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PREFACE

This book can be divided into two parts. The first part is preliminary and
consists of algebraic number theory and the theory of semisimple algebras.
The raison d’étre of the book is in the second part, and so let us first explain
the contents of the second part.

There are two principal topics:

(A) Classification of quadratic forms;
(B) Quadratic Diophantine equations.

Topic (A) can be further divided into two types of theories:

(al) Classification over an algebraic number field;
(a2) Classification over the ring of algebraic integers.

To classify a quadratic form ¢ over an algebraic number field F, almost
all previous authors followed the methods of Helmut Hasse. Namely, one first
takes ¢ in the diagonal form and associates an invariant to it at each prime
spot of F, using the diagonal entries. A superior method was introduced by
Martin Eichler in 1952, but strangely it was almost completely ignored, until
I resurrected it in one of my recent papers. We associate an invariant to ¢ at
each prime spot, which is the same as Eichler’s, but we define it in a different
and more direct way, using Clifford algebras. In Sections 27 and 28 we give
an exposition of this theory. At some point we need the Hasse norm theorem
for a quadratic extension of a number field, which is included in class field
theory. We prove it when the base field is the rational number field to make
the book self-contained in that case.

The advantage of our method is that it enables us to discuss (a2) in a clear-
cut way. The main problem is to determine the genera of quadratic forms with
integer coefficients that have given local invariants. A quaratic form of n vari-
ables with integer coefficients can be given in the form p[z] = >0, ¢jjzia;
with a symmetric matrix (cij) such that c;; and 2c¢;; are integers for every
1 and j. If the matrix represents a symmetric form with integer coefficients,
then ¢;; is an integer for every (¢, j). Thus there are two types of classification
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theories over the ring of integers: one for quadratic forms and the other for
symmetric forms. In fact, the former is easier than the latter. There were
several previous results in the unimodular case, but there were few, if any,
investigations in the general case. We will determine the genera of quadratic
or symmetric forms over the integers that are reduced in the sense that they
cannot be represented by other quadratic or symmetric forms nontrivially.
This class of forms contains forms with square-free discriminant.

We devote Section 32 to strong approximation in an indefinite orthogonal
group of more than two variables, and as applications we determine the classes
instead of the genera of indefinite reduced forms.

The origin of Topic (a2) is the investigation of Gauss concerning primitive
representations of an integer as a sum of three squares. In our book of 2004 we
gave a framework in which we could discuss similar problems for an arbitrary
quadratic form of more than two variables over the integers. In Chapter
VII we present an easier and more accessible version of the theory. Though
Gauss treated sums of three squares, he did not state any general principle; he
merely explained the technique by which he could solve his problems. In fact,
we state results as two types of formulas for a quadratic form, which can be
specialized in two different ways to what Gauss was doing. Without going into
details here we refer the reader to Section 34 in which a historical perspective
is given. Our first main theorem of quadratic Diophantine equations is given
in Section 35, from which we derive the two formulas in Section 37.

Let us now come to the first part of the book in which we give preliminaries
that are necessary for the main part concerning quadratic forms. Assuming
that the reader is familiar with basic algebra, we develop algebraic number
theory and also the theory of semisimple algebras more or less in standard
ways, and even in old-fashioned ways, whenever we think that is the easiest
and most suitable for beginners. In fact, almost all of the material in this
part have been taken from the notes of my lectures at Princeton University.
However, we have tried a few new approaches and included some theorems
that cannot be found in ordinary textbooks. For instance, our formulation
and proof of the quadratic reciprocity law in a generalized form do not seem
to be well-known; the same may be said about the last theorem of Section
10, which is essentially strong approximation in a special linear group. In the
same spirit, we add the classical theory of genera as the last section of the
book.

We could have made the whole book self-contained by including an easy
part of class field theory, but in order to keep the book a reasonable length,
we chose a compromised plan. Namely, we prove basic theorems in local class
field theory only in some special cases, and the Hilbert reciprocity law only
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over the rational number field. However, we at least state the main theorems
with an arbitrary number field as the base field, so that the reader who knows
class field theory can learn the arithmetic theory of quadratic forms with no
further references.

To conclude the preface, it is my great pleasure to express my deepest
thanks to my friends Koji Doi, Tomokazu Kashio, Kaoru Okada, and Hiroyuki
Yoshida, who kindly read earlier versions of the first two-thirds of the book
and contributed many invaluable comments.

Princeton
May, 2009 Goro Shimura
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NOTATION AND TERMINOLOGY

In this book we assume that the reader is familiar with basic facts on
groups, rings, and the theory of field extensions up to Galois theory. We
write X C Y for two sets X and Y if X is a subset of Y, including the case
X =Y, and denote by #X or #{X} the number of elements of X when it is
finite. Following the standard convention, we do not call 0 of the ring A = {0}
an identity element. Thus, whenever we speak of an identity element of a ring
A, we assume that A # {0}. For submodules B and C of a ring A we denote
by BC the set of all finite sums ), bjc; with b; € B and ¢; € C.

The symbols Z, Q, R, and C will mean as usual the ring of integers and
the fields of rational numbers, real numbers, and complex numbers, respec-
tively. In addition, we put

T:{ZEC‘ 2| =1},

and denote by H the Hamilton quaternion algebra; see §20.2. Given an as-
sociative ring A with identity element and an A-module X, we denote by
A* the group of all invertible elements of A, and by X]* the A-module of
all m x n-matrices with entries in X; we put X™ = X" for simplicity. For
an element y of X or X! we denote by y; the i-th entry of y. The zero
element of A" is denoted by 0] or simply by 0. When we view A} as a ring,
we usually denote it by M,,(A). We denote the identity element of M,,(A) by
1, or simply by 1. The transpose, determinant, and trace of a matrix x are
denoted by 'z, det(z), and tr(z). We put GL,(A4) = M,(A)*, and

SLy(A) = {o € GL,(A)| det(a) =1}

if A is commutative. For square matrices 1y, ..., x,, diaglzy, ..., z,] de-
notes the square matrix with x1, ..., z, in the diagonal blocks and 0 in all
other blocks.

For a group G we denote by [G : 1] the order of G, and for a subgroup H
of G we denote by [G : H] the index of H in G. For a vector space V over a
field F' we denote by [V : F] the dimension of V over F and by Endp (V') the
ring of all F-linear endomorphisms of V'; we put then GLr(V) = Endp(V)*
and SLp(V) = {a € GLp(V)| det(e) = 1}. The distinction of [V : F] from
[G : H] will be clear from the context. If K is a field containing F, then [K : F]
is the degree of the extension K of F. When F is clear from the context, we
also write GL(V'), SL(V), and dim(V) for GLp(V), SLr(V), and [V : F).

A polynomial in one variable with coefficients in a field is called monic if
the leading coefficient is 1. Given a square matrix £ with entries in a field
F, by the minimal (or minimum) polynomial of { over F' we understand
a monic polynomial that generates {go € Flz] ‘ wl) =0 }, where z is an
indeterminate. We use the same terminology for an element £ of an algebraic
extension of F.

xi






CHAPTER 1

THE QUADRATIC RECIPROCITY LAW

1. Elementary facts

1.1. In this section we recall several well-known elementary facts, mostly
without proof. We give the proof for some of them. An ideal I of a com-
mutative ring R is called a prime ideal if R/I has no zero divisors; I is
called principal if I = aR with some « € R. An integral domain (that is, a
commutative ring with identity element that has no zero divisors) R is called
a principal ideal domain if every ideal of R is principal. It is known that
for a field F and an indeterminate z the polynomial ring F[z] is a principal
ideal domain. Also, the ring Z is a principal ideal domain. An integral do-
main is called a unique factorization domain if every principal ideal I of
R different from {0} can be written uniquely in the form I = P{* --- P with
prime ideals P; that are principal and 0 < e; € Z.

Theorem 1.2. (i) Let R be a unique factorization domain. Then the
polynomial ring R[x] is a unique factorization domain. If s is a prime element
of R (that is, s ¢ R* and if s = gh with g, h € R, then g € R* or h € R*),
then sR is a prime ideal of R. Conversely, every prime ideal of R that is
principal and different from {0} is of the form sR with a prime element s of
R.

(ii) Let R be a principal ideal domain. Then R is a unique factorization
domain, and every prime ideal P of R different from {0} is a maximal ideal,
that is, R/P is a field.

Theorem 1.3. Let R be a commutative ring with identity element, and
let X1, ..., X, be ideals of R such that X; + X; = R if i # j. Then

(1.1) R/(X:1 - X,) 2 R/X, & ®R/X,.

PROOF. We first prove the case = 2. Defineamap f: R — R/X1®R/X>
by
f(z) = (z (mod X1), z (mod X»)).
Clearly f is a ring-homomorphism and Ker(f) = X; N X3. Now X; N X, =
(Xl N XQ)(Xl + XQ) C X1 Xy C X1NXs, and so X1 X, = X7 N X,. Take

G. Shimura, Arithmetic of Quadratic Forms, Springer Monographs in Mathematics, 1
DOI 10.1007/978-1-4419-1732-4 1, © Springer Science+Business Media, LLC 2010



2 I. THE QUADRATIC RECIPROCITY LAW

s € X1y and t € X5 so that s+t = 1. Given a, b € R, put ¢ = at + bs.
Then ¢—a = a(t —1) +bs = (b —a)s € X3, and similarly ¢ — b € Xo.
Thus f(c) = (a (mod X1), b (mod X5)), which means that f is surjective.
Therefore R/(X1X2) = R/Ker(f) & R/X; ® R/X,, which proves the case
r = 2. Now suppose Z + X = Z +Y = R for ideals X, Y, and Z of R.
Then R= (Z+X)(Z+Y)=Z+XZ+2ZY + XY =Z+ XY, since XZ +
ZY C Z. Taking Z to be X, and repeating the same argument, we obtain
X,+Xy--X,-1 = R,and so R/(X;---X,) & R/(X1---X,-1) & R/X,.
Applying induction to R/(X;--- X,_1), we can complete the proof.

Every infinite cyclic group is isomorphic to Z; every finite cyclic group is
isomorphic to Z/mZ. Now the basic theorem on abelian groups can be stated
as follows.

Theorem 1.4. FEvery finitely generated abelian group is the direct product
of finitely many cyclic groups of finite or infinite order. In particular, every
finite abelian group is isomorphic to a direct sum of the form Z/mZ
with a finite set M of positive integers.

meM

Theorem 1.5. If F is a field, every finite subgroup of F* is cyclic. In
particular, F* is a cyclic group if F is a finite field.

PrOOF. Let G be a finite subgroup of F’*. Then by Theorem 1.4, G is
isomorphic to Y., Z/n;Z with positive integers n;. We may assume that
r > 1 and n; > 1 for every i, since G is cyclic otherwise. Suppose n4
and ngy are divisible by a prime number p. Then (Z/n1Z) ® (Z/n2Z) has p?
elements y such that py = 0. These elements y correspond to p? elements
x of G such that zP = 1. Since F is a field, the equation X? = 1 can have
at most p solutions in F), a contradiction. Thus n; and ns are relatively
prime, and more generally, nq, ..., n, are relatively prime. By (1.1), G is
isomorphic to Z/(ny - - - n,Z), which is cyclic. This proves our theorem.

For example, (Z/pZ)* is a cyclic group of order p — 1.

Lemma 1.6. Let f be a homomorphism of a finite group G into C*.

Then
> f@) =

zeG

{[G:l] if f is trivial,

0 if f is nontrivial.

PROOF. Assuming f to be nontrivial, take y € G such that f(y) # 1,

and observe that ) . f(x) = > .o f(yr) = f(y) > ,cq f(x), and hence
> zcq f(x) = 0. Our formula for trivial f is trivial.

For example, let ¢ be a primitive m-th root of unity with 1 < m € Z and
let r € Z. Then taking f(z) = (", from Lemma 1.6 we obtain
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m—1 m if remi,
1.2 e =
(12) 112:;) ¢ {O if r¢mZ.

Lemma 1.7. Let R be a commutative Ting with identity element. Suppose
R=A41® - -®A, =B &P By with subrings A; and B; that are indecom-
posable. (Here a ring X is called indecomposable if X cannot be written
in the form X =Y @ Z with subrings Y and Z that are different from {0}.)
Then the A; are the same as the Bj as a whole.

Proor. Clearly A; and B; are ideals of R. Let 1p = e1 + --- + e, with
e; € A;. Then we can easily show that By = Bie; @ -+ @ Bye,. The inde-
composability of B; implies that B; = Bjey, for exactly one k. Changing the
order of the A;, we may assume that B; = Bie;; then By C A;. Exchanging
{A;} and {B,}, we have A, C B, for some j. Clearly j =1, and so A; = Bs.
Repeating the same argument, we eventually obtain the desired conclusion.

Lemma 1.8. Let K be a separable quadratic extension of a field F, and p
the nontrivial automorphism of K over F. Then

{yeKX|yy”:1}:{x/x”|x€KX}.

ProOF. If y = /2, then clearly yy” = 1. Thus our task is to show that
if y € K* and yy? = 1, then y = x/x” with some = € K*. Suppose y = —1.
If the characteristic of F'is 2, then y = 1 and there is no problem. If the
characteristic is not 2, then K = F(z) with = such that z? € F*. Then
2P = —z, and so —1 = x/xP. Suppose y # —1; put = y + 1. Then = # 0
and yz” =1+ y =z, and so y = x/x” as expected.

1.9. Finite fields. In this subsection we recall some basic facts on finite
fields. A field with a finite number of elements is called a finite field. For
every prime number p the ring Z/pZ is a finite field with p elements. We
denote this field by F(p). Every finite field is a finite algebraic extension of
F(p) for some p, and vice versa. Let us fix a prime number p and an algebraic
closure of F(p), and denote it by F(p°°). For every positive integer n the field
F(p>°) contains exactly one algebraic extension of F(p) of degree n. It has p”
elements, and we denote it by F(p™). Put ¢ = p™ with a fixed n. Then 27 = x
for every x € F(g), and in particular x9-! = 1 for every x € F(q)*. By
Theorem 1.5, F(¢)* is a cyclic group of order g—1. For another positive integer
m we have F(p") C F(p™) if and only if m = ¢n with 0 < £ € Z, in which case
F(p™) is a cyclic extension (that is, a Galois extension whose Galois group is
cyclic) of F(p™) of degree £. The Galois group consists of the maps = + x4" for
0 <a < ¥, where ¢ =p". Write k = F(p") and h = F(p"). Then the maps
Try/  h — k and Np 0 B — k™ are surjective. Indeed, the surjectivity of
the trace map is true for every separable extension. As for the norm map, we
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have Nj, p(7) = 2" with r = Zf;% @ =(¢"-1)/(g—1)=[h*: k], and we
obtain the desired surjectivity.

2. Structure of (Z/mZ)*

2.1. If mq, ..., m, are relatively prime positive integers > 1, then from
(1.1) we obtain Z/(my -+ -m,.Z) £ Z/m1Z & --- & Z/m,Z, and so
(2.1) (Z/(my - m,Z))" = (Z/mZ)* x - x (Z)m,Z)*.

In particular, if m = p{* - - - p¢ is the prime decomposition of a positive integer
m > 1, then

(2.1a) (Z/mZ)* = (Z/p1Z)* x --- x (Z/prZ)".

Therefore the structure of (Z/mZ)* for 1 < m € Z can be reduced to the case
where m is a prime power. The order of the group (Z/mZ)* is traditionally
denoted by ¢(m). In addition we put ¢(1) = 1. This ¢ is called Euler’s
function. Observe that ¢(m) equals the number of integers a prime to m
such that 0 < a < m. From (2.1) we obtain

(2.2) p(my---my) = o(mq)---p(my) if the m; are as in (2.1).
We easily see that
(2.3) o(p™) =p"t(p—1) if p is a prime number and 0 < n € Z.

Lemma 2.2. Let p be an odd prime number and b an integer prime to
p. Then for 0 < e € Z we have (1 —i—bp)pe = 14 cp®t! with an integer ¢ prime
to p.

PrROOF. We prove this by induction on e. Since (i) is divisible by p if

1 < k < p, by the binomial theorem we have (14 bp®)? = 1 +bp**t! +dp! with
de€Zand f>e+1,and so (1+bp°)P =1+ b'p°t! with an integer b’ prime
to p. This proves the case e = 1 of our lemma. Assuming our lemma for the
exponent p°, we have (1+bp)? = (L +bp)P" )" = (L +cpt)P = 1+ pet?
with an integer ¢’ prime to p, and we can complete the proof.

Notice that this lemma is false if p = 2. Indeed, (1+2)? =1+ 2-22.

Theorem 2.3. If p is an odd prime number, then (Z/p"Z)* is a cyclic
group for every n € Z, > 0.

Proor. Take an integer r that represents a generator of (Z/pZ)*; then
P~ = 1+ bp with b € Z. Choosing r suitably, we may assume that p{b.
Indeed, if p|b, take r+p instead of r. Since (r+p)P~t = rP~ 14+ (p—1)rP2p+
p?s with s € Z, we have (r+p)P~! = 1+pt with t =b—1rP=2 +p(s+rP~2),
which is prime to p as desired. Thus assuming b to be prime to p, let g be
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the order of the class of r (mod p™) in (Z/p"Z)*. Then g|p"~!(p — 1), and
also (p—1)|g, as r generates (Z/pZ)*. Thus g = (p—1)p® with0 <a <n-—1.
Then by Lemma 2.2, 79 = (1 +bp)?" =1+ ¢p®*! with an integer ¢ prime to
p. Since 19 —1 € p"Z, we see that a+1 > n, and so a = n — 1, which means
that r (mod p™) has order (p — 1)p™~!. This proves our theorem.

Any integer that represents a generator of (Z/p"Z)* is called a primitive
root modulo p".

As for the case p = 2, we first note that (Z/2Z)* is trivial and (Z/4Z)*
is of order 2, and so they are cyclic. If a = 4k + 1 with k& € Z, then
a? = 14 8k + 16k?, and so a?> — 1 € 8Z for every odd integer a. Thus
(Z/8Z)* has no element of order 4, and so it is not cyclic.

Theorem 2.4. Let 3 <n € Z. For 2<v <n let H, denote the subgroup
of (Z/2"Z)* consisting of all o (mod 2™) such that o« — 1 € 2¥Z. Then H,
is cyclic of order 2" and (Z/2"Z)* = { £ 1} x Hs.

PROOF. The order of (Z/2"Z)* is 2”1, and so the order of any element of
(Z/2"Z)* is a power of 2. By induction on m we can prove that (142")?" =
142"k with an odd integer k for 0 < m € Z. Therefore 1+ 2V is of order
2™7% in this group. Since every odd integer « satisfies either o — 1 € 4Z or
a+1 € 4Z, we obtain (Z/2"Z)* = {+1} x Hy. Clearly {1} = H, & --- C H>
and H, has an element of order 2"~". Therefore H, is cyclic of order 27",
This completes the proof.

3. The quadratic reciprocity law

3.0. Here is a problem that motivates our investigation in this section. We
consider a congruence f(z) = 0 (mod m), where f(z) is a polynomial with
coeflicients in Z and m is a positive integer; we ask whether it has a solution
x in Z. If m is fixed, then we can answer the question by computing f(x)
for 0 <z < m. If we vary m, the question becomes more interesting. For
example, we can ask: For what kind of prime numbers p does the congruence

(3.0) 522 = 3 (mod p)

have a solution = in Z7 We will give an answer in §3.8 after developing a
general theory.

3.1. Let p be an odd prime number. Then (Z/pZ)* is a cyclic group of
order p—1, and p—1 is even. Therefore (Z/pZ)* has a unique subgroup R
of order (p—1)/2, and so we have a homomorphism A of (Z/pZ)* onto {£1}

b
such that Ker(A) = R. We then define a symbol ( ) for b € Z by
p
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<b> A(b (mod p)) if ptb,
p) |0 it plb.
This is called the quadratic residue symbol. Clearly

()= G)(G) o veen

To explain the nature of this symbol, let r be a primitive root modulo p.
Then R is generated by r?

b=r* (mod p) with 0 < a € Z. Since <;) = A(r (mod p)) = —1, we have

(mod p). If b is an integer prime to p, then

b
( ) = (—1)%, and we easily see that
p

<b>:1<:>beR<:>ae2Z
p

<= b=12? (mod p) for some x € Z prime to p,

b
( >:—1 <= b¢ R <<= a¢2Z
p

< b# 2% (mod p) for every = € Z,
where b denotes the class of b modulo pZ. We call an integer b a quadratic

b
residue modulo p if ( > = 1 and a quadratic nonresidue modulo p

()

Theorem 3.2. For odd prime numbers p and q we have:

(3.1) (Z) =aP=1/2 (mod p) for every a € Z,
(3.2) (‘pl) — (—1)e-/2,

oo ) -{L T e
(3.4) (;) (5) = (=) g,

The last equality is called the quadratic reciprocity law.

