2(F )); define Y as in Theorem 35.6(iii) with G = SOϕ(S), H = SOϕ(W ),
and C =

{
x ∈ GA

∣
∣Λx = Λ

}
. Let I denote the ideal group of F, and I2 the

subgroup of I generated by all the squares of ideals in I and all the principal
ideals. Then the following assertions hold:

(i) K is isomorphic to F ⊕ F if −q ∈ F×2 and to F (
√−q ) otherwise.

(ii)

#(Y ) =

{
[I : I2]/2 if −q /∈ F×2 and every v∈v is unramified in K,

[I : I2] otherwise.

(iii) Put f = K ∩M2(g). Then f has discriminant qb−2.

(iv) Let cF resp. c(f) denote the class number of F resp. the class number
of f in the sense of §36.4. Then for every lattice of the form M = Λτ ′(y)−1

with y ∈ K×
A we have

#
{
M [q, b]/Δ(M)

}

=

{
2c(f)/cF if −q /∈ F×2 and every v ∈ v is unramified in K,

c(f)/cF otherwise.

Proof. To prove these, we use (T, L) instead of (S, Λ). Thus, we take
h ∈ L[q, b], put K = F + Fh, and define W in T instead of S. Then our
setting is a special case of §36.6; we have G+(W ) = K× ⊂ B× = G+(T ) =
GL2(F ) and δ = −1. For simplicity put R = F×

a

∏
v∈h g×v . We have seen

(i) in (36.8). Let r denote the maximal order of K, IK the group of all r-
ideals, and I′ the subgroup of I generated by I2 and NK/F (x) for all x ∈ IK .

Then the map x 	→ xg gives an isomorphism of F×
A/R onto I, which sends

F×2
A F×R resp. NK/F (K×

A)F×R onto I2 resp. I′. Now, every maximal lattice
in T is of the form Lτ(ξ) with ξ ∈ B×

A, and its SOϕ(T )-class is determined
by the coset det(ξ)F×2

A F×R by virtue of (32.4a) with τ(Q) as D there, since
σ
(
τ(ξ)

)
= det(ξ) and det(Q) = R. Therefore Lτ(ξ) is equivalent to a lattice

belonging to the SOϕ(W )-genus of L if and only if det(ξ) ∈ NK/F (ζ)F×2
A F×R

for some ζ ∈ K×
A, that is, det(ξ) ∈ NK/F (K×

A)F×R. This shows that #(Y ) =
[
NK/F (K×

A)F×R : F×2
A F×R

]
= [I′ : I2] = [I : I2]/[I : I′]. Since [I : I′] =

[
F×

A : F×NK/F (K×
A)

]
= 1 or 2 according as K = F⊕F or K is a field, we have

[I : I′] ≤ 2, and [I : I′] = 2 if and only if K is a field and R ⊂ F×NK/F (K×
A),

which is the case if and only if K is a quadratic extension of F unramified at
every v ∈ v, a well-known fact in class field theory. Otherwise I = I′. This
proves (ii). Assertion (iii) is included in Theorem 36.10.



36. CLASSIFICATION OF BINARY FORMS 223

Now the left-hand side of (35.13a) is #
[
(K×

A ∩ B×zQ)
/
K×(K×

A ∩ Q)
]

in
the present case. Put Y =

{
x∈K×

A

∣
∣NK/F (x)∈F×R

}
. By Theorem 30.9(ii),

B×zQ =
{
x∈B×

A

∣
∣ det(z−1x)∈F×R

}
, and so we see that K×

A ∩B×zQ = zY

for every z ∈ K×
A. Consequently the left-hand side of (35.13a) is equal to[

Y : K×(K×
A ∩Q)

]
, which is independent of z. Since f = K∩M2(g), we have

K×
A ∩Q = K×

a

∏
v∈h f×v , and so

(∗) c(f) =
[
K×

A : K×(K×
A ∩Q)

]
= [K×

A : Y ]
[
Y : K×(K×

A ∩Q)
]
.

Let I0
K be the subgroup of IK consisting of the ideals x in IK such that

NK/F (x) is a principal ideal in F. Then the map x 	→ xr gives an isomorphism
of K×

A/Y onto IK/I0
K , Also, x 	→ NK/F (x) gives an isomorphism of IK/I0

K

onto I′ modulo the principal ideals. Therefore [K×
A : Y ] = cF /[I : I′]. This

combined with (35.13)) and (∗) proves (iv), since we have determined [I : I′]
in the proof of (i). This completes the proof.

36.14. Let us now show that the above theorem gives Dedekind’s result on
the classes of binary forms over Z, as we said in §34.2. Take F = Q and g = Z.

Then G+(S) = GL2(Q). Take h =
[

a b/2
b/2 c

]

∈ S so that 2h ∈ Λ[q, Z].

Then q = 4ac − b2 and aZ + bZ + cZ = Z. Thus h represents a primitive
binary form of discriminant −q. By Theorem 30.9(ii), G+(S)A = GL2(Q)A =
GL2(Q)Q with Q of (36.17). Thus #(Y ) = 1. We have f = K ∩M2(Z) and
so K×

A ∩Q = K×
a

∏
p f×p , which we denoted by X(f) in §36.4.

Since #(Y ) = 1, Theorem 35.6(ii) combined with (35.11) establishes a bi-
jection of K×

A/[K×X(f)] onto Λ[q, Z]/Δ(Λ). Now K×
A/[K×X(f)] is the group

of ideal classes of proper f-ideals, and Λ[q, Z]/Δ(Λ) is the classes of primitive
binary forms of discriminant −q. In this way we obtain Dedekind’s corre-
spondence. At the same time we obtain (34.6) as a special case of (iv) of
the above theorem. However, there is one remaining point: that the group{
γ ∈ SOϕ(S)

∣
∣Λγ = Λ

}
consists of the maps τ ′(α) defined by (36.12) for all

α ∈ GL2(Z). This can be proved as follows. Let us use T = B◦ instead of
S. Suppose γ ∈ G+(T ) and Lγ = L. Take ξ ∈ GL2(Q) = G+(T ) so that
τ(ξ) = γ. Then ξ−1Lξ = L and L = o ∩ T, where o = M2(Z). For the same
reason as in §36.7, we see that ξo is a two-sided ideal of o, and so ξ = cα

with c ∈ Q× and α ∈ GL2(Z). Thus γ = τ(α) as expected. We can there-
fore conclude that c(f) is the number of classes of primitive binary forms of
discriminant −q.

Here the fact that Q has class number 1 makes the matter simpler. In a
more general case, the relationship between the stabilizer of Λ in SOϕ(S) and
that in G+(S) is more complicated. Also, when F = Q, there is a distinction
between real and imaginary quadratic fields. For details, the reader is referred
to Lemmas 12.4 and 12.10, and Remark 12.11 of [S04b].



224 VII. QUADRATIC DIOPHANTINE EQUATIONS

37. New mass formulas

37.1. Let us now recall the notion of the mass of an algebraic group. The
idea of mass for an orthogonal group goes back to Eisenstein, Minkowski,
and Siegel, but here we employ the formulation introduced in [S97, §24.1]
and [S99a]. Let G be either SOϕ(V ) or G+(V ) for (V, ϕ) over a global field.
(More generally, we can take G to be a reductive algebraic group over a
number field.) Given an open subgroup U of GA containing Ga and such that
U ∩Gh is compact, we put Ua = aUa−1 and Γ a = G∩Ua for every a ∈ GA.

We assume that Ga acts on a symmetric space S and we let G act on S via
its projection to Ga. We also assume that Γ a\S has finite measure, written
vol(Γ a\S ), with respect to a fixed Ga-invariant measure on S . Taking a
complete set of representatives B for G\GA/U, we put

(37.1a) ν(Γ ) = [Γ ∩ T : 1]−1vol(Γ\S ),

(37.1b) m(G, U) = m(U) =
∑

a∈B

ν(Γ a).

Here Γ is a group of type Γ a, T is the set of all elements of G which act
trivially on S , and we assume that [Γ a ∩ T : 1] is finite. We easily see that
m(U) does not depend on the choice of B. We call m(G, U) the mass of G

relative to U. If Ga is compact, we take S to be a single point of measure 1
on which Ga acts trivially. Then we have ν(Γ ) = [Γ : 1]−1, and so

(37.1c) m(G, U) = m(U) =
∑

a∈B

[Γ a : 1]−1 if Ga is compact.

If G = SOϕ(V ) and Ga is not compact, we take S to be Ga modulo its
maximal compact subgroup. Given a g-lattice Λ in V, we can take U =

{
ξ ∈

GA

∣
∣Λx = Λ

}
. Then we put

(37.1d) m(G, Λ) = m(G, U),

and call it the mass of the genus of Λ with respect to G.

We next take a subset S of V that can be given in the form

(37.2) S =
⊔

β∈B

hβΓ (Λ)

with h ∈ V and a finite subset B of SOϕ(V ). We put W = (Fh)⊥ and
H = SOϕ(W ) as before, and define the mass of the set S to be the quantity

(37.3) m(S) = ν
(
Γ (Λ)

)−1∑

β∈B

ν(Δβ), Δβ = H ∩ βΓ (Λ)β−1.

Here we define ν(Δβ) for β ∈ SOϕ(V ) with respect to a fixed measure on
a symmetric space associated with SOϕ(W )a. We easily see that m(S) is
independent of the choice of B. Furthermore we have:
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(37.4) The elements hβδ with β ∈ B and δ ∈ β−1Δββ\Γ (Λ) constitute the
set S without repetition.

In particular, if Oϕ(V )a is compact, then Γ (Λ) and Δβ are finite groups.
Therefore we obtain

(37.5) m(S) = #S if Oϕ(V )a is compact.

By Theorem 35.4 and what we said in §35.5 we can take Λ[q] and Λ[q, b] as S.