PROOF. The first congruence is clear if pla. Let a = r™ (mod p) with a
primitive root r modulo p. Then r~1/2 = —1 (mod p), and so aP~D/2 =
(rP=H/2)™ = (—1)™ (mod p), which proves (3.1). Taking a = —1, we obtain
(3.2). We will derive the last two relations in §3.5 as special cases of Theorem
3.4 below.

Formula (3.4) can be written also
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(3.5) (q) (p) = -1 < p=q=3 (mod 4).

p q
Indeed, (p —1)(¢ —1)/4 = [(p — 1)/2][(¢ — 1)/2], which is odd if and only if
p=q=3 (mod 4).

3.3. Let 2 < r € Z. By a Dirichlet character (or simply, a character)
modulo r we mean a homomorphism y : (Z/rZ)* — T. We view x as a
function on Z by putting

© x(¢ (mod rZ)) if ¢ is prime to 7,
Cc) =
X 0 if ¢ is not prime to 7,
We say that x is primitive if x is nontrivial (that is, x(a) # 1 for some
a) and there is no character ¢ modulo a proper divisor s of 7 such that
x(c) = &(c) for every ¢ prime to r.
To define the Gauss sum of y, we first put
(3.6) e(z) = exp(2miz) (€ C).

In particular, e(1/m) for 0 < m € Z is a primitive m-th root of unity. Let
x be a primitive Dirichlet character modulo 7. Then we put

(3.7) ZX e(a/r),

and call it the Gauss sum of x. Since x(r) =0, we can use . _ 1 in place
of ' _, . Now we have

(3.8a) Zx e(ab/r) = x(b)T(x) for every b€ Z,
(3.8b) TOOT(x) = x(=1)r,

(3.8¢) TP =,

(3.8d) T(x) = x(=1)7(x)

Formula (3.8a) is easy if b is prime to r. Let ¢ be the greatest common divisor
of b and r. Assuming that ¢ > 1, put s =7/t and H = {a € (Z/rZ)* |a=1
(mod sZ)}; let (Z/rZ)* = |,cy Hy with a suitable Y. Since bs € rZ, we
have bx = b (mod r) for every x € H. Also, since x is primitive, y cannot
be trivial on H. Thus, putting ¢ = e(1/r), we have

Zl X =" x(w)er™ = ¢x(y) Y x(@) =0

yeY x€H yey reEH
because of Lemma 1.6. This proves (3. 8a) Using this result, we have

T

700700 = Y T0Ox(€)¢? —ZZX (b)¢"¢e —Zx )y ¢y,
c=1

c=1 b=1 c=1
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which equals y(—1)r, since the last sum over ¢ is 7 or 0 according as b+ 1
is zero or nonzero in Z/rZ. This proves (3.8b). Next, since x(—1) = £1, we
have

7(0) = DX =Y x(=e)¢° = x(=D)r(x) = x(~1)7(x).

This proves (3.8d), which combined with (3.8b) gives (3.8¢).
We now present a formula which may be called a generalized quadratic
reciprocity law, and from which we derive (3.3) and (3.4).

Theorem 3.4. Let x be a primitive character modulo r such that x = x.

Then x(p) = x(—1)P~1/2 (T> for every odd prime number p prime to r.
p
PROOF. Put 7 = 7(x), ¢ = e(1/r), and R = Z[¢]. Then 7 € R and
72 = x(=1)r by (3.8b). Let p be an odd prime number prime to r. Then
(%) TP = (72)P=D/2 . 1 = y(=1)p=D/2p(=1)/21,

From the binomial theorem we easily see that (a4 5)P = a® 4+ P (mod pR)
for every «, 8 € R. We have therefore

r—1 P r—1
™ = (Z x(a)<“) => x(a)¢" = x(p)7 (mod pR)
a=1 a=1
by (3.8a). Combining this with (%) and (3.1), we obtain

x(p)T = 7P = x(=1)P~D/2 (;) 7 (mod pR).

Multiplying this by 7 and employing (3.8c), we obtain
() Ky = (-1 (7 (mod pr).

Since pRNZ is an ideal of Z containing p, we have pRNZ = pZ or pRNZ = Z.
If pRNZ = Z, then p~—! € R. Since R = Z:n;lo Z(™, R is finitely generated
over Z, and so [J,~, Z?:o Zp~* must be finitely generated over Z, which is
impossible. Thus pRNZ = pZ. The quantities on both sides of (%) belong
to Z, and so we have (*x) with pZ in place of pR. Since p is prime to r, we

have p|(e —¢’), where € = x(p) and &’ = x(—1)P—1/2 (;) . Now ¢ and &’

are +1, and so € = ¢/, which proves the theorem.

3.5. Let ¢ be an odd prime number. As observed in §3.1, z —

is a character modulo ¢, which is clearly primitive. Taking this to be x in
Theorem 3.4 and employing (3.2), we obtain (3.4).

Next, to prove (3.3), define x1 : (Z/8Z)* — {£1} by x1(a) =1 if axle€
8Z, and xi1(a) = —1if a £3 € 8Z. We easily see that y; is a primitive
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character modulo 8 and x;(—1) = 1. Therefore Theorem 3.4 shows that

2
( ) = <8) = x1(p) for every odd prime number p. This proves (3.3).
p p

3.6. Let ¢ be a nontrivial character modulo a positive integer ¢ > 2.
Then we can find a primitive character y modulo a divisor r of ¢ such that
x(a) = &(a) for every a prime to t, and such a y is unique for £. This can
be shown as follows. If ¢ is a power p¢ of a prime number p, then we take
r to be the smallest power p© such that {(a) =1 if a —1 € p°Z. We can
take x to be the same as ¢ as a function on Z. In the general case, we take
the prime decomposition ¢ = p{*---pS* with prime numbers p;. By (2.1a),
(Z/tZ)* = [1:_1(Z/pf')*. Let & be the restriction of & to (Z/pf)*. If &
is trivial, we disregard (Z/p{*)* and &;. For each nontrivial & we take the
smallest power p;* such that &(a) =1 if a—1 € p;"Z. Then we take r to be
Cci

the product of all such p;

. and define x in an obvious way.

Given ¢ we call y the primitive character associated with ¢, and
the integer r the conductor of &. Thus a character £ modulo ¢ is primitive
if and only if ¢ is the conductor of £. We also see that the conductor of a
character is either odd or divisible by 4, since (Z/2Z)* is trivial.

We call a character y real if y = x, or equivalently, if the nonzero values
of y are £1.

Theorem 3.7. Let m be a square-free integer # 1. Let ¢ = |m| if m—1 €
47 and ¢ = 4|m| if m—1 ¢ 4Z. Then there exists a real primitive character x
of conductor ¢ such that x(p) = m) for every odd prime number p prime

p
to m, and x(—1)m > 0. Moreover, every real primitive character is of this

type.

PROOF. There are three cases: (1) m — 1 € 4Z; (2) m — 2 € 4Z; (3)
m — 3 € 4Z. The prime decompositions of ¢ and m are as follows:

S

(1) e=pr--prqr---qs, m=epr--prqr---qs, €= (=1)°,
(2) c=8p1--prq1---qs, m=2ep1---Prq1---qs, € = %1,
(3) c=4p1-+ prq1 " qs, mM=€p1- - prq1---qs, € = (—1)""1

Here p; and ¢; are prime numbers; p; — 1 € 4Z, g¢; + 1 € 4Z. Define x as
follows:

) x()=H(p>H()

o1 N

@) x(a)zm(a)x@(a)s%f[(a) : (1),

i=1
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T a S a
@) x@ =@ ()TI(1):
im1 \Pi/ 50\
Here yx; is the character modulo 8 defined in §3.5, and xq is the nontrivial
character modulo 4; k = 0if e =1 and k = 1 if ¢ = —1. We easily see
that in all three cases x is real and has conductor c. Notice that x1(—1) =1
and xo(—1) = —1, and so x(—1) = ¢ in all cases. By Theorem 3.4, x(p) =

X(_l)(pl)/2<c> = 5(171)/2(0) = (6> <C> = (m>, since ec is m or
p p p p p

4m. This proves the first part of our theorem.

As for the second part, in view of what we said in §3.6, primitive characters
can be reduced to the characters modulo a prime power p€. Assuming p to
be odd, let p be a primitive root modulo p™ and let H be the subgroup of
(Z/p"Z)* consisting of all « (mod p™) such that o« — 1 € pZ. Then H has
index p— 1 in (Z/p"Z)* and is generated by pP~!l. If £ is a real nontrivial
character modulo p", then &(p?) = 1, and so £&(H) = 1. Thus ¢ has conductor

p, and &(a) = <a>; see §3.1. Next we consider (Z/2"Z)*. For 3 <n € Z and
p

2 <v <n define H, as in Theorem 2.4. If ¢ is a nontrivial real character of
(Z/2"Z)*, we see that & must be trivial on the subgroup of Hy of index 2,
which is Hs. Thus £ has conductor 4 or 8. Then we can easily verify that the
above list exhausts all real primitive characters. This completes the proof.

3.8. Let us now return to (3.0) and determine the prime numbers p
for which (3.0) has a solution. Clearly it has no solution if p = 5, and it
has a solution if p = 2 or 3; so we assume p{2-3-5 Put y = 5z. Then
(3.0) is equivalent to y? = 15 (mod p), which has a solution if and only if

15
( » > = 1. By Theorem 3.7, there is a character x of conductor 60 such that

1
g = x(p). Thus our congruence has a solution if and only if p (mod 60)

belongs to Ker(). More explicitly,

- (2)-()() -0

Then we find that x(p) = 1 exactly when p is congruent modulo 60 to one
of the eight integers 1, 7, 11, 17, 43, 49, 53, 59. This settles our problem.

Exercises. 1. (a) Let m be an odd prime; put f(z) = 2™ ! + 2™ 2 +
-+« +x+1. Show that the congruence f(z) =0 (mod p) with a prime number
p has a solution if and only if either p = m or p =1 (mod m). (Hint: Check
whether Z/pZ contains a primitive m-th root of unity.)

(b) Use this result to show that there are infinitely many prime numbers
that are congruent to 1 modulo m. (Hint: Assuming that q1, ..., gx are such
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prime numbers, look at the prime factors of f(mgqy ---qx).)

2. Prove that Y-P_} exp(2ita?/p) = x(t)7(x) for every integer ¢ prime
to p. Here p is an odd prime number and x(a) = “

3. (i) Let p be an odd prime number and f(z) a polynomial with coefficients
in Z. Show that the number of solutions (z, y) of the equation y* = f(x) in

Z/pZ is given by
p—1
()
a=0

(ii) Prove that if p = —1 (mod 3), then the equation y? = 23 — ¢ with a
fixed integer ¢ considered over Z/pZ has exactly p solutions (z, y).

3

4. Lattices in a vector space

4.1. Let R be a commutative ring. An R-module L is called a free R-
module of rank n if L is isomorphic to the direct sum of n copies of R. This
is so if and only if L has n elements ey, ..., e, such that L = Re;+---+ Re,
and ZZL:l a;e; = 0implies a; = - -+ = a, = 0. We call then {¢;}?_; an R-basis
of L. We understand that {0} is a free R-module of rank 0. An R-module L
is called torsion-free if ax # 0 whenever 0 #a € R and 0 # = € L.

Hereafter in this section R denotes an integral domain, F' the field of quo-
tients of R, and V a vector space over F of finite dimension. (We tacitly
assume that R # F| since our statements are trivially true if R = F.) We will
often assume the following condition:

(4.1) FEvery ideal of R is finitely generated over R.

Clearly this is satisfied if R is a principal ideal domain.
By an R-lattice in V' we understand a finitely generated R-submodule of
V that spans V over F.

Lemma 4.2. Let X be a finitely generated R-module. Then under (4.1)
every R-submodule of X s finitely generated over R.

Proor. We have X = Rz + - -+ + Rz, with elements z; of X. We prove
our lemma by induction on n. Let Y be an R-submodule of X. We first
assume that n > 1 and put Z = Ra1 + -+ Re,—1 and J = {b € R|bx, €
Y + Z}. Clearly J is an ideal of R, and so by (4.1), J = Rby + - - - + Rb, with
b1, ..., b, € J. For each ¢ we have bz, =vy; + z; with y; € Y and z; € Z.
Take any element w of Y. We can put w = cyx1+- - -+cpx, with ¢; € R. Then
cn € J,and so ¢, = Y.._ a;b; with a; € R,and w—>\_, a;y; = 2?2—11 ;i +
> j=1 a5z € Z. This element is also contained in Y. Thus w — Y7/_ a;y; €
Y N Z, which shows that Y = (YN Z)+>"!_; Ry;. Our argument is valid even
when n =1, if we take Z = {0}, in which case we have Y = Y _| Ry,. This
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proves the case n = 1. Returning to the case n > 1, by induction, Y N Z,
n—1

being an R-submodule of Z = ) """ Rx;, must be finitely generated over R,
and so Y is finitely generated over R. This completes the proof.

Lemma 4.3. Under (4.1) the following assertions hold:

(i) If L and M are R-lattices in V, then L + M and L N M are R-lattices
iV and cL. C M for some c € R, # 0.

(i) If W is a vector subspace of V and L is an R-lattice in V, then W N L
is an R-lattice in W.

PROOF. Given L and M as in (i), we can put L = >.7" | Rx; and M =
Z;—;l Ry; with some z; and ;. Since the y; span V over F, we have z; =
Yo aijy; with a;; € F. We can find ¢ € R, # 0, such that ca;; € R for
every ¢ and j, since F' is the field of quotients of R. Then cz; € M for every i,
and so ¢cL. C M. Thus ¢L C LN M, and so LN M spans V over F. By Lemma
4.2, LN M is finitely generated over R. Therefore L N M is an R-lattice in V.
That L + M is an R-lattice in V' is obvious. As for (ii), take an F-basis {z;}
of W. By the same argument as for x;, we can find b € R, # 0, such that
bz; € L. Then bz; € LNW, and so LNW spans W over F. By Lemma 4.2,
LN W is finitely generated over R, and so we obtain (ii).

Lemma 4.4. Let V* be the dual of V, and let { , ) :V xV* — F be
the pairing between V' and V*. Given an R-lattice L in V, put

L*={ueV*| (L, u) C R}.
Then L* is an R-lattice in V*.

ProOF. We can find an F-basis {z;}]"; of V contained in L. Put M =
>, Rx;. By Lemma 4.3(i) we have ¢L C M for some ¢ € R, # 0. Then
M C L C ¢ 'M, and we easily see that cM* C L* C M*. Also we have
M* =" | Ry; with the basis {y;}"_, of V* dual to {x;}?_,. Therefore by
Lemma 4.2, L* is finitely generated over R. Since cy; € L*, L* spans V* over
F, and so L* is an R-lattice in V'*.

5. Modules over a principal ideal domain

In this section R denotes a principal ideal domain, F' its field of quo-
tients, and V a vector space over F' of finite dimension. We recall basic facts
concerning R-modules, some without proof and some with proof.

Theorem 5.1. Let L be a free R-module of rank n, and M an R-submodule
of L. Then there exist n elements x1,...,x, of L and r elements
a1,...,ar of R with r <n such that L = Rx1 + ---+ Rx,,, M = Rajxzi +
-+« + Rayx,, and Ray D Ras D -+ D Ra, # 0. Moreover, r and such ideals
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Ra; are uniquely determined by L and M. Consequently, every R-submodule
of L is a free R-module of rank < n.

Theorem 5.2. Fvery finitely generated R-module K is R-isomorphic to
the direct sum of t (> 0) copies of R andr (> 0) modules R/a1R, ..., R/a,R
such that Ray D Rag D -+ D Ra, # 0. Moreover, t and the ideals Ra; are
uniquely determined by K.

Notice that Theorem 1.4 follows from this theorem with R = Z.
Theorem 5.3. Every R-lattice in V is a free R-module of rank [V : F].

PROOF. Let L be an R-lattice in V. Taking an F-basis {x;}; of V, put
M = " | Rx;. By Lemma 4.3(1), ¢L C M with some ¢ € R, # 0. By
Theorem 5.1, ¢L is a free R-module of rank n. This proves our theorem, as
L=cL.

Theorem 5.4. In the setting of Lemma 4.4 with a principal ideal domain
R we have L = {x € V |(z, L*) C R}.

PROOF. By Theorem 5.3 we have L = Y. | Re; with an F-basis {e;}7;
of V. Let {fi}!, be the basis of V* dual to {e;}!,. Then L* = 3" | Rf;,
and our assertion can be shown easily.

Lemma 5.5. Let M be an R-submodule of a finitely generated R-module
L. Then L = M & N with some torsion-free R-submodule N of L if and only
if L/M is a free R-module of finite rank.

PROOF. Suppose that L/M is a free R-module of rank r. Take r elements
Z1, ..., xp of L so that the classes of the z; modulo M generate L/M and
put N = ' | Rx;. Then we can easily verify that N is torsion-free and
L =M & N. The converse is obvious.

Lemma 5.6. The group of all R-automorphisms of a free R-module of
rank n is isomorphic to GLy(R).

Theorem 5.7. For every m X n-matriz T of rank r with coefficients in
R, there exists an element U of GL,,(R) and an element V' of GL,(R) such
that

D 0, .
Urv = m—r m—r | D= d1ag[el, PN 767’]
07“ On—r
with nonzero elements ey, ..., e, in R, e;le;y1. The ideals e;R are uniquely

determined by T.

This is essentially a restatement of Theorem 5.1.
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Lemma 5.8. Let L be a Z-lattice in a vector space V over Q of finite
dimension, and T a Q-linear automorphism of V' that maps L into L. Then
[L:TL]=|det(T)|, where TL denotes the image of L under T.

Proor. We may assume that L = Z7 and V = QF; then we may view
T as an element of M, (Z) N GL,(Q) acting on V' by left multiplication. By
Theorem 5.7, we can find U, V € GL,(Z) such that UTV = diag[es, ... , ey,
with e; € Z. Then L = UL = VL, and so [L : TL] = [L : UTVL] =
ler - - en| = |det(T)| as expected.

Exercises. 1. Let G be a finite subgroup of GL, (F). Prove that there
exists an element S of GL,(F) such that STS~! has coefficients in R for
every T € G. (Hint: Consider GL,,(F') the group of all linear transformations
of V.= F". Let M = ) ;. T(L) with an R-lattice L in V; show that
T(M)= M for every T € G.)

2. Let L be a free R-module of rank n with an R-basis {1, ..., &},
and let y = Z?:l civ; with n elements ¢; of R which have no common
divisors other than the elements of R*. Prove that L/Ry is torsion-free.

3. The notation being as in Lemma 4.4, define M™* in a similar way for
an R-submodule M of L. Show that L* € M*, and L/M is isomorphic to
M*/L*.



CHAPTER 1II

ARITHMETIC IN AN ALGEBRAIC NUMBER FIELD

6. Valuations and p-adic numbers

6.1. Let I be a field. A map v : F — R U {oo} is called an order
function of F if it satisfies the following conditions:

(i) v(z) =00 <= = =0;

(i) v(xy) =v(z) +v(y);

(i) v(z+y) = Min{v(z), v(y)};

(iv) There exists an element z € F, # 0, such that v(z) # 0.
Here oo +a = a+ 00 = o0 and oo > a for every a € RU {oo}. Taking z
as in (iv), we have co # v(z) = v(z-1) = v(z) + v(1), and so v(1) = 0.
Then 0 = v((—1)(-1)) = v(—1) + v(—1), and so v(—1) = 0, and v(—z) =
v(—1) + v(x) = v(z). There is a noteworthy fact:

(6.1) v(z+y) =Min{v(z), v(y)} if v(z)#v(y).