The mass can also be defined with respect to invariant measures on Ga and
Gh. For this and other formulas on the mass the reader is referred to [S06a,
Section 5].

We now state a result which may be called the second main theorem of
quadratic Diophantine equations.

Theorem 37.2. Let (V, ϕ), L, C, h, G, and H be as in Theorem 35.6.

Assuming L to be maximal, take y and E as in (ii), Y as in (iii), q and b as
in (v) of the same theorem; put Δε = H ∩ εCε−1 for ε ∈ E and Ly = Ly−1

for y ∈ Y. Then

(37.6a) m
(
Ly[q, b]

)
= ν

(
Γ (Ly)

)−1 ∑

ε∈E

ν(Δε),

(37.6b)
∑

y∈Y

ν
(
Γ (Ly)

)
m
(
Ly[q, b]

)
= m(H, HA ∩ C).

Proof. From Theorem 35.6(ii) and (35.11) we see that Ly[q, b] is the
disjoint union of hαεΓ (Ly) for all ε ∈ E with αε defined there, and so we
can take

{
αε

∣
∣ ε ∈ E

}
as the set B of (37.3) for Λ = Ly. Now αεΓ (Ly)α−1

ε =
G∩αεyCy−1α−1

ε = G∩εCε−1, and so Δβ = H∩εCε−1 = Δε if β = αε. Thus
we obtain (37.6a). Next, take Ey⊂HA so that HA∩GyC =

⊔
ε∈Ey

Hε(HA∩C).
Then the union

⊔
y∈Y Ey gives H\HA/(HA∩C), and so

∑
y∈Y

∑
ε∈Ey

ν(Δε) =
m(H, HA ∩C), which combined with (37.6a) gives (37.6b).

It should be emphasized that the right-hand side of (37.6b) is the mass of
H relative to HA∩C, which is different from the class number of H relative to
HA∩C that appears on the left-hand side of (35.12b). In the next subsection
we will discuss more about this difference in connection with Siegel’s work.

37.3. The formulas of the above theorem may be called the mass formulas
for the set L[q, b] of “primitive solutions” of the equation ϕ[x] = q. They
are the precise versions of (34.9b) we promised in §34.3. Let us now compare
them with Siegel’s mass formulas, which have some similarities to, but are
quite different from, ours. To make our exposition easier, let us assume that
SOϕ(V )a is compact; then from (37.5) and (37.6b) we obtain

(37.7a)
∑

y∈Y

[
Γ (Ly) : 1

]−1#Ly[q, b] = m(H, HA ∩ C).
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We note here another formula that follows from (35.12b):

(37.7b)
∑

y∈Y

#
{
Ly[q, b]/Γ (Ly)

}
= #

{
H\HA/(HA ∩ C)

}
.

If we take #
{
x ∈ Ly

∣
∣ϕ[x] = q

}
in place of #Ly[q, b], then the left-hand

side of (37.7a) becomes a quantity similar to the weighted average of the
representation numbers of q by ϕ, considered by Siegel. He showed that
the average is an infinite product of local representation densities; see [Si35]
and [Si36]. Though (37.7a) is similar to his formula, there are three kinds
of differences: (1) we have Ly[q, b] instead of

{
x ∈ Ly

∣
∣ϕ[x] = q

}
; (2) the

quantity m(H, HA∩C) is an infinite product of local representation densities
of ψ by itself, where ψ is the restriction of ϕ to W ; (3) the set {Ly}y∈Y

represents only the SOϕ(W )-genus of L, not the SOϕ(V )-genus as in his case.
The last point is minor, in view of Remark 35.7, (2).

In most of his papers on this topic Siegel considered ordinary solutions of
ϕ[x] = q, not primitive solutions. However, in [Si44] he investigated, when
F = Q and ϕ is indefinite, primitive representations of q by ϕ, whose nature
is essentially the same as that of the elements of our L[q, b]. He defined a
quantity of type (37.3) or (37.6b), and showed that it can be expressed as
an infinite product of local primitive representation densities. In such a case,
by strong approximation, {Ly} is reduced to L, and so our formula (37.6b)
becomes

(37.8) ν
(
Γ (L)

)
m
(
L[q, b]

)
= m(H, HA ∩C).

This time there is only one kind of difference: the right-hand side concerns
the representation densities of ψ by itself, not the representation densities of
ϕ[h] = q in Siegel’s formulation. Anyway, (37.6b) covers both definite and
indefinite cases over an arbitrary number field, and should not be confused
with any of his formulas. We mention [S99a] as to actual computation of
m(H, HA ∩C). As for (37.7b), its right-hand side is a kind of class number of
the group H, and so its nature is fundamentally different from (37.7a), and
that kind of quantity does not appear in Siegel’s work.