Indeed, assuming that v(z) < v(y), we have v(z) = v(z +y + (-y)) =
Min{v(z 4+ y), v(y)}, from which (6.1) follows.

An order function v is called discrete if there exists a positive real number
t such that v(F*) = tZ. A discrete order function is called normalized if
v(F*) ="17.

To find an example of an order function, take F' = Q and fix a prime
number p. Given x € Q*, considering the prime decomposition of x, we can
put z = p™a/b with m € Z and nonzero integers a, b prime to p. We then
put vp(x) = m. We also put v,(0) = co. It can easily be seen that this is a
normalized order function.

6.2. Let F be a field. A map ¢ : F — {z € R|z > 0} is called a
valuation of F' if it satisfies the following conditions:

(i) p(z) =0 < = =0;

i) p(ry) = o(2)e(y);

(
(ii)) (2 +y) < @) +@(y);
(iv) There exists an element z € F, # 0, such that ¢(z) # 1.

G. Shimura, Arithmetic of Quadratic Forms, Springer Monographs in Mathematics, 15
DOI 10.1007/978-1-4419-1732-4 2, © Springer Science+Business Media, LLC 2010



16 II. ARITHMETIC IN AN ALGEBRAIC NUMBER FIELD

Such a ¢ is called nonarchimedean if

(v) ¢(z +y) < Max{p(z), ¢(y)}-

Otherwise it is called archimedean. Notice that (v) implies (iii). We easily
see that p(+1)=1 and ¢(—z) = p(z). Since ¢(r)=p(r —y+y) <p(z —y)
+o(y), we have p(z) — ¢o(y) < p(x — y). Exchanging x and y, we obtain
e(y) — p(x) < ¢y — x) = p(z —y). Thus

(6.2) lo(z) — o) < (@ —y).

If there is an isomorphism o of F' onto a subfield of C, then we obtain an
archimedean valuation ¢ of F' by putting ¢ (z) = |z7]| for = € F.

Given an order function v of F, put ¢(z) = ¢*(*) with a fixed real number
¢ such that 0 < ¢ < 1. Then ¢ is a nonarchimedean valuation of F. Con-
versely, given a nonarchimedean valuation ¢ of F, put v(z) = —logy(x) for
2z # 0 and v(0) = co. Then it can be shown that v is an order function of F'
and ¢(z) = e V@),

Take F' = Q; fix a prime number p. Define v, as in §6.1 with this p.
Usually we define a nonarchimedean valuation ¢, by ¢,(z) = p~*»@). For
example, ¢,(£p™) =p ™.

6.3. Given a valuation ¢ of F, put u(z, y) = ¢(x —y). We can easily
verify that F' is a metric space with respect to p. Thus we can speak of open
sets, closed sets, and continuity with respect to the topology defined by this
metric. Then the maps (z, y) — x +y,z —y, 2y, x/y are continuous. (Of
course we assume y # 0 for x/y.) The limit and convergence of an infinite
sequence in F' can be naturally defined. To be explicit, for an infinite sequence
{a,}22, in F and b € F we write lim,, o an, = b if lim, o p(a, —b) =0,
which is so if and only if lim, . v(a, —b) = oo if ¢ is obtained from an
order function v. If lim, oo Y p_, ar = ¢, then we write ¢ =3 ;7 ay.

For example, if v, is the order function of Q defined at the end of §6.1,
then lim, ..o p" =0and Y oo pF = (1—p)~ L.

6.4. An infinite sequence {z,,}5° ; in F is called a Cauchy sequence (with
respect to ¢) if for every £ > 0 there exists a positive integer N such that
(T —xp) < € for every m, n > N. If ¢ is obtained from an order function
v as above, then {z,}5°, is a Cauchy sequence if for every C' € R, > 0, there
exists a positive integer N such that v(x,, — z,) > C for every m, n > N.
We call F' complete (with respect to ) if every Cauchy sequence in F' is
convergent.

Theorem 6.5. Given a valuation ¢ of a field F, we can find a field F'*
and a valuation @* of F* with the following properties:

(1) F* is complete with respect to ©*;

(2) F is a subfield of F* and ¢* = ¢ on F}
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(3) F is dense in F*.

(4) If ¢ is obtained from an order function v of F, then ©* is obtained
from an order function v* of F* that coincides with v on F.
Moreover, (F*, ¢*) is unique for (F, ¢) up to isomorphism.

Since the whole proof is long and tedious, we merely give its idea. Let X be
the set of all Cauchy sequences in F. This is a commutative ring with respect
to componentwise operations. Let Y be the subset of X consisting of all the
sequences convergent to 0. Then Y is a maximal ideal of X, and F* can be
obtained as X/Y.

The field F'* is called the p-completion of F' and also the r-completion
of F'if ¢ is obtained from an order function .

Lemma 6.6. Suppose that F' is complete with respect to a nonarchimedean
valuation ¢ obtained from an order function v. Then

E an 1S convergent

n=1

< lim a, =0 < lim v(a,) =00 <= lim ¢(a,) =0.

n—0oo n—0o0 n—oo

PROOF. Suppose lim, .o p(an) = 0; put b, = > ;_; a. Since byqp —
by = Apg1+ - -+ Antp, we have @(bpyp—by) < Max{go(anﬂ), e gp(anﬂ,)}.
Then we see that {b,}22 ; is a Cauchy sequence, and so it is convergent. The
remaining part of our lemma is trivial.

6.7. Given an order function v of a field F, put

(6.3) R={z e F|v(x) >0}, M={zeF|v(z)>0}.
Clearly
(6.4) a€R a¢ M < v(a)=0 < a€ R*.

We easily see that R is a subring of F, M is a maximal ideal of R, and F' is
the field of quotients of R. Moreover, M is the only maximal ideal of R. We
call R the valuation ring of v and M the maximal ideal of R.

Now suppose v is discrete and normalized; then an element 7 of F is
called a prime element of F' (with respect to v) if v(7) = 1. For any such
element 7 we have

TR = {x€F|1/ >m} {CE€F|I/ >m—1}

This is an open and closed subset of F, since v is continuous. Every nonzero
ideal of R is of the form 7™ R with m > 0. Thus R is a principal ideal domain.
Every neighborhood of 0 contains 7™ R for some m, and so the sets ©™ R for
all m € Z, > 0, form a base of neighborhoods of 0.

If v is the order function v, of Q, then
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R={a/blacZ,beZ,b¢pL},
M=pR, R=M+Z, pZ=MnNZ, R/M<=Z/pZ.

Theorem 6.8. Let the notation be as in Theorem 6.5; suppose that o is
obtained from a discrete order function v. Let R resp. R* be the valuation
ring of v resp. v* and let M resp. M* be the maximal ideal of R resp. R*.
Then the following assertions hold:

(i) v*(F™*) = v(F); consequently v* is discrete, and every prime element
of ' is a prime element of F*.

(ii) R* resp. M* is the closure of R resp. M in F*.

(iii) R* = R+ M*, M = RN M*, and R/M = R*/M*.

(iv) Suppose that v is normalized. Let {ﬂ'k}kez be a subset of F' such that
v(mk) =k, and let S be a complete set of representatives for R/M containing
0. Then every element of F* can be written uniquely in the form >~ simk
with m € Z and s, € S. In particular, we can take m, = 7 with any fized
prime element 7w of F. Also, we have V*(Zzozm Skﬂ'k) =m if sy #£0.

PrROOF. We may assume that v is normalized. Since F' is dense in F™*,
given a € F*, # 0, and any positive number ¢, there exists an element b € F
such that v*(b—a) > t. Take ¢ so that ¢t > v*(a). Then v(b) = v*(b—a+a) =
v*(a) by (6.1), which proves (i). If a € R*, then v(b) = v*(a) < 0, and so
b € R, which proves that R is dense in R*. Similarly M is dense in M*. This
proves (ii). In the case a € R* we have a = a—b+b. Since v*(a—0b) > 0, we
have a —b € M*, and so R* = M* + R. That M = RN M~ is trivial. Then
R*/M* = (R+ M*)/M* = R/(RNM*) = R/M. This proves (iii). To prove
(iv), given 0 # z € F*, let m = v*(x). Observe that

(6.5) S, represents M"/M"TL

Let us now prove by induction (on n > m) that = — > ,_  spm € M™H
with suitable sp € S. If n = m, this follows from (6.5). Assume that we
have found s; for m < k < n. By (6.5) with n + 1 in place of n we can
find a desired s,41. By Lemma 6.6, ;- s,7; is meaningful as an element
of F*. Call it y. Then x —y = lim, .o (z — > _,, k) = 0, since the
difference in the parentheses belongs to M ntl Thus ¢ = y = Z,;“;m SET).
To prove the uniqueness of sy, suppose @ = Y, , t;m, with 5 € S. Clearly
m = v*(z) > £. Putting s, = 0 for £ < k < m, and wuy = s — t, we have
0= Zzie ur 7. Then we easily see that ui = 0 by induction.

Lemma 6.9. The notation being as in Theorem 6.8, suppose that v is
discrete and R/M s finite. Then both R* and (R*)* are open compact sets
and F* is locally compact.

PRrROOF. As observed in §6.7, R* and M™* are open and closed subsets
of F*. Since (R*)* is the complement of M* in R*, it must be open and
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closed. To prove that R* is compact, recall that a metric space is compact

if every infinite sequence has a convergent subsequence. Let X = {z,,}22

n=1
with x,, € R*. We are going to construct a chain of subsequences X = X >
X1 == X = -+ and a sequence {¢,, }o0_ with ¢, € R* such that X,
is contained in ¢, + 7" R*, where we write X > Y when Y is a subsequence
of X. We first take ¢y = 0. Suppose X,,, has been established. Observe that
em +7mR* = ]!, (d; + #™ " R*), where ¢ = [R : M]. Therefore we can
find an infinite subsequence X,,,; of X,, contained in d; + 7™ R* with
some 4. Putting d; = ¢;,41, we obtain the desired {X,,} and {¢;,}. Now
pick v, from X, so that {y,,}5°_; is a subsequence of X. Then we see that
Yk € ¢ + 7 R* if k > m, and hence yp — v, € 7R if kK > m. Thus
{ym }3°_, is a Cauchy sequence, and so is convergent. This proves that R* is
compact, and consequently F* is locally compact. The group (R*)*, being
closed in R*, must be compact. This completes the proof.

6.10. Fix a prime number p and define an order function v, of Q as in
§6.2. The v,-completion of Q is called the p-adic field and denoted by Q,.
The closure of Z in Q,, is denoted by Z,. An element of Q, (resp. Z,) is called
a p-adic number (resp. a p-adic integer). By Theorem 6.8(iv), Q,, consists
of all the infinite sums Y ;- cpp® with m € Z and ¢, € {0, 1,2,...,p— 1}.
Z,, consists of all such sums with m = 0. By Lemma 6.9, Q, is a locally
compact topological additive group; both Z, and Z; are open and compact
subsets of Q.

Suppose p # 2. For every x € Z, we define (;) by (a:) = (i) with

p
any £ € Z such that = — £ € pZ,. Clearly this is well defined.

Lemma 6.11. Let Z;2 = {x2 |x S Z; } Then

(i) z;?:{xez; <;>:1} if p#2,
(ii) Z;?={xeZ;|x—1€8Z,} if p=2,
2 if p#2,
(iif) [zg:z;2]={4 if p=2,

4 if p#2,
3 X . 0X2] —
(i) Qy Q7] {8 it p=2.

PrOOF. Clearly the left-hand side of (i) is contained in the right-hand
side. To prove the opposite inclusion, let z € Z;. Now consider the natural
homomorphism of (Z, /p"Z,)* onto (Z/pZ)*. In view of Theorem 2.3, we can
find an element 7 € Z that generates (Z,/p"Z,)* and such that z—r* € p"Z,

with some k. If <x> =1, then k € 2Z, as (r) = —1. Thus we can find
p p
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an element y, € Z such that y2 — z € p"Z,. The sequence {y,}5>; has a
subsequence that converges to an element z of Z, and clearly z? = x. This
proves (i). We can prove (ii) in the same manner by means of Theorem 2.4.
Then (iii) follows immediately from (i) and (ii). We have Q) = Zx-{p™|m €
Z}, and so (iv) follows immediately from (iii).

Theorem 6.12. (i) If p # 2, then Q, has exactly three nonisomorphic
quadratic extensions Qu(v/1), Qp(y/p), and Qu(y/pr), where T is any qua-
dratic nonresidue modulo p.

(ii) If p = 2, then Q, has exactly seven nonisomorphic quadratic ex-
tensions, which are represented by Qaz(v/s), Qa(v/2s), and Qo(v/2), where
se{—-1,£3}.

PROOF. Observe that every extension K of Q, of degree < 2 is of the
form K = Q,(y/a) with o € Q). Assigning Q,(\/a) to a, we obtain a
bijection of QX /Q,? onto the set of all such extensions of Q, (contained in a
fixed algebraic closure of Q). Suppose p = 2. By Lemma 6.11 (ii), ZJ /Z;>
consists of { + 1, £3 (mod 8Z2)}, and so Q5 /Q5? can be represented by
{ +1, +£3, £2, :I:G}. The identity element corresponds to the trivial extension
Q2 of Qq, and therefore we obtain (ii). If p # 2, Qg/Q;2 can be represented
by {1, r, p, pr}, and we obtain (i).

Theorem 6.13. Let ¢ and ) be valuations of a field F. Then the following
conditions are equivalent to each other:

(1) p(z) >1 <= P(x) > 1.

(2) $la) > plb) <= t(a) > v(b).

(3) limy,—oo p(an) =0 <= lim, o ¥(a,) = 0.

(4) There exists a positive number o such that ¥(x) = p(x)* for every
r e F

PROOF. It is easy to see that (1) <= (2) and (4) = (3). Taking a, of
(3) to be (b/a)™, we can prove that (3) = (2). Let us now derive (4) from
(1). Once we assume (1), then (2) holds. Also, taking a~! in place of a, we
find that p(a) <1 <= (a) < 1. Consequently, p(a) =1 <= 9(a) = 1.
Take z € F so that ¢(z) > 1. Given a € F*, we can find A € R such
that ¢(a) = ¢(2)*. Take integers m > 0 and n so that n/m < A Then
p(2)" < p(2)*™ = p(a)™, and so P(2)" < P(a)™ Thus ()™ < ¥(a),
which holds for all n/m smaller than A, and so 9(z)* < ¢(a). Similarly
taking n/m > A, we can show that v(2)* > v(a), and so ¥(2) = ¥(a).
Take a € R, > 0, so that 1(z) = ¢(2)®. Then (a) = p(2)** = p(a)®. This
completes the proof.

We say that ¢ and v are equivalent if the conditions of the above theo-
rem are satisfied. Clearly the topology of F' depends only on the equivalence
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class of valuations. Also, if ¢ and 1 correspond to order functions v and p
asin §6.2, then ¢ and 1 are equivalent if and only if v = sp with 0 < s € R,
which is so if and only if v and p have the same valuation ring and maximal
ideal.

Theorem 6.14. For z € Q put poo(x) = |2| and p,(z) = p~***) with a
prime number p as in §6.2. Then every nonarchimedean (resp. archimedean)
valuation of Q is equivalent to @, for some p (resp. @oo). Moreover, these
valuations are not equivalent to each other.

PROOF. The last assertion can easily be seen by checking condition (1)
of Theorem 6.13. To prove the main part, take a valuation ¢ of Q. Then
for 0 < n € Z we have ¢(n) < np(l) = n. We first assume that there
exists a positive integer z such that ¢(z) > 1. We can put ¢(z) = z® with
0<a<1 Let 0<neZ. Then we can put n:ngolcizi with 0 <¢; < z
and 1 <k€Z, cu_1 #0. Then zF~1 <n < 2F and

o) < 3 eaple) <23 oloy = PE U )
B p(z) =1 = p(z) -1 '
Put A = 2¢(2)/[¢(2) —1]. Then @(n) < Az** =1 < Ap®. Taking n™ in place
of n, we obtain p(n™) < An™®, and so ¢(n) < AY™n® Making m tend to
oo, we obtain p(n) < n®. Since 21 < n < 2F we can put n = 2*
an integer w such that 0 < w < 2% — 2F=1. Then p(w) <w* < (zk -z
and so
p(n) = (") = p(w) = 24 — (28 — A h)e =2re {1 — (1 -271) ]

Put B =1— (1 — 2712 Then ¢(n) > Bz** > Bn®. Taking n™ in place
of n and making m tend to oo, we find that ¢(n) > n®. Thus we obtain
©(n) =n2. For 0 <n' € Z we have o(£n'/n) = p(n')/¢(n) = (n'/n)*. This
means that ¢ is equivalent to ., and proves the case in which ¢(z) > 1
for some positive integer z.

Next suppose ¢(z) < 1 for every z € Z. We can find a prime number
p such that ¢(p) < 1. (Otherwise, the prime decomposition of a rational
number shows that ¢(a) = 1 for every a € Q*.) Suppose there is a prime
number ¢ # p such that ¢(q) < 1. For every positive integer m, we can find
integers r and s such that 1 = rp™ + s¢™. Then 1 = ¢(1) < o(r)e(p)™ +
o(8)p(@)™ < p(p)™ + ¢(q)™, which tends to 0 as m — oo, a contradiction.
Thus there is only one prime number p such that ¢(p) < 1. Put ¢(p) = p©
with ¢ € R. Given z € Q*, we have z = +p"»(*)a/b with integers a and
b whose prime decompositions do not involve p. Then ¢(a) = p(b) = 1, and
so o(z) = p(p)»@® = p¥r@) =, (2)°. Thus ¢ is equivalent to ¢,. This
completes the proof.

—w with
kfl)a

)
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Theorem 6.15: Product formula. For ¢ and ¢, as in Theorem 6.14
we have

Poo(@) [, op(z) =1 for every z € Q.

PrOOF. Given x € Q*, we can put x = :I:prap with a, € Z, where
Hp means the product over all prime numbers p. Then ¢,(z) = p~% and
Yoo(x) = |z|, and clearly our formula holds.

Exercises. 1. Let R =J,_, p~"Z with a prime number p. Prove: (i)
R+Z,=Qp,and RNZ, =Z; (ii) R/Z as a module is isomorphic to Q,/Z,,.

2. Let p be a prime number, S, the group of all p™-th roots of unity in C,
and S = (J;—, Sy Using the results of Exercise 1, show that the multiplicative
group S is isomorphic to the additive group Q,/Z,.

3. Show that Q,, if p # 2, contains no p-th root of unity other than 1.

4. Let v be a normalized discrete order function of a field F. Suppose
that F' is complete and the residue class field is a finite field with g elements.
Let ¢ € F with v(c) = 0. Prove that the sequence {c?" }5%, converges to
an element b of F such that b1 =1 and v(b—c) > 0.

5. With F and v as in Exercise 4, let X be the cyclic group generated
by a fixed prime element of F, and Y the group of all roots of unity y such
that y9 1 =1;let 1+ M = {z € F|v(z — 1) > 0}. Prove that F’* is the
direct product of X, Y, and 1+ M.

6. Compute [Q) : Q)?], where QX* = {a*|z e Q) }.

7. Prove in the following steps that every automorphism f of the field Q,
is the identity map.

(a) Show that f is the identity map on Q.

(b) Let = € Z. Write f(z)=p™z with z € Z) and an integer m. Derive
a contradiction if m # 0, by showing that there exists a rational integer b,
prime to p, such that bz = u™ with u € Z;’ and a positive integer n > |m|.

(c) Complete the proof by showing the continuity of f.

7. Hensel’s lemma and its applications

In this section F' is a field with a discrete order function v; R denotes the
valuation ring, and M its maximal ideal.

Lemma 7.1. Let a, b, ¢ € k[x], where k is a field and x is an indeter-
minate. If a and b are relatively prime and b # 0, then there exist elements
u, v € k[z] such that ¢ = au+ bv and deg(u) < deg(b).

ProOF. Take u, v without the condition deg(u) < deg(b). We can put
u = bq +uy with ¢, u1 € k[x] such that deg(u1) < deg(b). Then ¢ = auy +
b(aq + v), and we have only to replace (u, v) by (u1, aq+ v).
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Theorem 7.2 (Hensel’s lemma). Suppose F' is complete; put k = R/M.
For a € R (resp. a € R[z]) denote by a the residue class of a modulo
M (resp. Mlz]). Given f € Rlx], ¢ M|[z], suppose that f = g*h* with
g%, h* € k[z] such that (g%, h*) = 1. Then there exist elements g, h € R[z]
such that f = gh, g = g*, h=h*, and deg(g) = deg(g™).

PROOF. Let r = deg(g*), s = deg(h*), and m = deg(f). Clearly r + s <
m. We construct inductively two sequences {g;}72, and {h;}32, in R[z] so
that

f=gnhny  Gnt1 = 9gny  hng1 = by (mod M™[x]),

deg(gn) =T, deg(hn) <m-—r.

First take g1, h1 so that g = g*, hy = h*, deg(g1) = r, and deg(h1) = s.
Suppose g, h,, are already defined; take any ¢ € R so that v(c) = n. We can
then put f—gnh, = ct with t € R[z]. Let gn+1 = gn+cu and hyy1 = hp+cv
with u, v € R[z]. Since [ — gny1hnt1 = c(t — uhy, — vg, — cuv), we have to
take u, v so that uh* +vg* = t. Since (¢g*, h*) = 1, we can find such wu, v.
By Lemma 7.1 we can take them so that deg(u) = deg(u) < deg(g*) = r
and deg(v) = deg(v). Also deg(gnt1) = 7, and deg(v) + r = deg(vg*) =
deg(t — uh*) < m. Thus deg(v) < m — r, and hence deg(h,41) < m —r.
We can therefore establish the desired sequences. Let ¢ = lim,, . g, and
h = lim,, o hy,. (These are meaningful, since the degrees of g, and h,, are
bounded.) Then we obtain the desired conclusion.

lemma 7.3. If F' is complete and R/M is a finite field with q elements,
then R has a primitive (q— 1)st root of unity. Moreover, ils powers, together
with 0, form a complete set of representatives for R/M.

PROOF. Apply Hensel’s lemma to f(z) = 2971 — 1.

Theorem 7.4. Suppose F is complete; let g(x) = ap + a1z + -+ + apa™
be an irreducible element of F|x]. Then

Min{v(a;) |0 <i <n} =Min{v(ag), v(an)}.

PROOF. Assuming Min{v(a;) | 0 < i < n} < Min{v(ao), v(as)}, take the
smallest j such that v(a;) = Min{v(a;) | 0 <i < n}. Then 0 < j < n and
j_lak € M for k < j, and so a,j_lg =271+ +cpz™7) (mod Mlz]) with
¢n € R. Applying Hensel’s lemma to aj_lg, we find that ¢ is reducible, a

contradiction.

a

Corollary 7.5. Let g(z) = 2" + byz" ' +--- + b, € Flx]; suppose F is
complete, g is irreducible, and b, € R. Then g € R[z].

This is merely a special case of Theorem 7.4.
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7.6. Before proceeding further, let us recall the notion of the trace and
norm maps of a finite algebraic extension K of a field F. To simplify our
exposition, we consider only the case where K is separable over F. Given such
a K, we can find a Galois extension M of F containing K. Put G = Gal(M/F)
and H = Gal(M/K). For « € M and ¢ € G we denote by a“ the image of
« under o. Thus H = {U e | o’ = « for every «a € K}. Take a subset R
of G so that G =| | . Ho. Then for a € K we put

(7.1) Nisp(a) =[] 7, Trgyp(a) =) a”.
ogER ogER

We easily see that these are elements of F' determined independently of the
choice of M and also of R.

Clearly
(7.2) NK/F(Oéﬁ) = NK/F(O‘)NK/F(ﬂ)a
(73) TI"K/F(COé—f'dﬁ) :CTI'K/F(Oé)—‘rdTI'K/F(ﬂ)

for a, € K and ¢, d € F.

7.7. The notation being as in §7.6, let [K : F] =n and R = {01, ..., on}.
Thus G = | |_, Ho;. Given n elements o, ..., a, of K, we put
(7.4) D(ay, ..., ap) =det [Trg/r(ai0;)] ijl,
0/171 04‘172 04‘17"
(7.5) Alag, ..., an) =det(A), A= . . .
agt  ag? agn
Then we have
(76) A(alv et an)Q = D(alv et Oén)7
(7.7) AL g, e =T =€) (EeK).

i>j

The last formula is well known. To prove (7.6), observe that the (i, k)-entry of
AtAis YT o)’ oy’ = Tryp(ogay). Therefore det(A-fA) = D(ov, ..., an),
which gives (7.6). Take £ € K such that K = F(£), and take o1 = 1, so that
7 =& Put f(z) =[[_;(x —&%%). Then f is the minimal polynomial of &
over F, and we easily see the

(78) A(L Eoy oy gn—l) = (_1)71(11—1)/2 H fl(f)gi
1=1

= (_1)n(n_1)/2NK/F [f/(f)] .

Theorem 7.8. For a finite separable extension K of F, the following as-
sertions hold:
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(i) We have D(aq, ..., an) # 0 if {ai}y is an F-basis of K, and conse-
quently the F-bilinear map (o, B) — Trg p(af) of K x K into F is nonde-
generate.

(ii) Let L be a finite algebraic extension of K. Then, for every a € L,

Npjp(e) = Ngyp(Npjk (@) and Trp p(a) = Trg p(Trp k(@)

(iii) Let the notation be as in (7.1), and for a fixed o € K let g(x) be
the minimal polynomial of a over F. Then [] .p(z — a?) = g(x)*, where
k=[K:F(a).

(iv) For a € K let p(a) denote the F-linear endomorphism & — af of K
as a vector space over F. Then Ng/p(a) = det[p(a)] and Trgp (o) = tr[p(a)].

PrOOF. We prove here only (i), (iii), and (iv), as (ii) is an easy exercise.
Our first task is to show that det [Tr/r(a;oy)] ijl # 0 for an F-basis
{a;}1, of K. Take an element ¢ of K so that K = F(¢). Then {¢”}7Z] is
an F-basis of K, and the desired fact follows from (7.6) and (7.7). Assertion
(i) follows also from a well known fact that any finite number of distinct
homomorphisms of a group into F'* are linearly independent over F. To prove
(iii), take M and G as in §7.6; let J = Gal(M/F(a)). If o runs over R,
then we see that o runs over the conjugates of a over F' exactly [J : H]
times. Assertion (iii) follows from this fact immediately. The notation being
as in (iv), we easily see that g¢(z) is the minimal polynomial of p(«), since
a — p(«) is injective. Let f(x) be the characteristic polynomial of p(«). It is
well known that f divides the power of g. Since ¢ is irreducible and f is of
degree [K : F], we see that f = g*. Thus f(z) =[], cp(z — a“), from which
we obtain (iv).

8. Integral elements in algebraic extensions
In this section F' is the field of quotients of an integral domain R.

8.1. Let a be an element of an algebraic extension L of F. We call «
integral over R if

(8.1) a"+eca" o0, =0

with ¢; € R and n > 0. Let £ € L. Then & + b1&™~ ! + ... 4+ b, = 0 with
some b; € F and m > 0. We can find a nonzero element a of R such that
ab; € R for all i. Then (a&)™ + aby(a&)™ ! + -+ a™b,, = 0, and so af is
integral over R. Thus any element of L times a suitable nonzero element of R
is integral over R. The set of all the elements of L integral over R is called the
integral closure of R in L. We call R integrally closed if every element
of F' integral over R is contained in R.
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Lemma 8.2. Let R be a unique factorization domain. Then R is integrally
closed, and more generally the polynomial ring R[x1, ..., x,] with indepen-
dent indeterminates x1, ..., T, is integrally closed. In particular, a principal
ideal domain is integrally closed.

PROOF. Let a = a/b with relatively prime elements a and b of R; sup-
pose (8.1) holds with ¢; € R. Then a” = —b(cia” ! + --- 4 ¢,b" ). This
is a contradiction if b ¢ R*, and so b € R*. Thus « € R, which means
that R is integrally closed. By Theorem 1.2, any principal ideal domain and
R[zy, ..., x,] are unique factorization domains. Thus we obtain our lemma.

Lemma 8.3. Let « be an element of an algebraic extension L of F. Then
a s integral over R if and only if a is contained in a subring of L that is a
finitely generated R-module.

Proor. If (8.1) is satisfied with ¢; € R, then o™ = =" | ¢;a™ " for
m > n, and so we can show inductively that every power of a belongs to
S Ral, and so R[a] = Y17 Ra’. Conversely, suppose a € B with a
subring B of the form B = Zle Rp; of L. Then af; = Z?Zl cij3; with
¢ij € R, and so the matrix aly — (¢;;) annihilates the vector (5;). If o # 0,
then (5;) # 0, so that det[aly — (c;5)] = 0, which is an equation of the form

(8.1), and so « is integral over R.

Lemma 8.4. Let «, B be elements of an algebraic extension L of F, inte-
gral over R. Then a+f and af are integral over R. Consequently the integral
closure of R in L is a subring of L. Moreover, L is its field of quotients.

ProOF. We have Rlo] = R+ Ra+ -+ Ra"! and R[8] = R+ RS +
-+ + RA™ ! with some n and m. Then R, 8] =3, _, dicm Ra'f37, and
this ring contains « + § and «f. Therefore by Lemma 8.3, those elements
are integral over R. Also every element of L times a suitable nonzero element
of R is integral over R. Thus we obtain our proposition.

Lemma 8.5. Let L be as above, and B a subring of L containing R; let
a € L. If a isintegral over B and every element of B is integral over R, then
« s integral over R. Consequently the integral closure of R in L is integrally
closed.

PRrROOF. Take (8.1) with ¢; € B. Since the ¢; are integral over R, the same
technique as in the proof of Lemma 8.4 shows that Rlcy, ... , c,] = 2272, Rd;
with some d;. Then Rle, ..., ¢n, o] = Y20, 30| Ra*d;, and so by Lemma
8.3, « is integral over R. Thus we obtain our lemma.

Theorem 8.6. Suppose R is integrally closed; let f(x) € R[z] and f = gh
with monic g and h in F[x]. Then both g and h belong to R|x].
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Proor. Let g(z) = [[;(x — o;) in an extension of F. Then the «; are
integral over R and so the coefficients of g, being the elementary symmetric
functions of the «;, are integral over R. Since they belong to F' and R is
integrally closed, they belong to R.

As an immediate consequence of this theorem we obtain

Corollary 8.7. Suppose R is integrally closed; let « be an element of an
extension of F' integral over R. Then the minimal polynomial of « over F
has coefficients in R.

Lemma 8.8. Suppose R is integrally closed; let K be a separable extension
of F of degree m, and B the integral closure of R in K. Then Trg,p and Ni/p
maps B into R. Moreover, if R is a principal ideal domain, then B is a free
R-module of rank n.

Proor. If a € B, then a“ of (7.1) also belongs to B, and so Trg,/p(c)
and Nk, p(a) are integral over R. This proves the first assertion, since R is
integrally closed. Let {&;}7, be an F-basis of K. Changing this for {c&;}",
with a suitable ¢ € R, we may assume that ¢ € B. Let o € B. Put a =
>, bi& with b; € F. Then > b Trg/p(&i&;) = Trx p(a;) € R for every
j. Put d = det (TrK/F(&éj)). Since Trg/p(£:€;) € R, we see that b; € d 'R.
Therefore B C d~'>""" | R¢;. By Theorem 5.1, B is a free R-module of finite
rank; the rank must be n, since & € B.

8.9. Let Q denote the algebraic closure of Q in C. An element of Q
integral over Z is called an algebraic integer. A subfield K of Q is called
an algebraic number field. In general [K : Q] may be infinite. In this
book, however, whenever we speak of an algebraic number field, we always
assume that it is of finite degree over Q.

If K is an algebraic number field, the ring of all algebraic integers in K
(that is, the integral closure of Z in K) is traditionally called the maximal
order of K. We denote it by Jg. By Lemma 8.8, Jk is a free Z-module of
rank [K : Q]. We have

To prove this, take the Galois closure L of K over Q. Let a € Jg. Then a% €
Jp for every o € Gal(L/Q), and so by (7.1), Ng/q(a) = af with g€ Jp. If
Nk /q(a) = £1, then a ! =+p€ J NK = Jk, and so a € J;. Conversely,
if o€ Jg, then € JJ, and so Ng/q(a) € J; NQ = J; NZ = {£1}. Thus
Ng/q(a) = £1, and we obtain (8.2).

9. Order functions in algebraic extensions

In this section F' is a field with a discrete order function v; R denotes the
valuation ring, and M its maximal ideal; we put k = R/M.
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9.1. Let K be a finite algebraic extension of F, and p an order function
of K that coincides with cv on F with a positive real constant c. Let R’ be
the valuation ring of y and M’ its maximal ideal. Clearly R = R’ N F and
M =M'NF. Put ¥ = R'/M'. then k can be viewed as a subfield of k’. We
put

Fu/v) =K K, elu/v) = [n(K>) < cv(FX)].

These are called the residue class degree of  over v and the ramifi-
cation index of i over v. We are going to show that they are finite. The
finiteness implies that p is discrete if v is discrete.

We say that v is ramified (resp. unramified) in K if e(u/v) > 1 for
some p that extends v to K (resp. if e(u/v) =1 for every p that extends
v to K).

If L is a finite algebraic extension of K and A is an order function of L
that coincides with a constant multiple of 1 on K, then clearly

e(\v) =eNpe(u/v), — fOA/v)=FA/mfu/v).

Lemma 9.2. For o« € R’ let o denote its residue class modulo M'.

Let aq, ..., ay € R'.If a1, ..., ap are linearly independent over k, then
a1, ..., Qm are linearly independent over F, and

(%) plerar + -+ 4 o) = Min(v(cr), - .., v(cm))

for ¢; € F.

PRrOOF. Take m elements ¢; of F'; suppose at least one of them is nonzero.
Let v(cj) = Min(v(c1), ..., v(¢m)). Then ¢; # 0. Put b; = cj*lci. Then b; €
R and ), bja; # 0, since b; = 1. Thus (>, bicy;) =0, and so u(>_, cio) =
v(cj) < oo, which gives (). Therefore )", c;a; # 0, which proves the linear
independence of the «;.

Theorem 9.3. [K : F| > e(u/v)f(p/v).

PRrROOF. For simplicity we assume that 4 = v on F. Take oy, ..., o € R
so that ay, ..., au, are linearly independent over k; take w1, ...,y € K*
so that the cosets v(F*) + u(y;) for 1 < i < ¢ form a disjoint union in
w(K™). Suppose Zi)j cijay; = 0 with some ¢;; € F. Put bj = Y. ¢;j0. Then
>-;bjy; = 0.1f b; # 0, then by Lemma 9.2, u(b;) = Min(v(cyj), ..., v(cmy))
€ v(F*), so that pu(bjy;) € v(F*) + p(y;). Thus the u(b;y;) for all j such
that b; 7# 0 are all different, and so > b;y; # 0, a contradiction. Therefore
bj = 0 for all j, that is, ), cj0q = 0 for all j. Since the «; are linearly
independent over F, we obtain ¢;; = 0 for all ¢ and j, which means that the
a;y; are linearly independent over F, and hence mt < [K : F|.

From this proof we immediately obtain
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Corollary 9.4. Suppose 1 = v on F and [K : F] = e(u/v)f(u/v);
take o, ..., a5 € R so that ai, ..., ay form a k-basis of k' and take
Y1, -5 Ye € K* s0 that p(K*) = |_|;:1 (V(F*) 4+ u(y;)). Then the azy; for
1<i< fand1<j<e form an F-basis of K.

Theorem 9.5. Suppose F is complete; let K be a finite (separable or
inseparable) algebraic extension of F. Then

(1) v can be uniquely extended to an order function p of K.

(2

(3

W is discrete.
K is complete with respect to .

(4) [K : F] =e(p/v)f(u/v).

(5) Let R’ be the valuation ring of p. Then R’ is the integral closure of R
in K and R’ is a free R-module of rank [K : F].

(6) Let b be an element of K such that p(b) > 0 and let hy(x) = 2™ +
Z;T;Ol c;xt be the minimal polynomial for b over F. Then v(c;) > 0 for every
i

o — — —

PROOF. Put n = [K : F] and p(a) =n"'v(Ng,/p(a)) for every a € K*;
put p(0) = co. Clearly u = v on F and p(ab) = p(a) + p(b). For a fixed
a € K* let ¢ be the minimal polynomial of a over F, d = deg(g), and ¢
the constant term of g. Then by Theorem 7.8(iii), Ng,r(a) = +¢™/? and so
u(a) = d=v(c). Let us now prove

(%) pula) >0 = pu(l+a)>0.

If p(a) > 0, then v(c) > 0, and so g € R[z] by Corollary 7.5. Thus a is
integral over R. In addition, 1+ a is a root of the polynomial h(x) = g(z—1),
whose constant term, say ¢/, belongs to R. Therefore u(14+a) =d tv(c’) >0,
which proves (x). If =,y € K and p(x) > u(y), y # 0, then u(x/y) > 0;
hence p(x+y) = ply) +p(l+ (z/y)) > p(y) by (). Therefore p is an order
function of K. (It satisfies condition (iv) of §6.1, since u = v on F.) Clearly
it is discrete.

To prove the uniqueness of p and (5), let A be an extension of v to K and
let R* be the integral closure of R in K; let R resp. R” be the valuation ring
of u resp. A, and M’ resp. M" the maximal ideal of R’ resp. R”. We have
seen that R’ C R*. Now, if a € R*, then a™ + cia™ ' 4+ -+ + ¢,, = 0 with
some ¢; € R. If AMa) <0,then a« #0and 1 = —cja™t — -+ —¢,,a™™, and
hence A(1) > 0, a contradiction. Thus A(«) > 0. This shows that R* C R”.
Taking p as A, we find that R* = R’. Suppose R’ # R”; then R” has an
element y such that u(y) < 0. We easily see that K = (J;—,y*R' C R’,
which is impossible. Therefore R' = R”, and M’ = M", since the valuation
ring has a unique maximal ideal. Take m € R’ so that M’ = wR’. Clearly
Ma) = p(a) =01if a e (R)*.If a € xa"(R')* and r # 0, then A a)/p(a) =
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rA(m)/[rp(m)] = A(w)/u(m). Thus A/p is a constant on the set of all such a’s,
which must be 1, since A = on F.

Put e =e(u/v) and f = f(u/v). Then ef < n by Theorem 9.3. To prove
the remaining part of our theorem, we may assume that p(K*) = Z; then
v(F*) = eZ. Take a complete set of representatives S for k = R/M including
0; take also a1, ..., ay € R’ so that a1, ..., ay form a k-basis of R'/M’.
Let T be the set of all linear combinations Z{:l sia; with s; € S. We easily
see that T gives a complete set of representatives for R’'/M’'. Let 7 resp. 7
be a prime element of R’ resp. R. For 0 < m € Z we put m,, = 7'7J with
nonnegative integers ¢ and j such that i < e and m = ej+1i. Then, p(m,,) =
m, and given a € R, by the same argument as in the proof of Theorem 6.8(iv),
we can find {,,}°°_ C T such that @ — . _ tpm, € (M)NF1 for every
N € Z, > 0. This can be written in the form a—Y¢_, ;;é tijmitd € (M')e
with t;; € T for 0 < r € Z. We have t;; = Z£:1 Shijon With sy € 5.
Put by; = Z?io S}“‘jTj. This is meaningful as an element of F, since F is
complete. Then a — Y20 S bpiniay, € (M) for every r € Z, > 0,
and so a = 30 2 _ byl This shows that R = S0 2| Rriay,
and consequently K = Ef;ol E£:1 Fr'ay. Since ef < n = [K : F], we see
that the elements 7‘aj, form an F-basis of K and ef = n; also R’ is a free
R-module of rank n.

To prove that K is complete, we first note that if a = Zh’i bpimiay, with
bni € F, then

(%) wla) >re = v(bp) >r.