37.4. Let us now treat the sums of three squares we mentioned in §34.3.
We take (V, ϕ) = (B◦, β◦) with the quaternion algebra B over Q of §27.9
for which β is the sum of four squares. Let o be the maximal order of B

given there, and let L = B◦ ∩ o. Then L = Zi +Zj + Zk, the form β◦ on L is
the sum of three squares as in (34.7), and L0[q] there can be written L[q, Z];
also we observed that Γ (L) is of order 24. Combining Theorem 27.13(ii) with
what we explained in §36.7, we see that the genus of L consists of a single
SOϕ-class. Therefore we have GA = GC, and so we can take Y = {1} in
Theorem 37.2 for the present (V, ϕ).
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Theorem 37.5. (i) In the setting of §37.4, L[q, Z] �= ∅ for q ∈ Z, > 0, if
and only if q = c2m with an odd integer c and a square-free positive integer
m such that m + 1 /∈ 8Z.

(ii) Given q = c2m as in (i), let K = Q(
√−q ) and let f be the order in

K of conductor c. Then

#L[q, Z] = c(f) ·

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

6 if q = 1,

8 if q = 3,

24 if m− 3 ∈ 4Z and q > 3,

12 in all other cases.

(iii) The notation being the same as in (ii), we have

#
{
L[q, Z]/Γ (L)

}
= c(f) ·

{
1 if q ≤ 2 or m− 3 ∈ 4Z,

2−1 otherwise.

Proof. For each prime number p we put Bp = B ⊗Q Qp, op = o⊗Z Zp,

and Lp = L⊗Z Zp. Suppose L[q, Z] �= ∅; then by Theorem 27.14(ii), q = c2m

with c ∈ Z and a square-free positive integer m such that m + 1 /∈ 8Z.

Let h ∈ L[q, Z] and suppose c ∈ 2Z. Put k = 2−1h. Then ϕ[k] ∈ Z, and
so k ∈ o2 by Theorem 21.21; thus k ∈ L2. Since k ∈ Lp for every p �= 2,

we see that k ∈ L, and so h /∈ L[q, Z], a contradiction. Therefore c /∈ 2Z,

which proves the “only if”-part of (i). To prove the “if”-part, let q = c2m

with c and m as in (i). Let K = Q(
√−q ) and let f be the order in K

of conductor cZ. Take μ ∈ K so that Z + μZ is the maximal order of K.

Then f = Z + cμZ. As shown in the proof of Theorem 27.14(ii), there is a
Q-linear injection g of K into B. Let p be the set of prime numbers p such
that g(f)p �= g(K)p ∩ op. Then p is a finite set and 2 /∈ p, since f2 = r2 and
g(r2) ⊂ o2. Thus for every p ∈ p we can identify Bp and op with M2(Qp) and
M2(Zp). For such a p define jp : Kp → M2(Qp) by a[1 cμ] = [1 cμ]jp(a)
for a ∈ Kp. We easily see that a ∈ fp if and only if jp(a) ∈ M2(Zp), and so
jp(f)p = jp(Kp)∩ op. By Theorem 19.10, g(x) = ξpjp(x)ξ−1

p for every x ∈ Kp

with some ξp ∈ B×
p . Then g(f)p = g(Kp) ∩ ξpopξ

−1
p . Now we can define a

maximal order o′ in B such that o′p = op for every p /∈ p and o′p = ξpopξ
−1
p

for every p ∈ p. Then g(f)p = g(K)p ∩ o′p for all p, and so g(f) = g(K) ∩ o′.

By Theorem 27.13(ii), o′ = αoα−1 with α ∈ B×. Define θ : K → B by
θ(x) = α−1g(x)α for x ∈ K. Then θ(f) = θ(K) ∩ o. Put k = θ(

√−m ) and
h = ck. Since c

√−m ∈ f, we see that h ∈ L and ϕ[h] = q. By Theorem
36.10, qϕ(h, L)−2

p = c2mZp for p �= 2, and so ϕ(h, L)p = Zp for p �= 2. Put
k = xi + yj + zk with x, y, z ∈ Q. Since o2 is the unique maximal order in
B2, we see that x, y, z ∈ Z2. Also, x2 + y2 + z2 = m, which is square-free,
and so ϕ(k, L)2 = xZ2 + yZ2 + zZ2 = Z2. Since ϕ(h, L)2 = ϕ(k, L)2, we
have ϕ(h, L) = Z. Thus h ∈ L[q, Z]. This completes the proof of (i).
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Take y = 1 and b = Z in (37.6a). Since H is commutative and E ⊂ HA,

we have Δε = H ∩ C for every ε ∈ E. Clearly H ∩ C is contained in U of
Theorem 36.10, and so by (36.10a) we have Δε = U ′ for every ε ∈ E. Thus
from (37.6a) we obtain

(37.9) #L[q, Z] = 24[U ′ : 1]−1[HA : (HA ∩ C)H ].

From (36.11) we obtain [HA : (HA∩C)H ] = 21−μc(f)[f× : U ′]−1, and therefore

#L[q, Z] = 21−μ24c(f)/[f× : 1],

where μ = 1 if 2 is ramified in K and μ = 0 otherwise. Since K = Q(
√−m ),

we have μ=0 if m− 3∈4Z and μ=1 otherwise; [f× : 1]=4 if q = 1, [f× : 1]
= 6 if q = 3, and [f× : 1] = 2 in all other cases. Therefore we obtain (ii).