Indeed, if u(a) > re, then Z,m. T b, = 77 "a € R, and so 7 "by; €
R, which proves (xx). Now let {an,}2°_; be a Cauchy sequence in K. Put
am = Y i bnimiap, with by,p; € F. By (xx) we easily see that {by,n:}°_; is
a Cauchy sequence in F for every (h,i), and therefore convergent. Thus we
obtain the desired convergence of {a,,}, which proves (3). Let b and hy be
as in (6). Take the smallest normal extension L of F' containing K and the
roots of hy. Then hy(z) = [[/~,(z — 3;) with (; € L. For each fixed i there
exists an isomorphism o of F(b) onto F(8;) over F such that b° = [3;. This
o can be extended to an automorphism of L over F. Applying (1) to L, we
can extend p uniquely to an order function A of L. The uniqueness shows
that A(a”) = A(a) for every a € L, and so A(B;) = A(b) = u(b) > 0. This is
so for every i, and the conclusion of (6) follows from this fact. This completes
the proof of our theorem.

Since p is unique, we often write e(K/F) and f(K/F) for e(u/v) and
f(p/v). We say that K is ramified, totally ramified, or unramified over
F according as e(K/F) > 1, e(K/F)=[K : F],or e(K/F)=1.
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Corollary 9.6. If K is a finite algebraic extension of F, then v can be
extended to an order function of K (even if F is not complete).

Proor. We have K = F(aq, ..., a,,) with some «;, and so it is sufficient
to prove the case K = F(a) with a single element «. Take an irreducible
polynomial g(x) in F[z] such that g(a) = 0. Let F* be the v-completion of
F'. Take an extension F'*(/3) with a root of ¢g considered over F*. The above
theorem guarantees an extension of v to F*((). Since F'(«) is isomorphic to
the subfield F'(3) of F'*(/3), we obtain our assertion for such a K.

Theorem 9.7. Suppose F' is complete and k is a finite field with q ele-
ments; let L be a finite algebraic extension of F, and let f = f(L/F). Then
the following assertions hold:

(i) There is an extension K of F contained in L such that e(K/F) =1 and
[K : F|=f(K/F)=f. (Consequently f(L/K)=1 and e(L/K) =¢(L/F).)

(ii) Every unramified extension of F contained in L is contained in K.
Consequently K is uniquely determined by property (i).

(iii) K = F(vy) with a root of unity v of order ¢f — 1, where q is the
number of elements of k.

PrOOF. We first recall that for every positive integer n, k has a unique
extension of degree n, which is generated by a root of unity of order ¢ — 1;
see §1.9. Now put m = ¢f — 1. By Lemma 7.3, L contains a root of unity
v of order m. Let K = F(v) and let ko (resp. ki) be the valuation ring
of K (resp. L) modulo its maximal ideal. Since =, the residue class of ~,
is contained in kg, the last part of Theorem 7.2 shows that v is of order
m, and ko = ki. This shows that f(K/F) = f. Let g(x) be the minimal
polynomial of ~ over F. Then ¢ divides ™ — 1, and so has no multiple
root. Therefore Hensel’s lemma shows that ¢ is irreducible over k. Thus
[K : F] = deg(g) = deg(g) = f, as v is of order m. This proves (i). Since
e(K/F)f(K/F)=[K : F], we obtain e(K/F) = 1. Notice that L = K if L is
unramified over F. Now let H be an unramified extension of F' contained in
L; let h = f(H/F). Take H in place of L. Then H is generated over F by a
root of unity of order ¢" — 1. Since h|f, that root of unity is a power of -,
and so H C K. This proves (ii). Once we know the uniqueness of K, then (iii)
is included in the first part of our proof.

Theorem 9.8. Suppose F' is complete; let F be an algebraic closure of F';
let g be the number of elements in k. Then the following assertions hold:

(i) For every positive integer n, F contains a unique unramified extension
of F' of degree n.

(ii) Such an extension is cyclic over F' and generated by a primitive m-th
root of unity, where m = q" — 1.
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PRrROOF. Let K be the splitting field of 2™ — 1 over F' contained in F with
m as above. Observe that the characteristic of F' is either 0 or the prime
number that divides ¢. Since 2 — 1 has no multiple root, we have K = F(«)
with a primitive m-th root of unity «. Then z™ —1 = HZZ_Ol(a: —a'). Let g
be the minimal polynomial of « over F. Repeating the last part of the proof
of Theorem 9.7, we see that ¢ is irreducible. Now 2™ —1 = Hﬁ_ol(x —a')in
the residue field, and since =" — 1 is a separable polynomial over k, we see
that « is of order m. Therefore the first statement of the proof of Theorem
9.7 shows that n = deg(g) = deg(g) = [K : F]. Then clearly n = f(K/F),
and so e(K/F) = 1. To prove the uniqueness, take an unramified extension
L of F of degree n. By Theorem 9.7(i, iii), L is generated by a root of unity

of order m, and so must coincide with the above K.

In the setting of the above proof let G = Gal(K/F'). Then g(z) =[], ¢
(x — a7). Since the extension of the order function of F' to K is unique by
Theorem 9.5, we see that every o € G sends Rx and My onto themselves,
and so o induces an automorphism of Ry /M, which we denote by 7. We
have then g(z) = [[,cq (z — (a)?). Since g is irreducible, this means that
Gal(r/p) = {6|0 € G}, where k = Rk /Mg and ¢ = Rp/Mp. Therefore
o +— & gives an isomorphism of Gal(K/F) onto Gal(k/p), and we easily see
that

(9.1)  Nyjpla) = Ngyp(a) and  Tr,,,(a) = Trg,p(a) (a € Rk).

Theorem 9.9. Suppose F' is complete; let K be a finite algebraic extension
of F.

(i) If K is unramified over F, then Rk = Rp[y] with a root of unity v as
in Theorem 9.7(iii).

(ii) If K is totally ramified over F, then Rx = Rp[r] with any prime
element m of K.

PROOF. Our assertions are special cases of the formula R =), j Rpoymd
shown in the proof of Theorem 9.5.

Theorem 9.10. Let F' be a finite algebraic extension of Q. Then the
following assertions hold:

(i) If K is an abelian extension of I' of degree n, then [F* : Ng p(K*)] =
n.

(ii) In particular, if K is unramified over F, then Nk p(Ry) = Rp, and
F*/Ng p(K*) is generated by the coset represented by a prime element of
F.

(iii) Let F be an algebraic closure of F. Then, assigning Ng/p(K*) to
every finite abelian extension K of F' contained in F, we obtain a bijection of
the set of such K onto the set of all subgroups of F'* of finite index.
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PRrROOF. These are basic facts in local class field theory, which was first
presented by Chevalley in [C]. Here we prove (ii) as stated; we prove (i) only
in the following two cases: (a) K is unramified over F; (b) [K : F] = 2.
The latter case will be proven in Theorem 21.15. As for (iii), we will prove
it only when F = Q, and n = 2. We first discuss (ii) by considering an
unramified extension K of F. Take any prime element m of F' and let G =
Gal(K/F'). Then for every b € Rx and 0 < a € Z we have Nk, p(1 +
) = 1+ 7 Trg/p(b) + 7" te with ¢ € Rg. Clearly ¢ € Rp, and so
Ng/p(1+7) = 1+ 7Trg p(b) (mod MEth). Given 14793 with 8 € Ry,
we can find, in view of (9.1), an element b € Rg such that Trg/p(b) —
B € Mg, as Tr,/,(k) = @, where kK = Rg /Mg and ¢ = Rp/Mp. Then
Ng/p(1 4+ 7*b) = 1 + 73 (mod Mf,i“). Applying the same procedure to
(1+7B) ' Ng,p(1+7%) with a+1 in place of a, we eventually find that
Ni/p(1+ Mg) =14 Mp. Since N,,;,(k*) = ¢*, given v € Ry, we can find
an element ¢ € Ry such that N, (¢) = v, that is, WNK/F(a)*l €l+ Mp.
Thus v € (1+ Mp)Ng r(Ry) C Ng/r(Rg), and so R, = N /p(Rj). Since
K* = ez ™R, we have Ny p(K*) = | |,cq 7" R}, which shows that
[F*: Ng/p(K*)] =n.

Next suppose F' = Q, and n = 2. In Theorem 6.12 we enumerated all
quadratic extensions K of F. For each p there exists a unique unramified
quadratic extension by Theorem 9.8. We have to consider only the case in
which K is ramified over F, as the unramified case has been proved in general.
We first treat the case p # 2. By Theorem 6.12(i) we see that K = Q,(/p)
or K = Qu(/pr), where r is a quadratic nonresidue, and Rx = Z,[,/p] or
Ry = Zy[\/pr] accordingly by Theorem 9.9(ii). For simplicity let us write R
and N for Rk and Nk, p. If a+b/p € R* with a, b € Zy,, then a € Z;;, and
N(a+by/p) = a*—b*p = a* (mod pZ,). This combined with Lemma 6.11
(i) shows that N(R*) = Zx?. Since —p = N(,/p), we obtain the first of the
following two formulas:

(92) NE*)={(-p)™|meZ} -2x? if K=Qu(/p), p#2,
(9.3) N(E*)={(-rp)™|meZ} 23> if K=Qu(ypr), p#2.

Here r is a quadratic nonresidue modulo p. The latter formula can be shown
by the same argument. We thus obtain [Q, : N(K*)] = 2 in both cases.
In the unramified case we have N(K*) = | |, .z p*"Z). Therefore N(K*)
determines K when p # 2.

Next suppose p = 2. There are seven quadratic extensions of Qs as listed
in Theorem 6.12 (ii). Let ¢ = (—1++/—3)/2. Then Q2(¢) = Qa(v/—3), which
is unramified over Qy by Theorem 9.8 (ii). In this case the general results we
proved show that N(Rg) = Z5 and [QJ : N(K™)] = 2. We now present the
table of N(K*) for the seven quadratic extensions K of Qa.
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K Nk, (K*)
Q2(v-3) 4225
Q2(vV-1) 2Z (v eZy|a—1€4Zy}
Q2(V3) (—2)% - {z € Zs |z —1€4Zy}
Q2(v2) 22z € Zy|w £ 1€8Zs)
Q2(v/-2) 22 . {z€Zy|x—1€8Zy or v —3€8Zy}
Q2 (V6) (—2)%-{x€Zy|2x—1€8Zy or v —3 € 8Ly}
Q2(V-6) 6% {z € Zs|z£1€8Z)}

Here a% = {am | m & Z}. To prove these, we note that
{z €Zy|a—1€8Zy} =252 C N(R¥).

Let K = Qa(v/—1) and 7 = 1+ y/—1. Then N(7) = 2 and R = Zs[n]. If
a+bm € R* with a, b € Zy, then a € Z and N (a+br) = a®>+2b(a+b) = a* =
1 (mod 4Z) and 5 = N(142y/—1). Since {z € Z, |x—1 € 4Z,} is generated
by Z5? and 5, we obtain N(K*) for K = Qqz(v/—1). If K = Q2(+/3), we can
use the same technique with 7 = 1 + /3, and observe thatN(7) = —2 and
N(3+2v/3) = —3. In the remaining four cases we have R = Zy + Zy+/m with
a multiple m of 2, and for a, b € Zs we have a + by/m € R* if and only if
a € Z3. Thus N(R*) = Z5? N(1+Zyy/m) = Z5%- {1 - b>m|b € Zy}. Now
1—b*m € 14+8Zy if b € 2Zy and 1—b*m = 1—m (mod 8Zs) if b ¢ 2Z5. Also,
N(2++v2)=2, N(vV/—2) =2, and N(v/—6) = 6. Thus we obtain N(K*) as
given in the above table. Clearly [QJ : N(K*)] = 2 in all cases. If H is a
subgroup of Q; of index 2, then Q52 C H. Since Q, /Q;? is isomorphic to
(Z/2Z)3, we see that there are exactly seven such H, and clearly the above
N(K*) exhaust them.

Exercises. 1. Let F' be a field with a normalized discrete order function
v, and let f(z) = 2" +cia" '+ .-+ ¢, 17 + ¢, with ¢; € F; suppose that
v(c1) > 0,...,v(cp—1) > 0, v(cn) = 1. (Such an f is called an Eisenstein
polynomial, f =0 an Eisenstein equation.)

(a) Let u be an extension of v to F(s) with any root s of f. Prove that
u(s) =1/n.

(b) Using (a), prove that f is irreducible over F.

(c) Prove that every totally ramified extension of F' is generated by such
an s.

2. Let F be a field complete with respect to a discrete order function
v, and K a finite algebraic extension of F' of degree n. Suppose that K is
totally ramified over F' (that is, e(K/F) = n), and the characteristic of the
residue class field k of v does not divide n. Prove that K = F(«) with an
n-th root « of a prime element of F. (Hint: Take a prime element § of K
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and find a prime element v of F such that v(y~'3" — 1) > 0. Use Hensel’s
lemma to find an n-th root of y~13".)

3. Let F, k, and v be as in Exercise 2; suppose that k is a finite field
with ¢ elements. Let K be a finite separable algebraic extension of F'; let Rx
resp. Rp denote the valuation ring of K resp. F. Prove that Rx = Rp[a] for
some a € Jg. (Hint: Let M = F(y) (7™ =1, m = ¢/ — 1) be the maximal
unramified extension of F' contained in K, and 7 a prime element of K. If
K # M, put 8 =~+m and show that 8™ —1 is a prime element. Recall the
formula Ry = Z” Rpa;mi.)

4. Let F be a finite algebraic extension of Q, and K a finite abelian
extension of F. Employing Theorem 9.10, prove that K is unramified over F
if every unit of I is contained in Ng,p(K*). (Hint: Let 7 be a prime element
of F. Then |J,cq Rp7™ C Ng/p(K*), where n = [K : F].)

10. Ideal theory in an algebraic number field

In this section Q denotes the algebraic closure of Q in C, F an algebraic
number field of finite degree contained in Q, and J = Jp its maximal order.

10.1. By a fractional ideal in F' we mean a J-submodule X of F' such
that {0} # aX C J for some « € F*. Let Y be an ideal of J different from
{0}, and let ¢ be a nonzero element of Y. Then ¢J C Y C J. By Lemma
8.8, J is a free Z-module of rank n, where n = [F : Q], and so Y is a free
Z-module of rank n by Theorem 5.1. Thus, every fractional ideal in F' is
a free Z-module of rank n, and consequently contains a Q-basis of F. Thus
every fractional ideal is a Z-lattice in F, and every Z-lattice in F' that is a
J-submodule is a fractional ideal.

We call a fractional ideal Y integral if Y C J. A fractional ideal that is
integral is called an integral ideal. An integral ideal is an ideal of .J different
from {0}, and vice versa. Thus [J : Y] is finite if ¥ is an integral ideal, in
which case we put

(10.1) N(Y)=[J:Y],

and call N(Y) the norm of Y. Clearly N(Y) < N(X) if X G Y. For every
a € F* | the set aJ is a fractional ideal. Such an ideal is called a principal
ideal (even if it may not be contained in J).

Lemma 10.2. Let P be a prime ideal of J different from {0}. Then P is
a mazximal ideal of J and J/P is a finite field.

Proor. This is because J/P is a finite integral domain, and so must be a
field.

Let p be the characteristic of the field J/P. Then N(P) = p/ with 0 <
f€Zand pZ=7ZNP =QnNP. By a prime ideal in I’ we always mean P
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of this type. (In other words, we exclude the ideal {0}.) Now the basic results
of classical ideal theory in an algebraic number field can be stated as follows.

Theorem 10.3. (i) All the fractional ideals of F form an abelian group
with respect to the multiplication law (X,Y) — XY, where XY is the sub-
module of F' consisting of all the finite sums ), x;y; with x; € X and y; € Y.
(This group is called the ideal group of F.)

(i) J is the identity element of this group, and X ~! = {x eFlaX C J}.

(iil) Every fractional ideal X different from J can be uniquely written as a
product X = P{"*--- P™ with different prime ideals Py, ..., P, and m; €
Z, #0. This X 1is integral if and only if m; > 0 for every i.

That XY as in (i) is a fractional ideal is clear. It is also easy to see that it
defines an associative and commutative law of multiplication. We settle the
remaining points after proving several facts (A, B, C, D, E, F) below.

(A) Let P be a prime ideal. If AB C P for two integral ideals A and B,
then AC P or B C P.

PRrROOF. Suppose A ¢ P and B ¢ P; then A has an element a not con-
tained in P, and B has an element b not contained in P. Since P is a prime
ideal, ab ¢ P, which contradicts the assumption AB C P.

(B) Every integral ideal M other than J contains a product of prime ideals.

ProOF. We prove this by induction on N(M). There is no problem if M
is a prime ideal, and so we assume that M is not a prime ideal. Then J has
elements a and b not contained in M such that ab € M. Put A =M + Ja
and B = M +.Jb. Then AB C M and N(A) < N(M), since M G A. Similarly
N(B) < N(M). Applying our induction to A and B, we obtain our assertion.

(C) For a fractional ideal M put M~' = {gc € F‘QCM C J}. IfM G J,
then J G M~

PROOF. Suppose M ; J; then clearly J C M~!. Take a maximal ideal
P containing M. Then P is a prime ideal and J c P~! ¢ M~!. Suppose
J = M~!. Then P~ = J. Take any nonzero element a € P. By (B) we can
find prime ideals {P;}7_; such that P;--- P. C aJ. For a fixed a take such a
set {P;}i_, with the smallest r. By (A), P, C P for some i. We may assume
that ¢ = 1. Since P; is maximal, we have P = P;. Put X = P,--- P.. Then
PX caJ,andso ¢ 'PX Cc J. Thus a *X Cc P!, and so X C aP~! C aJ,
which is a contradiction, since X is the product of r — 1 prime ideals. This
proves (C).

(D) If o € F and X C X with a Z-lattice X in F, then « € J.
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PROOF. Take a Z-basis {e;}"_; of X. Then ae; = Z?Zl cijej with ¢;; € Z,
and so the matrix al, — (¢;;) annihilates the nonzero vector (e;), and so
det[al, — (¢i;)] = 0, which is an equation of type (8.1). Thus « is integral
over Z, and so a € J.

(E) MM~ = J for every fractional ideal M.

PRrROOF. Clearly MM~! C J. Suppose MM ! # J. Then MM~*C P C.J
for some maximal ideal P. Then J & P! by (C), and P~' ¢ (MM~')~".
Clearly (MM~1)"'MM~! C J,andso (MM ~1)"1M~1 ¢ M~ Taking M~!
as X in (D), we obtain (MM ~1)~! C J, a contradiction. Thus MM ~! = J.

(F) Let X and Y be fractional ideals of F. Then X C Y <= XY~ ! C
J <= X =Y A with an integral ideal A.

The proof may be left to the reader, as it is straightforward. If X and Y
as in (F) we say that Y divides X.

Once (E) is established it is easy to see that (i) and (ii) of Theorem 10.3
hold. We prove that every integral M is a product of prime ideals by induction
on N(M). We may assume that M # J and M is not a prime ideal. Given such
an M, define A and B as in the proof of (B). We have seen that N(B) < N (M)
andABCM;A,andsoB;éJ.PutC:B’lM.ThenM:BCCC
and M # C, since B # J. Thus N(C) < N(M). By induction, B and C
are products of prime ideals, and so M is a product of prime ideals. The
uniqueness of such a product expression for M follows from (A). We have to
extend the result from integral ideals to fractional ideals, which is easy, and
so may be left to the reader.

Lemma 10.4. Let A, B, and C be integral ideals of F. Then A+ B = J
if and only if there is no prime ideal that divides both A and B. For such A
and B we have AB = AN B and J/AB is ring-isomorphic to (J/A) ® (J/B);
moreover, if A divides BC, then A divides C.

PRrROOF. Suppose A+ B = J. If an integral ideal D divides both A and B,
then J = A+ B C D, and so D = J. If A+ B # J, then taking a maximal
ideal containing A + B, we find a prime ideal P that divides both A and B.
This proves the first assertion. If A+ B = J, then AN B = (AN B)J =
(ANB)A+ (ANB)B C BA+ AB = AB. Clearly AB C AN B, and so
AB = AN B. By Theorem 1.3, J/AB = (J/A) @ (J/B). Finally suppose
BC C A. Since AC' C A, we have C = JC = AC + BC C A, which proves
the last assertion.

For integral ideals A and B we say that A is prime to B if A+ B = J.
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Lemma 10.5. Let X be a fractional ideal and C' an integral ideal. Then
the following assertions hold:

(i) There exist an integral ideal B and an element o of F' such that B+C =
J and B = aX.

(il) X/CX and J/C are isomorphic as J-modules.

(iii) Suppose C is prime to mJ with 0 # m € Z; then N(C) is prime to
m.

PRrROOF. Assuming that C' # J, let Py, ..., P, be the prime ideals dividing
Ciput Y =X 'P---P,. Then Y S YP "' C X! Take a; € YP[ ', ¢ Y,
and put « = a3 +---+a,. Then o, € X*1Pj if i # j. Suppose a; € X' Py.
Then ey X c PPNPyN---NP.=P;---P,, sothat a; € Y, a contradiction.
Thus oy ¢ X 1P Since a; € X~ 1P for i # 1, we see that a ¢ X ' Py.
Similarly o ¢ X 1P, for every i. Thus aX ¢ P; for every i. Put B = aX.
Then B is integral and prime to every P;, so that B is prime to C, which proves
(i). To prove (ii), Take o and B as in (i). By Lemma 10.4, BC = BN C, and
the map z +— ax sends X/XC onto B/BC which is isomorphic to J/C' as
expected. To prove (iii), take a prime ideal P dividing C. Then P +mJ = J,
and so m is invertible in J/P. Thus m is prime to N(P). Since N(C) is the
product of powers of N(P) for all prime factors P of C, we obtain (iii).

Lemma 10.6. FEvery fractional ideal is generated over J by two elements.

PROOF. Given a fractional ideal Y, take a nonzero element 5 € Y and put
X =Y !tand C = BX. Then C is an integral ideal. Applying Lemma 10.5(i)
to this X and C, we obtain an element « such that aX +C = J. Multiplying
by Y, we obtain aJ + #J =Y, which proves our lemma.

Lemma 10.7. N(XY)=N(X)N(Y) of X and Y are integral ideals.

PROOF. By Lemma 10.5(ii) we have X/YX = J/Y, and so [X : YX] =
[J Y] Thus N(XY) = [J : YX] = [J: X][X : YX] = [J : X][J : Y] =
N(X)N(Y).

10.8. Given a fractional ideal X, take integral ideals S and T so that
X = S7IT, and put N(X) = N(S)"!N(T). From Lemma 10.7 we easily see
that this is well defined, and X +— N(X) is a homomorphism of the ideal
group of F' into Q*; N(X) is called the norm of X. In particular,

(10.2) N(aJ) = |Np/q(a)| forevery ac F*.

It is sufficient to prove this when o € J. For 0 # o € J let p(a) denote the
matrix representing the Q-linear automorphism & — «a& of the vector space
F with respect to a Z-basis of .J. By Theorem 7.8(iv) we have Np/q(a) =
det[p(a)]. By Lemma 5.8, [J : aJ] = | det[p(c)]|, which gives (10.2).
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10.9. Hereafter we put [F : Q] = n. Let X be a Z-lattice in F' and {& 1,
a Z-basis of X. Then we put

(10.3) D(X)=D(&, ..., &) = det (Trp/q(&i&)))-

This is a special case of (7.4), and is called the discriminant of X. In the
present situation Trp/q(£:&;) € Q and D(X) # 0 by Theorem 7.8(i), and so
D(X) € Q*. We easily see that it is determined independently of the choice
of {&}7=,. In particular, if X = J, then Trp/q(&€;) € Z by Lemma 8.8. Thus
D(J) is a nonzero positive or negative integer. We put Dp = D(.J) and call
Dy the discriminant of F. Let o1, ..., 0, be all the different isomorphic
embeddings of F' into Q. Then by (7.6),

(10.4) D(X) = det (¢7°)".

Lemma 10.10. (i) If X and Y are Z-lattices in F and X C Y, then
[Y: X]? = D(X)/D(Y).
(ii) If X is a fractional ideal of F, then N(X)? = D(X)/Dp.

The proof of these statements is left to the reader, as it is an easy exercise.

10.11. Let p be a prime number and let P, ... P, be the prime ideals
dividing pJ. Then N(P;) = pfi and

(10.5) pJ =P Py

with positive integers e; and f;. Taking the norm of both sides, we obtain
p" = N(pJ)=T]%_, p¥/, and so

g
(10.6) n=Seif:
i=1

10.12. Fix a prime ideal P of F. Given a € F, put aJ = P X with m € Z
and a fractional ideal X that does not involve P. Put then m = vp(a); put
also vp(0) = oo. Then we can easily verify that vp is a normalized discrete
order function. We call the vp-completion of F' the P-completion of F.
Every order function of F' is equivalent to vp with a unique P.

Let Rp be the valuation ring of vp, and Mp the maximal ideal of Rp (see
§6.7). Then

(10.7) Rp={u/v|u,velv¢P},

(108) Rp=J+ Mp, P=JNMp, RP/MP%J/P

To prove these, denote by R’ the right-hand side of (10.7). Clearly R’ C Rp.
To prove the opposite inclusion, let a € Rp and aJ = P™X as above. Then
m > 0. We can put X =Y Z~! with relatively prime integral ideals Y and Z.

By Lemma 10.5(i) there exist an integral ideal B and an element v of F' such
that B+ P = .J and B = yZ~!. Then ~vaJ = P"YB C J, and so va € .J.
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Since both B and Z are prime to P and vJ = BZ, we see that v ¢ P. Thus
a = va/v € R, which proves (10.7).

To prove (10.8), let uw, v € J and v ¢ P. Since J/P is a field, J has an
element w such that wv —1 € P. Then u/v — wu = u(l — wv)/v, which
clearly belongs to Mp. Thus Rp = J + Mp. That J N Mp = P is clear from
the definition of vp. Then Rp/Mp = (J + Mp)/Mp = J/(J N Mp) = J/P.
Thus we obtain (10.8).

For p, P;, e;, and f; as in (10.5) and (10.6), put v; = e;lupi. Then v;
coincides with v, on Q, and

(10.9) ei =e(vi/vp), fi=fvi/vp).

Indeed, (10.5) shows that v;(p) = 1, and so v;(Q*) = Z, whereas v;(F*) =
e;'Z. Thus e; = e(vi/vy). Next, Z/pZ = Z,/pZ,, which is contained in
Rp,/Mp, = J/P;. Since [J : Pi] = N(P;) = p’i, we have [J/P; : Z/pZ] = fi,
and so f; = f(vi/vp).

We say that p is ramified in F' if ¢; > 1 for some 4, and p is unramified
in F if e; =1 for every 1.

Theorem 10.13. A prime number p is ramified in F if and only if p|Dp.

Theorem 10.14. Let 0 be an element of J such that F = Q(6), and
h(x) the minimal polynomial of 6 over F. Let p be a prime number that
does not divide [J : Z[0]]. Denote by h the class of h modulo pZ[z]. Let
h(z) = T, ki(x)¢ be the decomposition of h in (Z/pZ)x] with different
irreducible polynomials k;. Then we have pJ = P{*- --Pge"’ with exactly g
different prime ideals P; such that N(P;) = pfi with f; = deg(k;).

We do not give the proof of these two theorems here, since we will later
prove generalizations of these as Theorems 14.10 and 14.11.

10.15. An algebraic extension of Q of degree 2 is traditionally called a
quadratic field. Such a field is given as F' = Q(y/«) with an element « of
Q* that is not a square in Q. We call F' a real or imaginary quadratic
field according as a > 0 or a < 0. Replacing « by its suitable integer
multiple, we may assume that F = Q(y/m) with a square-free positive or
negative integer m # 1. Let J = Jp as before. Then

(10.10a) J=Z[), p=01+ym)/2 if m—1€4z.

(10.10b) J=1Z[ym] if m-—1¢A4Z.

To prove these, take { = a+8y/m € J with a, f € Q. Then 2a = Trp/q(§) €
Z and o? — Pm = Np/q(§) € Z. Put a =2a and b= 2. Then a € Z and

b>m € Z. Since m is square-free, we easily see that b € Z. Now a? — b>m =
4(a® — 3%m) € 4Z. We easily see that a € 27Z if and only if b € 2Z, in which
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case a, 8 € Z, and so & € Z + Z+/m = Z[/m]. Therefore a ¢ 27 if and only
if b ¢ 2Z, in which case m — 1 € 4Z, since a> =b*> =1 (mod 4).

Case I: m — 1 ¢ 47Z. In this case we always have a, b € 2Z, and so £ €
Z[\/m]. Thus J = Z[/m], which proves (10.10b).

Case II: m—1 € 4Z. Put p= (1++/m)/2. Then p? —p= (m—1)/4, and
so p is integral over Z; thus u € J, /m =2u—1 € Z[u|. We have to consider
the case in which a ¢ 2Z and b ¢ 2Z. Then §—p = (a—1)/24+/m(b—1)/2 €
Z[\/m] C Z[u]. Thus J = Z[u], which proves (10.10a).

An easy calculation shows that

(10.11) Dp=m if m—1€4Z, Drp=4m if m—1¢A4Z.
10.16. Still in the setting of §10.15, let us now study the decomposition

of a prime number p in F. Since n = 2, (10.5) can take only the following
three forms:

(10.12a) pJ = PiPs, Pi# P2, N(P1)=N(P,)=p,
(10.12b) pJ =P, N(P)=p?
(10.12¢) pJ = P?, N(P)=p.

Here P and P; are prime ideals in F'; p is unramified in F in Cases (10.12a)
and (10.12b); p is ramified in F' in Case (10.12¢). By Theorem 10.13, p is
ramified in F' exactly when p|m or p|4m according as m—1¢€ 4Zor m—1 ¢
47Z. For instance, take m = —1 and F = Q(v/—1); put P = (1 +/—1)J.
Then P? = 2y/—1J = 2.J, which is a special case of (10.12c).

Next, take \/m to be @ of Theorem 10.14. Then [J : Z[y/m]] = 1 if
m—1¢4Z and [J : Z[\/m]] = 2 if m — 1 € 4Z, which can be seen from
Lemma 10.10(i), for example. Therefore Theorem 10.14 is applicable to every
odd prime number p. We have h(z) = 22> —m, and so pJ = Pi P as in
(10.12a) if and only if 2% —m has two roots in Z/pZ, and pJ = P as in
(10.12b) if and only if 22 —m has no root in Z/pZ. Recalling the definition of
the quadratic residue symbol in §3.1, we see that for every odd prime number
p that does not divide m,

(10.13)  pJ = PPy < (ZL) —1, pJ=P — (7;) -1

Now Theorem 3.7 can be reformulated as follows. To each quadratic field

F = Q(y/m) as above we can assign a real primitive character x of conductor
m

|Dp| such that x(p) = ( ) for every odd prime number p prime to m,
p

and the correspondence F' < x is one-to-one. Moreover, x(—1)Dg > 0. Here
Dp is determined by (10.11). This combined with (10.13) determines the
decomposition of pJ in F. For example, the result given in §3.8 determines
the prime numbers p such that pJ decomposes into the product of two prime
ideals in Q(v/15).
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10.17. We cannot say anything about 2J by (10.13). By Theorem 10.13,
2 is ramified in F if Dp is even, which is so if and only if m — 1 ¢ 4Z.
Assuming that m—1 € 4Z, put p = (14++/m)/2 as we did in (10.10a). Then
the minimal polynomial of u over Q is z? — z — (m — 1)/4. By Theorem
10.14, 2J is a prime ideal in F' if and only if this polynomial is irreducible
over Z/2Z, which is so if and only if m — 5 € 8Z. Thus

(10.14) 2J =P P, < m—1¢€8Z, 2J =P < m—5¢c8Z.

Let us now show that if y is the real character of conductor |Dp| corre-
sponding to F), then

(10.15) 2J=PP, < x(2)=1, 2J=P < yx(2)=-1.

2
Indeed, as shown in §3.5, we have < > = x1(p), and so by (1) in the proof of
p

Theorem 3.7 we have x(2) = x1(p1---prq1---qs) = x1(em) = x1(m). Thus
x(2) =1if m—1¢€ 8Z and x(2) = —1if m —5 € 8Z, and so we obtain
(10.15) from (10.14). We will give a conceptual meaning of (10.15) in §17.7.

10.18. Let .# (or # ) denote the ideal group of F' and & the subgroup
of .7 consisting of all the principal ideals of F. Then .# /& is called the ideal
class group of F, which is a finite group as will be shown in Theorem 12.7
below. We call [.# : Z] the class number of F. Each coset of ./ is
called an ideal class of F'; in particular, the coset X &2 for X € .# is called
the ideal class of X.

Theorem 10.19. Let L be a J-lattice in a vector space V over F of
dimension n, and {e;}"_; an F-basis of V. Then the following assertions
hold:

(i) There exist an F-basis {g;}"_, of V and n fractional ideals Ay, ..., Ay
in I such that L = E?Zl Aigi. Moreover, {g;} can be chosen so that g; €
k=i Fex.

(ii) Let L = > | Ajg; with an F-basis {g;}7—y of V and n fractional
ideals A; in F. Then the isomorphism class of L as a J-module is determined
by the ideal class of Ay --- A,.

PROOF. Assertion (i) is obvious if n = 1. Therefore we prove (i) by
induction on n. Given L and an F-basis {e;}/; of V with n > 1, put
A = {a1| Z?:l a;e; € L}, where a; € F. Clearly A is a fractional ideal
in F. If Z?:l bie; € A7'L, then ab; € A for every o € A, and so by € J.
Also, 1 = fo:lﬁyozy with 8, € A7! and «, € A. We can find elements
T, = Yo aye; of L such that a1 = a,. Put g1 = Zi:l Byx, and
= 25:1 Byayi. Then g1 € A'L, g1 = >i" viei, and 71 = 1. This
proves that J = {bl‘ St bie; € ATILY. Let ¢ = Y cie; € AT'L
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and M = A7'L N (Y1, Fe;). Then ¢; € J and @ — c191 € M, and so
AL = Jgi + M. Now M is a J-lattice in > , Fe; by Lemma 4.3(ii). Ap-
plying our induction to M and multiplying by A, we obtain (i). To prove (ii),
we need the following facts:

(10.16) Two fractional ideals X and Y in F are isomorphic as J-modules if
and only if X = BY with € F*.

(10.17) For two fractional ideals A and B in F, A® B and J ®& AB are
isomorphic as J-modules.

We leave the proof of (10.16) to the reader as an easy exercise. (Hint: Assume
X C J;for z,y € X and a J-isomorphism g of X onto Y we have zg(y) =
g(zy) = yg(x).) To prove (10.17), we may assume that both A and B are
integral. Also, by Lemma 10.5(i), replacing B by vB with a suitable v € F*|
we may assume that A+ B = J. Then we can find elements a € A and b € B
such that a +b = 1. We view A & B as a subset of F & F = Fy, and we let
GLo(F) act on the right of Fj. Put o = E _ab} : then o071 = {_al ﬂ :
The right action of o sends A @ B into J @& AB, and that of o~! sends
J @ AB into A @& B. This proves (10.17). To prove (ii), take an F-basis
{z;}_; of V. Given a J-lattice L in V| take an F-basis {y;}!_; contained in
L, put y; = Z?:l ¢ijxj, and denote by (L) the fractional ideal generated by
det [(c;;)] for all possible choices of {y;}? ;. (Alternatively, A(L) is defined
by A" L = XL)z1 A---Amy,.) Clearly the ideal class of A(L) does not depend
on the choice of {z;},. If L =3""_| A;g; as in (ii), then A\(L) =cA;--- A4,
with e € F*. Also, (10.17) shows that L 2 J! | & A; --- A,,. This combined
with (10.16) proves (ii).

Lemma 10.20. (i) Given a, b, c € J, a # 0, there exists an element k € J
such that aJ +bJ 4+ c¢J = aJ + (b+ kc)J.

(ii) Suppose n > 1 and Y i a;J + X = J with a; € J and an integral
ideal X. Then there exist n elements b; € J such that Z?:l b;J = J and
b; —a; € X for every i.

Proor. To prove (i), we may assume that ¢ # 0; replacing b by a suitable
element of b+ cJ, we may also assume that b # 0. Put aJ+bJ+cJ =Y, aJ =
AY, bJ = BY, and ¢J = CY with ideals Y, A, B, C. Then A+ B+C = J. If
A =J, then Y =aJ, and so aJ 4+ bJ =Y. Thus we may assume that A # J.
Let S be the set of all prime ideals that divide A. For each P € S put mp =1
if B C P and mp = 0 otherwise. We see that C' ¢ P if mp = 1. By Theorem
1.3 we can take k € J so that k—mp € P for every P € S. Then b+kc ¢ PY
for every P € S. (Indeed, if B C P, then b € PY, kc —c¢ € ¢P C PY, and
c¢ PY,and so b+ ke ¢ PY;if B¢ P, then b ¢ PY and kc € PY, and
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so b+ kc ¢ PY.) Thus we can put (b+ kc)J = DY with an integral ideal D
prime to A, and consequently aJ + (b + k¢)J =Y, which proves (i).

If the a; and X are given as in (ii), then > ! a;g; + h = 1 with some
gi € Jand h € X. Then Y., a;J+hJ = J. There is no problem if h = 0, and
so we assume that h # 0. Replacing a; by a suitable element of ay + hJ, we
may assume that a; # 0. By (i), we have a1J +asJ +hJ = a1J + (ag + kh)J
for some k € J. Then a1J + (a2 + kh)J + Y i sa;J = > i a;J +hJ = J,
which proves (ii).

Theorem 10.21. Given a € My(J) such that det(a) —d € X with an
integral ideal X and an element d of J prime to X, there exists an element
& of M,(J) such that det(§) =d and & — o € X,'. In particular, the natural
map of M, (J) onto M, (J/X) gives a surjection of SLy(J) onto SL,(J/X).

ProOOF. We first prove this for d =1 by induction on n. The case n =1
is obvious and so we assume n > 1. Let «; denote the i-th row of o and
let o, = [a1 -+ ap] with a; € J. Since det(a) —1 € X, we see that
S aic; —1 € X with some ¢; € J, and so Y ., a;J + X = J. By Lemma
10.20(ii) we can find elements b; € J such that Y | b;J = J and b; —a; € X
for every i. Replacing a; by b;, we may assume that > ., a;J = J. Let
L =J}. Then J = {b € F‘ban € L}. By Theorem 10.19(i) we can put
L = Z?:l A;& with fractional ideals A; and an F-basis {&}, of F}! such
that & € > p_, Foy. Then &, € Fay,. Put N = Z?;ll A;&;. Then we easily
see that A4,§, = Ja, and L = N @ Ja,,. By Theorem 10.19(ii), As--- 4,
is a principal ideal, and so by the same theorem we can put N = S 77! Je,
with n — 1 elements {&;}7"}', which together with «,, form a J-basis of L.
Changing the coordinate system of L (which means the replacement of «
by cac~! with an element o of GL,(J)), we may assume that {g;}7; is
the standard J-basis of L, where we put &, = «,. For each ¢ < n we have
o; = B + e, with 3; € N and ¢; € J. Then

1 - 0 —c1

o 8 0 with f— ﬁl
o -+ 1 —cp1 0 1 3
0O --- 0 1 n—1

We see that det(3) — 1 € X. Applying our induction to (3, we can find
v € SL,_1(J) such that v — 3 € X"~!. Putting

n

1 ... 0 e
o DRI DRI .. DR ’Y O
1o 1 e {o 1}’

we have det(§) = 1 and £ — «a € X. This proves the case d = 1. Given
a and d as in our theorem, take e € J so that de —1 € X and put o =
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a - diag[l,,—1, €]. Then det(a/) —1 € X and so we can find & € SL,(J)
such that ¢ — o' € X Put n = ¢ - diag[l,,—1, d]. Then det(n) = d and
n—a € X'. This completes the proof.

Exercises. 1. Let A be either a principal ideal domain or the maximal
order of an algebraic number field. Let P be a prime ideal of A and let
0 < e € Z. Prove that A/P° cannot be decomposed into the direct sum of
two nontrivial subrings. (Hint: Every subring (or ideal) of A/P¢ is of the
form X/P¢ with some X.)

2. Let F be an algebraic number field, J the maximal order of F, P
a prime ideal in F, and p the rational prime divisible by P. Under what
condition on P can J/P™ be isomorphic to Z/p™Z as a Z-module?

3. Prove the following classical theorem: A square-free positive rational
integer ¢ can be written in the form ¢ = a®+b? with rational integers a and
b if and only if ¢ has no prime factor p of the form p =3 (mod 4). (Hint:
If ¢ is divisible by such a p, a+by/—1 or a — by/—1 is divisible by p.)