Since Y = {1} as mentioned in §37.4, from (37.7b) and (37.9) we obtain

24#
{
L[q, Z]/Γ (L)

}
= 24[HA : (HA ∩C)H ] = #L[q, Z] · [U ′ : 1].

We can easily verify that [U ′ : 1]=4 if q =1, [U ′ : 1]=2 if q =2, [U ′ : 1] = 3
if q = 3, and [U ′ : 1] = 1 if q > 3. Therefore we obtain (iii).

We can express the last result also as follows:

(37.10) #L[q, Z] = 24#
{
L[q, Z]/Γ (L)

}
if q > 3.

As explained in §36.14, c(f) is exactly the number of classes of primitive
binary forms of discriminant −q, which we denoted by c(q) in §§34.2 and
34.3. Therefore Theorem 37.5(ii) and (iii) are essentially the same as (34.8b)
and (34.8a) respectively.

Here we treated sums of three squares. We can actually discuss sums of m

squares for an arbitrary m ∈ Z, > 1. As we said in §34.1, the problem about
L[q] is different from that about L0[q]. We refer the reader to [S02] and [S04a]
for the former, and to [S04b] and [S06b] for the latter. In particular, it is
shown in [S06b] that there are exactly 64 positive definite ternary quadratic
spaces over Q for which the genus of maximal lattices consists of a single
class. Moreover, for each such ternary form we can state a theorem similar to
Theorem 37.5; see Theorems 6.6, 6.7, and §6.9 of [S06b]. A short history of
the problems concerning sums of squares is given in [Har]; see also remarks
[R1] through [R7] at the end of [S06a].

38. The theory of genera

38.1. In this section we let K denote a quadratic extension of Q, ρ the
nontrivial automorphism of K over Q, r the maximal order of K, IK the
ideal group of K, PK the group of all principal ideals αr with α ∈ K×, and
P

+
K the subgroup of PK consisting of all αr such that N(α) > 0, where we
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put N(ξ) = NK/Q(ξ) for ξ ∈ K. We fix an embedding of K into C. Thus we
view K as a subfield of R if K is real.

Clearly PK = P
+
K if K is imaginary or N(r×) = {±1}; [Pk : P

+
K ] = 2 if

K is real and N(r×) = {1}.
Let Φ = IK/P

+
K . This is called the narrow ideal class group of K. We call

a fractional ideal a in K ambiguous if aρ = a, and call a coset C ∈ Φ

ambiguous if Cρ = C.

Lemma 38.2. For C ∈ Φ we have

C2 = 1 ⇐⇒ Cρ = C ⇐⇒ C contains an ambiguous ideal.

Proof. Let a ∈ C. Then N(a)r = aaρ ∈ CCρ, and so CCρ = 1. Thus
C2 = 1 if aρ = a. Also, C2 = 1 if and only if C = Cρ. Therefore the only
remaining point is the last ⇒ . Suppose a ∈ C = Cρ. Then aρ = ba with
b ∈ K× such that N(b) > 0. Since N(br) = Z, we have N(b) = 1. By Lemma
1.8, b = c/cρ with some c ∈ K×. Then (ca)ρ = ca. If K is imaginary, then
N(c) > 0, and so ca ∈ C. If K is real, replacing b by −b if necessary, we
may assume that b > 0. Then ccρ = c2/b > 0, and so ca ∈ C. This proves
the last ⇒, and completes the proof.

Theorem 38.3. Let Ψ =
{
C ∈ Φ

∣
∣C = Cρ

}
and let t be the number of

prime factors of DK . Then [Ψ : 1] = 2t−1.

Proof. Let p1, . . . , pt be the prime factors of DK . Then pir = p2
i with

a prime ideal pi of r. Let C ∈ Ψ. By Lemma 38.2, C contains an ideal a

such that aρ = a. We can put a = bpe1
1 · · · pet

t with 0 < b ∈ Q and integers
ei which are 0 or 1. Therefore Ψ is generated by the classes of p1, . . . , pt.

Take a square-free positive or negative integer m so that K = Q(
√

m ).
Then DK = m if m − 1 ∈ 4Z and DK = 4m otherwise; see (10.11). Also
|m| = p1 · · · pt if m − 3 /∈ 4Z, and |2m| = p1 · · · pt if m − 3 ∈ 4Z. In the
latter case we take pt = 2. Thus

√
m r = p1 · · · pt−1 if m − 3 ∈ 4Z, and√

m r = p1 · · · pt otherwise.
Suppose m < 0. Then N(

√
m ) > 0, and so p1 · · · pt or p1 · · · pt−1 belongs

to P
+
K . Thus [Ψ : 1] ≤ 2t−1. Suppose m > 0 and N(r×) = {±1}. Take ε ∈ r×

so that N(ε) = −1. Then N(ε
√

m ) > 0, and we again obtain [Ψ : 1] ≤ 2t−1.

Suppose m > 0 and N(r×) = 1. Take a fundamental unit ε of K such that
ε > 0. Since εερ = 1, we see that ε = β/βρ with β ∈ K× by Lemma 1.8.
We may assume that β ∈ r. Then N(β) = ε(βρ)2 > 0, and so βr ∈ P

+
K .

Take β so that N(β) is the smallest. Then β/c /∈ r for every c ∈ Z, > 1.

Also, βr �= r. (If β ∈ r×, then ββρ = 1, and so ε = β2, a contradiction.)
Since βρr = βr, we have βr = bpe1

1 · · · pet
t with b and p

ei

i at the beginning
of our proof. Then b = 1 and p

e1
1 · · · pet

t is a nontrivial element of P
+
K . Thus

[Ψ : 1] ≤ 2t−1 in this case too.
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To prove that [Ψ : 1] = 2t−1, we may assume that t > 1. This excludes the
cases m = −1 and m = −3. Our task is to show that if pi1 · · · pis = αr �= r

with s > 0 and N(α) > 0, then such a relation is what we already found
above. If this is done, our proof is complete. Take such an α; then αρ = ηα

with η ∈ r×. Then N(η) = 1. Suppose m < 0. Since the cases m = −1
and m = −3 are excluded, we have η = ±1. If η = 1, then α ∈ Z, which is
impossible, and so η = −1. Then α = c

√
m with c ∈ Z, and clearly c = ±1.

Thus the relation is the prime decomposition of
√

m r we already know.
Next suppose m > 0. Then η = ααρ/α2 > 0 and ηρ > 0. Let ε be a

fundamental unit of K. Suppose N(ε) = −1. Then η = ε2ν with 0 ≤ ν ∈ Z,

(ενα)ρ = ±ενα, and so ενα ∈ Z or ενα ∈ Z
√

m ; also, pi1 · · · pis = εναr. For
the same reason as in the case m < 0 we find that this is again the prime
decomposition of

√
m r.

Finally suppose that m > 0 and N(ε) = 1. Take β so that ε = β/βρ as
before. We have η = εk with k ∈ Z. Thus αβk = (αβk)ρ, and so αβk = c ∈
Z. Therefore pi1 · · · pis = c(βr)−k, and consequently, the relation pi1 · · · pis ∈
P

+
K adds nothing more than the prime decomposition of βr we considered

above. This completes the proof.

38.4. Proof of (36.6b) when F = Q. Let IK and IK/F be as in §36.5 and
let Ψ and t be as in Theorem 38.3. Then Ψ can be identified with IK/F /P

+
K ,

and therefore

[IK : IK/F ][Ψ : 1] = [IK : P
+
K ] = [IK : PK ][PK : P

+
K ] = cK [PK : P

+
K ],

and so [IK : IK/F ] = 21−tcK [PK : P
+
K ]. Since [PK : P

+
K ] = 2 if K is real and

NK/Q(r×) = {1}, and [PK : P
+
K ] = 1 otherwise, we obtain (36.6b).

38.5. Put Φ2 =
{
C2

∣
∣C ∈ Φ}. By Lemma 38.2, Ψ =

{
C ∈ Φ

∣
∣C2 = 1

}
,

and so Φ/Ψ ∼= Φ2. Thus [Φ : Φ2] = [Ψ : 1] = 2t−1. Traditionally each coset
of Φ/Φ2 is called a genus (Geschlecht). Thus there are 2t−1 genera. In
particular, Φ2 itself is called the principal genus (Hauptgeschlecht). The
term used by Gauss corresponding to this is the origin of the terminology
“genus.” Indeed, the set of classes in the genus of maximal lattices in the
space (K, cκ) considered in §36.5, when F = Q, is essentially the principal
genus.

Since [Φ : Φ2] = 2t−1, we see that [Φ : 1] is odd if and only if t = 1.

Therefore we obtain

Corollary 38.6. The index [IK : P
+
K ], which is traditionally called the

class number of K in the narrow sense, is odd if and only if K is Q(
√−1 ),

Q(
√±2 ), or Q(

√
εq ) with ε = ±1 and a prime number q such that q − ε ∈

4Z.
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38.7. Hereafter we assume that the reader is familiar with class field
theory. By class field theory there is an abelian extension S of K such that

every prime ideal of K is unramified in S and the map a 	→
(

S/K

a

)

for

a ∈ IK gives an isomorphism of IK/P
+
K onto Gal(S/K), where

(
S/K

a

)

is

defined by (16.5). Then Φ ∼= Gal(S/K), and therefore there is an extension L

of K contained in S such that Φ2 ∼= Gal(S/L). Thus Gal(L/K) ∼= Φ/Φ2, and
so [L : K] = 2t−1 with t as in Theorem 38.3.

To present L explicitly, let K = Q(
√

m ) with a square-free integer m.