4. Prove that if A+ B = C for fractional ideals A, B, and C in F, then
A™ 4 B™ = C™ for every m € Z, > 0.






CHAPTER III

VARIOUS BASIC THEOREMS

11. The tensor product of fields

11.1. Let A be a vector space over F' that has a law of multiplication
which, together with the existing law of addition, makes A an associative
ring. We call A an algebra over F, or simply an F-algebra, if c¢(af) =
(ca)p = a(ef) for every c € F and «, f € A. If A has an identity element
14, then identifying ¢ with ¢l 4, we can view F' as a subfield of A. Notice that
ca = (cla)a = a(cly), and so two laws of multiplication for the elements of
F (one in the vector space and the other in the ring) are the same. Every
field extension of F' can naturally be viewed as an F-algebra.

Let A be a commutative F-algebra with identity element. For a € A let
p(a) denote the F-linear endomorphism £ — af of A as a vector space over
F. Then p gives a ring-homomorphism of A into End(A), which we call the
regular representation of A over F. This is injective, because if p(a) = 0,
then a =a-14 = p(a)ly =0.

Let K be a simple finite algebraic extension of F' of degree n. Let L be a
finite or an infinite field extension of F. We now consider K ®p L, which can
be defined as a vector space over F. We can make this an F-algebra so that
(a8)(d/®F") =ad’ @B for a, &' € K and 3, € L. The easiest way to
do so is as follows. Take an F-basis {¢;}?_; of K. Then K®QpL = @."_;(£;®L),
so that every element of K ® ¢ L is of the form Y-, (¢, ®a;) with a; € L. Now
€i€j = 22:1 CijkEk with Cijk € F. We now define 2?21(61' X ai) E;-;l(fj (%9
b)) = >, (sk ® Z” cijkaibj) for a;, b; € F. Then K ®p L becomes an
F-algebra with 1x ® 1, as its identity element. We can view K and L as
subrings of K ® p L with the same identity element, by identifying them with
K®1p and 1y ® L.

Suppose K is given as K = F(§) with an element £. Let h(z) be the
minimal polynomial of £ over F|, that is, an irreducible polynomial over F'
whose leading coefficient is 1 and such that h(§) = 0. Then h has degree n
and K = F[z]/(h), where (h) denotes the ideal of the polynomial ring F[x]
generated by h. (It is a standard fact that every finite separable extension K
of F is such a simple extension.)

G. Shimura, Arithmetic of Quadratic Forms, Springer Monographs in Mathematics, 47
DOI 10.1007/978-1-4419-1732-4 3, © Springer Science+Business Media, LLC 2010
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We now investigate K ®p L for a finite or an infinite field extension L of
F. Wehave K=F®F(D - @ FE L, and so

(1L.1) K@FLZL@L(ﬁ@l)@...@L@@)l)n—l.

We consider the polynomial ring L[z], and to each g¢(x) € L[z] we assign
g(€®1). Then we obtain an L-linear homomorphism of L[z] onto K ® L, and
we find that L[z]/] = K ® L, where I = {g € L[z]|g(¢ ® 1) = 0}. Let t(z)
be a generator of I. As can be seen from (11.1), the elements ({ ® 1)* for
0 < a < n arelinearly independent over L, and so deg(t) > n. Since h € I and
deg(h) = n, we can take h as t. Thus [ = hL[z] and K ® p L = L[x]/hL[x].
Put h = g{*--- g5 with r irreducible polynomials g; in L{z] and 0 < e; € Z.
We assume that g¢;/g; is not a constant if i # j. Then by Theorem 1.3,

Llz]/hLlx] = Llz]/g7* Llz] © --- @ Llz] /g7 L{z].

11.2. Let us now assume that K is a separable extension of F. Then h
has no multiple roots, and so h = g7 - - - g,-. Thus

(11.2) K @p L= Llx]/(91) & & L[z]/(gr),

where (g;) = g;L[z], and L[x]/(g;) is a separable extension of L.

To describe K ® L in a different way, let us fix a Galois extension {2 of
L containing the roots of h. (We can take, for example, {2 to be the field
generated over L by the roots of h.) Put G = Gal(f2/L) and denote by
Injr (K, £2) the set of all F-linear ring-injections of K into 2. Since G acts
on the right of Injx (K, £2), we can consider the orbit set Injr (K, 2)/G.

Every element o of Injg(K, £2) is determined by &7, and ¢;(£9) = 0 for
exactly one i. Take another element 7 of Injp(K, 2). If ¢;(£7) = 0 with
the same 4, then there exists an L-linear isomorphism « of L(£7) onto L({7)
such that &7 = 7%, that is, 7 = oca. This « can be extended to an element
of G. Conversely, if 7= ca with « € G, then ¢;(£7) = ¢;(§”) = 0 for some
i. Thus the direct summands L[z]/(g;) of (11.2) correspond bijectively to the
set Injp (K, 2)/G.

Theorem 11.3. Let S be a complete set of representatives for the orbit
set Injp (K, 2)/G. For each o € S denote by U, the composite field of K°
and L in §2. Then there exists an isomorphism

(11.3) Y KeopL — U,

oeS

such that P(a @ b) = (a%b)ges for every a € K and b € L. Moreover, for
every a € K we have

(114)  Ngyp(a) =[] Nu,je(@®),  Trjpla) =) Try, jp(a”).
oceS oceSs
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Notice that we cannot consider the composite field of K and L. Once we
choose o, the composite field of K? and L is meaningful.

PrOOF. We can rewrite h = []'_, gi as h = [[,cq 9o by putting g; =
go when ¢;(§°) = 0. Then Lix]/(g9,) = L(&°) = U,. The isomorphism of
Liz]/(g9s) onto L(£7) maps f(x) modulo (9,) to f(£7). Let p(xz) € Flz]
and b € L. Then the element p(§) ® b of K ® L is represented by bp(x)
of L[z]/(h), whose image under the isomorphism of (11.2) is (bp(g"))ges.
Putting a = p(§), we find that a ® b is mapped onto (a?b),es. This proves
our assertion concerning 1. To prove (11.4), we take the regular representation
of K over F. This can be L-linearly extended to the regular representation
p of K® L over L. Let p, be the regular representation of U, over L. In
view of (11.3) we see that p is equivalent to the direct sum of the p, for
all o € S. Taking the determinant and trace of this equality with b = 1, we
obtain (11.4) by virtue of Theorem 7.8(iv).

11.4. As an easy special case of Theorem 11.3, we consider the case in
which L = K and K is a separable quadratic extension of F. Let ¢ be the
nontrivial automorphism of K over F. Then we can take {1, o} as S and
U, = U, = K. Thus the isomorphism ¢ : K ® K — K & K is given by
Y(a ®0b) = (ab, ab). In other words, if we extend o from K ® 1 to K @ K
by putting (a ® b)? = a’ ® b, then this automorphism considered on K & K
is given by (z, y)? = (y, x).

Theorem 11.5. Let F' be a field with a discrete order function v, and L
the v-completion of F; let K be a finite separable extension of F. Take {2
as in §11.2 for these K and L; let pu be the unique extension of v to {2, as
guaranteed by Theorem 9.5.

(i) Define S and U, as in Theorem 11.3, and put ps(a) = u(a®) for a € K
and o € Injp(K, §2). Then the u, for o € S form the set of all extensions
of v to K.

(i) If we identify (K, po) with (K, u), then Uy is the p,-completion of
K.

(iii) [K 2 F] = > ges e(uo/V) [ (1o /V)-

PROOF. Since p is unique, we have pu(z®) = p(z) for every = € L and
every a € G. Thus pyq = pe for every a € G. Now U, = K?L, which is a
finite algebraic extension of L, and so complete with respect to the restriction
of pu to Uy. Thus it contains the completion of K7, which naturally contains
the completion of F, which is L. This means that U, is the completion of K?.
This proves (ii). Suppose p, = p, for o, 7 € S. Define an isomorphism -y
of K% onto K™ by v = o~ !7. Then for a € K° we have u(a) = ug(a”_l) =
Ly (a"_l) = pu(a”). Thus ~ is an isomorphism of the structure (K7, 1) onto
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(K7, 1), and can be extended to an isomorphism between their completions.
Thus v can be extended to an L-linear isomorphism of U, onto U,. Such an
isomorphism can be extended to an element « of GG, and so 7 = oga. Since
we took o and 7 from S, we have ¢ = 7. Thus the u, for 0 € S are all
different.

To show that the u, exhaust all extensions of v to K, take any extension
A of v to K. Let K* be the A-completion of K and F* the closure of F' in
K*. Then there is an isomorphism ¢ of F* onto L such that A(a) = p(a®)
for every a € F*. Take a so that K = F(a). Then K* = KF* = F*(a),
and so € can be extended to a ring-injectiion of K* into 2. Thus o = a”
for some o € Injp(K, 2). Then (K*)® = K°L = U, and € sends A to the
restriction of p to Uy, that is, A = u, on K, which completes the proof of
(i). Finally we have [K : F] = [K ® L : L] = Y .4[Us : L]. By Theorem
9.5(4), [Uy : L] = e(uo/v) f (1o /v), and so we obtain (iii).

12. Units and the class number of a number field

12.1. Let V be a vector space over R of dimension n. We call a Z-
submodule Y of V' a lattice in V if Y is a free Z-submodule of rank n
and spans V over R. This is different from what we defined in §4.1, but the
distinction will be clear from the context. In particular, if V' = R", then
we have the standard measure on R"™, and so for a lattice Y in R™, we can
speak of the measure of R"/Y, which we denote by vol(R"™/Y"). For example,
vol(R™/Z™) = 1. More generally, if X = >""" | Zu; with n-dimensional col-
umn vectors u;, then X is a lattice in R™ if and only if det[uy - - u,] # 0,
in which case vol(R"/X) = |det[u; - uy]|. We define the measure on C by
means of the bijection (z, y) — x + iy € C of R? onto C.

12.2. Let F be an algebraic number field of degree n over Q, and J the
maximal order of F. Let o; for 1<i<n be asin §10.9. We rearrange them so
that o; maps F into R if and only if ¢ <r. (If there is no such o, then r=0.)
Then n—r=2s with a nonnegative integer s, and the set of the remaining o;
consists of s pairs {71, 7{, ..., 75, 7.} such that a™ is the complex conjugate
of a™ for every a € F. We can define archimedean valuations @i, ..., @ris
of F' by pi(a)=|a%| for 1 <i<r and ¢r4i(a)=]|a™| for 1<i<s, where | |
is the standard absolute value in C.

Now, for each prime ideal P in F' define vp asin §10.12 and put ¢p(x) =
N(P)~7®) for every x € F*. Then we have the product formula

(12.1) [Lei@) [T ¢rss@? [Jop(@) =1
i=1 j=1 P

for every x € I'*, where P runs over all the prime ideals in F. To prove this,
we observe that aJ = [[p P"(®. Combining this with (10.2), we obtain
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[1 N(P)"*®) = |Np/q(a)|, which equals []}_, |
obtain (12.1).

[[5=; [a™*, and so we

Theorem 12.3. (i) Every archimedean valuation of F is equivalent to
exactly one of these v+ s wvaluations.

(ii) There is an R-linear isomorphism f of Fr = F ®q R onto R" x C*
such that f(a) = (a°, ..., a% ,a™, ..., a"™) for every a € F, where we
identify F with the subset ' ® 1 of FRr.

(iii) For 1 <1 <1 the projection map of Fr to the factor R corresponding
to o; identifies R with the ;-completion of F. Similarly, for 1 < j <s the
projection map of Fr to the factor C corresponding to 7; identifies C with
the @ryj-completion of F.

(iv) If X is a Z-lattice in F, then f(X) is a lattice in R" x C* and

(12.2) vol((R" x C*)/f(X)) = 27%|D(X)['/?,
which equals 27%|Dp|Y2N(X) if X is a fractional ideal.

PROOF. Assertion (i) will be proven in §12.4. Assertion (ii) is a spe-
cial case of Theorem 11.3. Indeed, take {Q, F, R, C} as {F, K, L, 2} of
§11.2. Let G = Gal(C/R) = {1, p}, where p is complex conjugation. Then
{01, ey Oy Ty oy eev s Ts, T;} = Injq(F, C) and Injq(F, C)/G is repre-
sented by {01, ey Oy Tly eve TS}, which we take to be S of Theorem 11.3.
Define U, as in that theorem. Then U, = R if 0 = 0; and U, = Cif 0 = 73.
Thus ¢ of (11.3) gives f of (ii). To prove (iii), we first note that Q" is
dense in R”, and so F is dense in Fr. Thus f(F) is dense in R" x C*, and
so F7 or F7 is dense in R or C. Then (iii) is obvious. To prove (iv), let
X =3} 1 Zay. For o € F denote by ¢() and 1(c) the column vectors
whose components are

(%, ..., a%, Re(a™), ..., Re(a), Im(a™), ..., Im(a™)) and

(@, ... Q% a™, ..o Qs Q™ aTEP),
where 7,p = 7/, Define (n x n)-matrices A and B by

A= [plar) - glan)],  B=[¢(ar) - Ylan)].
Then by (10.4), D(X) = det(B)?, f(X) = >_i—, Z¢(a;), and

diag [lr, 21 {—1;15 illssﬂ -B=A.

Thus 27%[D(X)[*? = | det(A4)| = vol((R"xC*)/f(X)), which combined with
Lemma 10.10(ii) proves (iv). That f(X) is a lattice in R" x C* follows from
the fact that D(X) # 0.

12.4. Let us now prove that every archimedean valuation of F' is equivalent
to one of the ¢; (1 < i < r+ s) defined in §12.2. We first show that if a
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valuation ¢ of C satisfies p(z) = |z| for every x € R, then ¢(z) = |z| for
every z € C. For that purpose, first suppose that p(w) > ¢(w) for some
we C. Put v =w/w and y, = (" +w")/ (Wt +w" L) for 0 <n € Z.
Then y, € R and ¥, = w(l 4+ 2")/(1 + 2"~ 1), which tends to w as n — oo
with respect to the ¢-topology, that is, lim,, o ¢(y, —w) = 0. Since y,, € R,
we have w € R, a contradiction. Therefore ¢(z) = ¢(z) for every z € C,
and so p(2)? = ¢(22) = ¢(|z]?) = |2]2. Thus ¢(2) = |z| for every z € C as
expected.

Turning to our main question, take {Q, F, R, C} as {F7 K, L, Q} of §11.2
as we did in the proof of Theorem 12.3. Let ¢ be an archimedean valuation
of F, F’* the p-completion of F, and Q" the closure of Q in F*. By Theorem
6.14 all archimedean valuations of Q are equivalent, and so we may assume
that o(x) = |z| for = € Q. Thus there is an isomorphism ¢ of Q* onto R
such that ¢(x) = |z¢] for every z € Q*. Now F* is the composite field FQ*,
and so there is an element o of Injq(F*, C) that coincides with € on F. Since
the valuation of C that extends the valuation | | on R is unique as proved
above, we have ¢(z) = [27] for z € F. We can take o from the set {0, 75}
as in Theorem 12.3(ii), and so we find that ¢ coincides with one of the ¢; of
§12.2. Since F'is dense in Fr, if ¢ # j, then we can find an element « of F
such that ¢;(c) > 1 and ¢;(a) < 1, and so ¢; is not equivalent to ¢;. Thus
we obtain the desired result.

Theorem 12.5 (Minkowski’s lemma). (i) Let L be a lattice in R™ and let
A =vol(R"/L); let Y be a bounded convex set in R™ such that —x € Y for
every x € Y. If vol(Y) > 2" A, then Y N L has a nonzero element. Moreover,
if Y is closed, then the conclusion is valid even when vol(Y') = 2" A.

(ii) Let fi(z) = Z?Zl aijx; with a;; € R for © € R" and 1 < i < n.
If 0 < |det(as;)| < by---b, with positive numbers b;, then there exists & €
Z", £ 0, such that | f;(§)| < b; for every i.

PROOF. We first prove that if Z is a bounded set in R™ and ZN(Z+¢) =0
for every ¢ € L, # 0, then vol(Z) < A. Take a fundamental domain T for
R"/L. Then vol((Z+£)NT) = vol(ZN(T—{)) and Z = | |, [ZN(T—1)], so
that vol(Z) =3, vol((Z + £)NT) < vol(T) = A as desired. Now given Y
as above, take Z = (1/2)Y. If vol(Z) > A, then there exists ¢ € L, # 0, such
that ZN(Z+L) # 0. Thus {+z = 2z’ with z, 2/ € Z. Put y = 2z and v = 27'.
Then ¢ =271(y —y) €Y, since ¢y, —y € Y. This proves the first part of (i).
Next, suppose that Y is closed; take 0 # z,, € (1 +m~!)Y N L. Then {x,,}
has a convergent subsequence. Since L is discrete, we can choose a “constant”
subsequence consisting of a nonzero element ¢ of L. Put z,, = (1 +m™ ')y,
with y,, € Y. Then /¢ is the limit of a subsequence of {y,,}. This completes
the proof of (i).
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To prove (ii), let Y be the set of all € R™ such that |f;(x)| < b; for every
i, and let A = |det(a;;)|. Then Y is a set of the type considered in (i). Since
Y is mapped onto [[\,[—b;, b;]" under the map z — (fz(a:))ZL:l, we see that
vol(Y) = 2"A~1by - - b, > 2"vol(R™/Z") if by ---b, > A. Therefore, by (i),
Y NZ" contains a nonzero element, which proves (ii).

Theorem 12.6. Let n and s be as in §12.2. Then every ideal class
contains an integral ideal B such that

' S
NBy< " (4) D2,
w

nn
Proor. For 0 < ce€ R put

Yc:{(xl,...,xr,zl,...,zS)ERTxCS

> lal 423 sl < cf
p=1 v=1
Putting 2z, = 27, we find that

VOl(Yl) = 2T(7T/2)8/ tl c -tsdfﬂl c -dﬁrdtl c -dts,
Z

where

Z:{(xl,...,mr,tl,...,ts)eR”S

T S
2y 20,6, >0, zu+ Y b, < 1}.
pn=1 v=1

It is an easy exercise to show that [, = 1/n!. Thus vol(Y,) = 2" *xn°c" /n!.
Given a fractional ideal A, take ¢ so that ¢ = n!(4/7)*N(A~)|Dp|/2. Then
vol(Y.) = 2"vol(R"/f(A~1)). By Theorem 12.5(i) we find o € A~1, # 0, such
that f(«) € Ye. Then oA is integral and

N |1/“={H|a”f|H|aﬂ|2} <t (Llewl+23 7] < e/n
j=1 k=1
Thus N(aA) < n~"c"N(A) = nln~"(4/7)*|Dp|"/?. This proves our theorem.

Theorem 12.7. (i) For % and & as in §10.18 we have [.F : ] < o0

(i) [Dr| > 1if F Q.
(iii) If F # Q, then there exists a prime number ramified in F.

ProoF. To prove (i), in view of Theorem 12.6 it is sufficient to show that
there are only finitely many integral ideals B such that N(B) < C with a
constant C. Any prime factor P of such a B has the same property, and
the rational prime divisible by P is < C. Then the desired conclusion can
easily be verified. Put A, = (7/4)"/?n"/n!; then Theorem 12.6 shows that
|Dp|'/? > A, if [F: Q] =n. We have Ay = 7/2 > 1, and A, 11/A, = (1 +
n~Hny/m/2 > 1, which proves (ii). Assertion (iii) follows from (ii) combined
with Theorem 10.13.
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Theorem 12.8. (i) All roots of unity in F form a finite cyclic group.
(ii) An element o of J is a root of unity if and only if |a”| =1 for every
isomorphic embedding o of F into C.

PROOF. Suppose « € J and |a?| = 1 for every isomorphic embedding o of
F into C. Take f asin Theorem 12.3(ii). Since f(J) is a lattice in R" x C?,
the intersection of f(J) with a bounded set is a finite set. Therefore the
powers of such an « form a finite set, and so a must be a root of unity. This
also shows that there are only finitely many roots of unity, which combined
with Theorem 1.5 proves (i).