Let p1, . . . , pr, q1, . . . , qs be the prime factors of m, where pi− 1 ∈ 4Z and
qj + 1 ∈ 4Z. Then there are three cases according to the nature of m, and we
can take L in each case as follows:

(I) m = p1 · · · pr(−q1) · · · (−qs), m− 1 ∈ 4Z, t = r + s.

L = Q(
√

p1, . . . ,
√

pr,
√−q1, . . . ,

√−qs ).

(II) m = −p1 · · · pr(−q1) · · · (−qs), m + 1 ∈ 4Z, t = r + s + 1.

L = Q(
√

p1, . . . ,
√

pr,
√−q1, . . . ,

√−qs,
√−1 ).

(III) m = δp1 · · · pr(−q1) · · · (−qs), δ = ±2, t = r + s + 1.

L = Q(
√

p1, . . . ,
√

pr,
√−q1, . . . ,

√−qs,
√

δ ).

We can easily verify that K ⊂ L, [L : K] = 2t−1, and every prime ideal of K

is unramified in L.

Theorem 38.8. The field L is maximum among the abelian extensions of
Q containing K in which every prime ideal of K is unramified.

Proof. Let M be such an extension of K. Suppose [M : Q] has an odd
prime factor p. Then there is a subfield H of M such that [H : Q] = p. Take
a prime number q ramified in H. Since H is a cyclic extension of Q of degree
p, the prime q is completely ramified in H. Then any prime factor of q in K

must be ramified in KH, and so it must be ramified in M, a contradiction.
Thus [M : Q] = 2k with 0 ≤ k ∈ Z. Suppose Gal(M/Q) has an element
of order 4. Then M has a subfield A such that Gal(A/Q) is a cyclic group
of order 4. Take a prime number p ramified in A. Then p is completely
ramified in A; see Exercise 2 at the end of Section 16. Since [K : Q] = 2,

any prime factor of p in K must be ramified in M, a contradiction. Thus
Gal(M/Q) ∼= (Z/2Z)ν with ν ∈ Z, and so Gal(M/K) ∼= (Z/2Z)ν−1. Let X

be the subgroup of Φ = IK/P
+
K corresponding to M. Then Φ2 ⊂ X, and so

M ⊂ L. This proves our theorem.
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Theorem 38.9. Let S and L be as in §38.7 and r the maximal order of
K; let p be a prime number unramified in K. Then

(38.1) p ∈ NK/Q(r) ⇐⇒ p decomposes completely in S,

(38.2) p ∈ NK/Q(K) ⇐⇒ p decomposes completely in L.

Proof. Suppose p = N(α) with α ∈ r; let p = αr. Then pr = ppρ.

Since N(α) > 0, we have
(

S/K

p

)

= 1, and so p decomposes completely in

S, and so p decomposes completely in S. Conversely, suppose p decomposes
completely in S. Then pr = ppρ with a prime ideal p in K, and p decomposes

completely in S, and so
(

S/K

p

)

= 1. Thus p = αr with α ∈ r such that

N(α) > 0. Then N(α) = p. This proves (i).
Next suppose p = ββρ with β ∈ K. Clearly p must split in K, and

so pr = ppρ with a prime ideal p in K. Put a = β−1p and b = r + aρ.

Then aaρ = r, ab = bρ, and a = b−1bρ. Since bbρ = N(b)r ∈ P
+
K , we

see that aP
+
K ∈ Φ2, and so

(
L/K

p

)

=
(

L/K

a

)

= 1. Thus p decomposes

completely in L, and consequently p decomposes completely in L. Conversely,
suppose pr = ppρ in K and p decomposes completely in L. Then pP

+
K

belongs to Φ2, and so p = αb2 with b ∈ IK and α ∈ K, N(α) > 0. We have
p = N(α)N(b)2 = NK/Q

(
αN(b)

)
. This proves (ii) and completes the proof.

From the explicit form of L in §38.7 we see that L is contained in the
cyclotomic field generated by a primitive |DK |-th root of unity. Therefore the
above theorem means that we can state a necessary and sufficient condition
for p ∈ NK/Q(K) as some congruence conditions on p modulo DK . However,
we can state such a necessary and sufficient condition for p ∈ NK/Q(r) as
some congruence conditions on p modulo DK only when S = L, that is, only
when every element of IK/P

+
K is of order 2.
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A

Adele ring, 66
Adelization, 174–175
Algebra, 47, 79
Algebraic integer, 27
Algebraic number field, 27
Ambiguous ideal, 229
Ambiguous ideal class, 229
Anisotropic, 115
Anti-automorphism, 89
Anti-isomorphism, 89
Archimedean prime, 66
Archimedean valuation, 16

B

Binary Form, 203

C

Canonical automorphism, 122
Canonical involution, 122
Cauchy sequence, 16
Center, 86
Central simple algebra, 86ff
Central, 86
Characteristic algebra, 153
Character (modulo an integer), 7
Class (of a binary form), 204

Class (of a lattice), 171
Class (of a matrix), 178
Class (of a proper ideal), 215
Class number (of a number field), 42
Class number (of an order), 215
Class number (of a quadratic space), 181
Clifford algebra, 121
Clifford group, 127
Commutor, 90
Complete, 16
Completely reducible (module), 81
Completion, 17, 39
Conductor (of a character), 9
Conductor (of an order), 213
Core dimension, 117
Core subspace, 117
Cyclotomic field, 75ff

D

Decomposition group, 71

Dedekind zeta function, 56
Definite (quaternion algebra), 147
Different, 59
Dirichlet character, 7
Discrete order function, 15

Discriminant algebra, 120
Discriminant field, 120
Discriminant ideal (of a lattice), 162
Discriminant ideal (of a quaternion

algebra), 114
Discriminant (of a binary form), 204, 221
Discriminant (of a field), 39
Discriminant (of a lattice), 39
Discriminant (of a quadratic form), 119
Discriminant (of a quaternion algebra), 147
Division algebra, 79

E

Eisenstein equation, 34
Eisenstein polynomial, 34
Equivalent (representations), 92
Equivalent (valuations), 20
Euler’s function, 4
Even Clifford algebra, 122
Even Clifford group, 127

F

Faithful representation, 92
F -algebra, 79
Finite field, 3
Fractional ideal, 35
Free module, 11
Frobenius automorphism, 73
Fundamental unit, 56

G

Gauss sum, 7
Genus (of a lattice), 171
Genus (of a matrix), 178
Genus (of ideals), 230
g-ideal, 101
Global field, 100
Group algebra, 85

H

Hamilton quaternion algebra, 96
Hasse norm theorem, 141
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Hasse principle, 146
Hensel’s lemma, 23
Hilbert reciprocity law, 141
Hilbert symbol, 140

I

Ideal class, 42
Ideal class group, 42
Ideal group, 36
Idele group, 68
Idele norm, 67
Imaginary archimedean prime, 66
Imaginary quadratic field, 40
Indecomposable (ring), 3
Indefinite (quaternion algebra), 147

Inertia group, 72
Integral (lattice), 161
Integral (over a ring), 25, 101
Integral closure, 25
Integral ideal, 35
Integrally closed, 25
Invertible (element of a quadratic

space), 121
Involution, 89
Irreducible (module), 79
Isotropic, 115

L

Lattice (in a real vector
space), 50

Lattice (in a vector space), 11
Left order, 101
Left regular representation, 92
Left semisimple, 81
Level, 181
Local field, 100

M

Main involution, 98
Mass, 224
Maximal ideal (of a valuation

ring), 17
Maximal lattice, 161
Maximal order, 27
Minimal ideal, 81
Minimal/minimum polynomial, xi
Minkowski’s lemma, 52
Monic polynomial, xi

N

Nonarchimedean prime, 66
Nonarchimedean valuation, 16
Nondegenerate quadratic space, 115

Norm (of an ideal), 35, 38
Norm form, 134
Normalized order function, 15

O

Order (in a quadratic extension), 213ff
Order (in an algebra), 101
Order function, 15
Orthogonal basis, 119
Orthogonal complement, 115
Orthogonal group, 116

P

p-adic field, 19
p-adic integer, 19
p-adic number, 19
Pentagonal number, 151
Prime element, 17
Prime ideal, 1, 35

Primitive binary form, 204
Primitive character, 7, 9
Primitive root, 5
Primitive solution, 203
Principal genus, 230
Principal ideal, 1, 35
Principal ideal domain, 1
Product formula, 22, 50
Proper ideal, 214
Pure quaternion, 134

Q

q-reduced, 180
Quadratic Diophantine equation, 203
Quadratic field, 40
Quadratic form, 115
Quadratic nonresidue (modulo a prime), 6
Quadratic reciprocity law, 6
Quadratic residue (modulo a prime), 6
Quadratic residue symbol, 6
Quadratic space, 115
Quaternion algebra, 96

R

Ramification index, 28
Ramified, 28, 30, 40, 57, 66, 142
Real archimedean prime, 66
Real character, 9
Real quadratic field, 40
Reciprocal, 89
Reduced norm, 93
Reduced trace, 93
Regular representation, 47
Regulator, 55
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Relative discriminant, 59
Representation, 92
Residue class degree, 28
Right order, 101
Right regular representation, 92
Right semisimple, 81

S

Scalar extension, 87
Semisimple algebra, 84
Simple algebra, 81
Special orthogonal group, 116
Spin group, 131
Spinor norm, 131
Split (quadratic space), 117
Split Witt decomposition, 117
s-reduced, 180
Strong approximation, 177, 192
Subalgebra, 79
Symmetry, 128

T

Tensor product (of algebras), 86

Tensor product (of fields), 47

Torsion-free (module), 11

Totally isotropic, 115

Totally ramified, 30

Triangular number, 150

Type 1, 181

Type 2, 181

U

Unique factorization domain, 1

Unramified, 28, 30, 40, 57, 66, 142

V

Valuation, 15

Valuation ring, 17

W

Weak Witt decomposition, 117

Witt decomposition, 117

Witt’s theorem, 117
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