Theorem 12.9. The notation being the same as in Theorem 12.3, define
a homomorphism X : Fg = (RX)" x (C*)* — R"™ by

Mag, oo yap, Bry o0, Bs) = (log|oz1|7 ..., log|ay|, 2log|B4], - .- ,210g|ﬁs|).

(Clearly A(f(a)) = (logla®], ... logla’|, logla™?, ... ]log|a™|?) for ev-
ery a€ F*.) PutV = {z € RrJrS | Sy = 0}; let W denote the group of
all roots of unity in F. Then A(J*) is a lattice in V, and W = J* N Ker(\).

PRrOOF. We first note that any discrete subgroup of R" that spans R™
over R is a lattice in R™. Also in this proof we identify F' with the subset f(F)
of R" x C*. To show that A(J*) is discrete, let T, = {a € J* | AN (@)]] < ¢}
with 0 < ¢ € R, where ||z| = (ZTH |z |?)1/2. Observe that if o € T,, then
|o/| < e for every conjugate o’ of «, and therefore T, is bounded. Since
T, is contained in the lattice .J, T, must be finite, which means that A(J*) is
discrete.

To show that A(J*) spans V| put

S:{(ajl, e Xy 21, -, 25) ERT X CH ‘ |a:1---a:rz%---z§|:1},
X={(z1, ..., 2, 21, ..., 2) ER"xC* | [z, <y, |2|> <y }
with positive numbers ¢, and d,. Then vol(X) = 2"7%c;- ¢ dy - - ds.

Take ¢, and d, so that vol(X) > 2"vol((R" x C*®)/J). Let anJ,..., azJ
be the 1ntegra1 principal ideals such that N(a;J) < ¢1---¢pdy---ds. Put
Y = U¢:1 a; ' X, If u € S, then vol(u='X) = vol(X), so that by Theorem
12.5, u=1XNJ contains a nonzero element . Then [N ()| < ¢y ---cpdy -+ - ds,
and so oJ = «;J for some i, which means o = a;e with ¢ € J*. Then
uce = ua € X, so that ue € o; 'X C Y. Clearly ue € S. Thus ue €
Y NS, and hence A(u) € AJ*) + A(Y N S). Since V. = A(5), we have
V. C AMJ*) + MY NnS). Observe that A(Y N S) is bounded. Therefore
A(J) must span the whole V. Consequently A(J*) is a lattice in V. That
W = J* nKer(\) follows from Theorem 12.8(ii).
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Theorem 12.10. J* is isomorphic to W x Zr+5~1,

PRrROOF. The above theorem shows that J* /W is isomorphic to a lattice in
the vector space V, which has dimension r+s—1, so that J* /W is isomorphic
to Z"t7 1. Therefore, in view of Lemma 5.5 we obtain our theorem.

Lemma 12.11. Let V = {x € Rq| S w = 0}, and let L be a lattice
i V. Suppose L = Elq,_i Zu, with u, = (a1y, - .., ag) € RY. Then

vol(V/L) = \/q| det(a;)I2

Gj=1l

PROOF. Let w be the element of R? whose components are all equal to
1. Then w has length ,/q, it is orthogonal to V, and R? = V & Rw. Put
M = L & Zw. Then M is a lattice in R?, and /g vol(V/L) = vol(R?/M) =
|det(U)|, where U = [u1 --- ug—1 w]. Adding the first ¢ — 1 rows of U to
the last row, we find that

air - a1

det(U) = det ,
( ) (42 N ¢ 77 1
0o --- 0 q

where ¢ = ¢ — 1. From this we obtain vol(V/L) as given in our lemma.

12.12. The notation being as in §12.2, put ¢ =7+ s and ¢t = ¢ — 1. By
Theorem 12.10 we can find ¢ elements €1, ..., g, of J* that generate J* /W.
For 1<i<qand 1<j<t put ¢ = log|£}” if i <r and ¢; = 210g|8;"‘|
if i=r+k, 1 <k<s. Then we put

T
(12.3) Rp=|det |-+ - oo ||,

Ct1 e Ctt

and call Rp the regulator of F. By means of the same technique as in the
above proof we can show that

cir e 1
qRF = |det
Cql  t Cqt 1
Take A and V as in Theorem 12.9. Then Lemma 12.11 shows that /g Rp =

vol(V//\(JX ))

There is another measure on V' with which Ry gives exactly the measure
of V/A(J*). Define p : R? — R by p(z) = >/, ;. Then V = Ker(p) and
R?/V = R. Taking the standard measures on R? and R, we can define a
measure g on V so that

f@ye = [ [ fo+ o) duto) dp(o)
R4 RJV
holds for integrable functions f on RY. This is a special case of [ f(g)dg =
fg/H Sy f(gh)dhd(gH). Then we easily find that p(V/L) = \/qvol(V/L) for
every lattice L in V. Thus Rp = u(V/A(J>)).
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12.13. If F = Q, we have J =Z and Z* = {£1}; also r =1 and s = 0.
In this case Rq = 1.

Next we take a quadratic field as F. If F' is imaginary, then » = 0 and
s =1, and so J* equals the group of all roots of unity W in F. Thus Rp = 1.
We have W = {+1} except when F = Q(v/—1) or F = Q(v/—3), in which
case W has order 4 or 6 accordingly.

Suppose F' is real quadratic; then r = 2, s = 0, and W = {£1}. Take
e € J* that generates J* /{£1}. Then J* = { £&"|n € Z}. Viewing F as a
subfield of R, we can choose ¢ so that € > 1. Then ¢ is uniquely determined,
and called the fundamental unit of F. Clearly Rr = loge.

12.14. Though we do not discuss the zeta function and L-functions of
a number field in this book, let us at least explain the significance of the
regulator in this connection. For F, J, r, s, and W as in §12.2 and Theorem
12.9, we put J* = Ep, r=rp, s =cp, W = Wg, and

(12.4) tp=rr+cr—1,
(12.5) Cr(s) =) N(A)™* (s € C),
A

where A runs over the integral ideals in F. The function (g is called the
Dedekind zeta function of F. It can be shown that the infinite series of
(12.5) is convergent for Re(s) > 1, and so defines a holomorphic function of
s there, which can be continued as a meromorphic function of s to the whole
s-plane. Moreover (r has a simple pole at s = 1, and

(126) RGSSZ1<F(8) =2"F (27T)CF [WF : 1]71|DF|71/2hFRF,

where hp is the class number of F' and Rp the regulator of F. This result
is due to Dedekind, and its proof can be found in any advanced textbook of
algebraic number theory.

Let K be a quadratic extension of F. Then (x(s) = (p(s)L(s, A) with a
certain function L(s, \), called the L-function of a character A, defined by
L(s, A) =>4 AMA)N(A)~*, where X is a multiplicative map . — {£1, 0}.
It can be shown that L(s, A) is an entire function. From (12.6) we see that
L(1, \) is easy factors times (hx /hr)-(Ri /RF). Thus we can ask the following
natural question: Is there a formula for Rix/Rp? Indeed, Ri/Rp is the
quotients of two determinants, which involve many units, and so it is desirable
to express it with fewer units. We can actually give an answer not only for a
quadratic extension, but also for an extension of an arbitrary degree.

To be explicit, denote by @5 the set {1, ..., pris} with ¢; of §12.2. Let
K be an extension of F' of degree m (> 1). Put b = tx —tr and take a disjoint
decomposition @ = WUV’ such that #¥’' = #&P and the restrictions of the
members of ¥’ to F' give the members of & up to equivalence. Put
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(12.7) U={u€ Eg|Ng/r(u)=1}.
Then we have:

Theorem 12.15. In the above setting we have #¥ =b and U/(UNW) =
ZP. Moreover, let 11, ..., ny be elements of U that generate U/(UNWi) and
let W = {41, ..., ¥p}. Put R(K/F) = |det (e;logi(n;))|, where e; =1 if
; is real and e; = 2 if ; is imaginary. Then

(128) RK/RF = [WF . NK/F(WK)]_l[EF . NK/F(EK)]R(K/F)

Thus Ry /RF is a rational number times a determinant of size b. The proof
is not difficult; we refer the reader to [S01], in which some identities between
the class numbers and regulators of number fields are given.

Exercises. 1. Prove that (1 ++/—31)/2 generates P3 with a prime ideal
P of Q(v/—31) dividing 2. Show that the class number of Q(v/—31) is 3.

2. With F = Q(+/101) determine the decomposition of all rational primes
less than 10 in F, and show that the class number of F' is one.

13. Ideals in an extension of a number field

In this section F' denotes an algebraic number field and K an extension of
F of degree d < oo; Jg resp. Jp denotes the maximal order of K resp. F.

Lemma 13.1. We have XJx N F = X for every fractional ideal X of F.
Consequently the map X — X Ji defines an injective homomorphism of the
ideal group S p of F into the ideal group S, of K.

PROOF. We easily see that X J is a fractional ideal in K. Suppose X Jx =
Y Jgi for another fractional ideal Y in K. Put A = X~ 'Y. Then AJx = Jx,
so that A C Jx N F = Jp, and similarly A~! C Jp, and so A = Jp. Thus
X =Y. Given X, put Z = XJg N F. Then Z is a fractional ideal in F' and
X CZ andso XJx C ZJx C XJg. Thus XJx = ZJk, and so X = Z. This
completes the proof.

Lemma 13.2. N(XJx) = N(X)? for every X € Ir.

Proor. It is sufficient to prove this when X is integral. By Lemma 10.5
we can find « € F* such that aX ! is an integral ideal prime to N (X Jg).
Put Y = aX 1. Then by Lemma 10.5(iii), N(Y) is prime to N(XJg). Now
N(XJON(YJK) = N(aJk) = [Njq(a)] = Npg(@)t = N(aJe)t =
N(X)IN(Y)?. Since N(Y) is prime to N (X J), we see that N (X Jg) divides
N(X)? This is valid for every integral ideal X, and so N (Y Jf) divides N (V).
Thus we obtain N(XJx) = N(X)<.

13.3. Let P be a prime ideal in /" and let @1, ... , Q4 be the prime factors
of PJk in K. Then we have
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(13.1) PJg =Q% ---

with positive integers e;. Since P = Q;NJg, we can view Jg /P as a subfield of
Jr/Qi. Put f; = [Jk/Q; : Jp/P]. Counting the number of elements in these
fields, we obtain N(Q;) = N(P)/i. By Lemma 13.2 and (13.1) we obtain
N(P)4 = N(P)/t... N(P)7s and hence

(13.2) [K:Fl=d=Y7_efi,

which is a generalization of (10.6). We write f; = f(Q;/P) and e; = e(Q;/P).
We say that P is ramified in K if e¢; > 1 for some i, and that P is unram-
ified in K if e; =--- =¢5, = 1.

We are going to define a homomorphism Ny p: Sk — S p. First, given
a prime ideal @Q in K, let P = QNF and f = [Jx/Q : Jp/P]. (If we start
from P, then Q is one of the Q;.) We then put Ng,p(Q) = P/, and extend
the map Ng/p to the whole . i multiplicatively.

13.4. Let us apply Theorem 11.5 to the case where F' is an algebraic
number field. Take a prime ideal P of F' and take Q;, e;, and f; as in (13.2);
put n; = e;f;. Let v (resp. p;) be the order function associated with P
(resp. Qi) (see §10.12). The e; 'u; are extensions of v to K, which are
clearly different. Let F* (resp. K}) be the v-completion of F' (resp. ;-
completion of K.) Comparing (13.2) with Theorem 11.5(iii), we see that the
set {U,}oes of Theorem 11.3 is exactly {K;}Y_,, and the e; 'y, are exactly
the extensions p, of v to K determined in Theorem 11.5. Then we easily see

that f(Q:/P) = f(K;/F*) and e(Q;/P) = e(K;/F*); also, by (11.3) and
(11.4) we have

(13.3) K®FF*gKf@---@K*

(134) NK/F HNK /F* , TI'K/F ZTFK*/F* (QEK).

Let us now take F =Q;let ¢ bea nonarchlmedean valuation of K, and \
the order function of K corresponding to ¢. By Theorem 6.14 the restriction
of ¢ to Q is equivalent to ¢, for some prime number p. Replacing ¢ by
its suitable power, we may assume that A\ = v, on Q. Take P = pZ in the
above discussion. Then we see that A must be ei_lui for some ¢. Thus ¢ is
equivalent to g, in the sense of §10.12.

Theorem 13.5. The map Ng/p : Sk — FF has the following proper-
ties, in which X denotes a fractional ideal in K :

(1) Ng/p(X) is the Jp-submodule of ' generated by Nk p(§) for all § € X.

(2) Ngyr(aJk) = Nigjp(a)Jp for every a € K*.

(3) Npyr(X) = Ng/p(Np (X)) if L is a finite extension of K.

(4) Nigjq(X) = N(X)Z.
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(5) N(Ng/r(X)) = N(X).

(6) If K is a Galois extension of F' and G=Gal(K/F), then Ng,p(X)Jrx =
[oea X7

PrOOF. To prove (2), we use the notation of §13.4. Since e; 'y, is the
extension of v to K7, the proof of Theorem 9.5 shows that I/(NK:/F* (@) =
nie; pi(a) = fipi(a) for a € K. Therefore by (13.4) we have v(Ng/r(a)) =
S9_ fipi(a@). We can put i = [[p 1, Qﬁ”(a), where P runs over the
prime ideals in F and {Q;}7_, is the set of prime factors of P in K. Thus
Ny plondi) = [1p P2=i 74 = Ny p(@)Jp, which is (2).

To prove (1), let & € X. Then £X~! C Jk, and so our definition of
Ng/p(EX 1) shows that Ng,p(6X ') C Jp. Employing (2), we see that
NK/F(S)NK/F(X’l) C Jp, and so

(%) Ng/r(§) € Ngyp(X) for every €€ X.

Given any prime ideal P in F, Lemma 10.5(i) guarantees an element « of K
such that aX '+ PJg = Jk. Then o € X and N, p(aX 1), because of its
definition, must be prime to P. Combining this with (%), we obtain (1).

To prove (6), put ¥ = [[ e X7 and let §{ € X. Then Nk p(§) =
[I,ec & €Y, and so Ng,p(X)Jx CY by (1). Suppose Ng,p(X)Y ™' C Q
with a prime ideal @ in K; put P = Q N F. By Lemma 10.5(i), there ex-
ists an element o of K* such that a X' + PJg = Jxg. Then o € X and
(X~ 17 + PJg = Jk for every o € G, and so Ng/p()Y ' + PJg = Jk.
Since NK/F(a)Y’l C NK/F(X)Y*1 C Jg, we have NK/F(X)Y’l-I-Q = Jg,
a contradiction. Thus Ny r(X)Y ~! = Jg, which proves (6). The remaining
assertions (3), (4), and (5) follow easily from our definition.

14. The discriminant and different

14.1. In this section F is either an algebraic number field of finite degree or
its completion at a prime ideal. We call F' local in the latter case. We denote
by J or Jr the maximal order of F' or the valuation ring of F, accordingly;
K is a finite algebraic extension of F' of degree n and Jg the maximal order
of K. Also, when F' is local, by a fractional ideal in K we understand a .J-
submodule of K of rank 1, which we call an integral ideal if it is contained in
JK.

Let F be an algebraic closure of F, and let o1, ..., 0, be all the differ-
ent isomorphic embeddings of K into F over F. Given a € K , put h(z) =
[T (x —a”) and 6k p(a) = h'(a). If we take a = o', then 0k, p(a) =
[I;s:(a = a%). Clearly h(x) belongs to F[z], and K = F(«) if and only if
dx/r(a) # 0, in which case h is the minimal polynomial of a over F.

The different of K relative to F is the integral ideal d(K/F) in K
determined by
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(14.1) dK/F)™'={z e K |Trg/p(zJx) C Jr}.

To make this definition meaningful, we consider the F-bilinear form («, ) —
Trg/p(aB) of K x K to F, which is nondegenerate by Theorem 7.8(i). Let X
be the right-hand side of (14.1). Then by Lemma 4.4, X is a Jp-lattice in K.
Clearly Jx X C X, and so X is a fractional ideal in K. From Lemma 8.8 we
see that Jx C X, and so X ! C Jg, which establishes d(K/F) as an integral
ideal in K. We note that

(14.1a) Trg/p(d(K/F)~Y) = Jp.

To show this, put A = Trg,p(d(K/F)™'). By (14.1), A C Jp; also {0} #
Try,r(Jk) C A. Thus A is an integral ideal, and so Tr/p (A~ d(K/F)™) =
A7'A = Jp. By (14.1) we have A~'d(K/F)™' C d(K/F)~!. Therefore A=! C
Jx NF = Jg, and so A = Jp as expected.

We now put

(14.2) D(K/F) = Ngp(d(K/F))

and call D(K/F') the relative discriminant of K over F. This is an integral
ideal in F.

Theorem 14.2. If L is a finite extension of K, then
d(L/F) = d(L/K)d(K/F).
Proor. We have
Trpp(d(K/F) ' d(L/K)™") = Trg /e (T k (d(K/F)"'d(L/K) ™))
= Trgyr (d(K/F) " Trp x (d(L/K) ™)) € Trgyp(d(K/F) " k) C T,
and so d(K/F)~'d(L/K)~' c d(L/F)~'. On the other hand,
Tri)p (JxTrp e (d(L/F)™)) = Trp e (d(L/F)~') C JF,

and so Trp p(d(L/F)™') C d(K/F)~'. Thus Trpx (d(K/F)d(L/F)™") C
Jr, which implies that d(K/F)d(L/F)~' c d(L/K)~'. Combining this with
the inclusion we already have, we obtain our theorem.

Lemma 14.3. If o € Jx and K = F(a), then
{§ e K | TrK/F(ﬁJF[oz]) C JF} = 5K/F(Oz)_1JF[Oé].

PrROOF. Let h(z) and o; be as in §14.1; put «o; = a”. Recall that for
every g(z) = 31 bia' € Flz] we have

(14.3) g(z) = Z ff'((i?) xhixo)zi'
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Comparing the coefficients of z"~! on both sides, we obtain b,_1 = >,

W (i) tg(i) = Trg (R (o) tg(a)). NOW take 3 € h'(a)"tJ[a). Then for
every v € J[a] we can put By = h/(a) !g(a) with some g of the above type
with coefficients in J, and so Trg,r(Bv) = b,—1 € J. Conversely, suppose
B € K and Trg/r(BJ[a]) C J. Put h/'(2)3 = g(a) with g € Flz], deg(g) <

Put f(z) = h(z)/(x—«). Then f € J[a][z ], and (14.3) can be written g(ac) =
S B f7 (z). Each coefficient of the last sum belongs to Try/r(8J[a])
which is contained in J, so that g € J[x]. Thus 8 € h'(«)~1J[a]. This proves
our lemma.

Theorem 14.4. (i) The ideal d(K/F) is generated by dx p(a) for all
a € Jg such that K = F(«). Moreover,

(14.4) Ox/p(@)d(K/F)~' ={§ € K | £&Jk C Jp[o]}

for such an o.
(i) The ideal D(K/F) is generated by Ny r (55 p(c)) for all o € Jk.

PROOF. Since Try/r (d(K/F) ' Jp[a]) C Jp, by Lemma 14.3, d(K/F)~!
Cog/r(a) M ple] C ok r(a) Ik, and so dx/p(a)Jx C d(K/F). Take any
¢ € K. Then by Lemma 14.3,

&I C JF[Oé] = TI‘K/F(&SK/F(Q)_lJK) CJrp = f(SK/F(Oé)_l S d(K/F)_l
= &Jk C 5K/F(a)d(K/F)71 = &Ik C JF[Oé],

which proves (14.4). We also see that dx/r(a) € d(K/F)if a € Jx and K =
F(a). That d(K/F) is generated by the dx/p(a) will be proven in §14.14.
Once (i) is established, (ii) follows from it and Theorem 13.5(1). Notice also
that Ny, p(0x/r(a)) = £A(1, o, ..., a"7Y) by (7.8) if n=[K : F].

From (14.4) we immediately obtain
Corollary 14.5. Jx = Jrla] <= d(K/F) =k p(a)Jk.

Theorem 14.6. Suppose F' is local. Then K is unramified over F if and
only if d(K/F) =

PROOF. Suppose that K is unramified over F'; then by Theorems 9.7 and
9.9(i), K = F(y) and Jx = Jp[y] with a primitive m-th root of unity -,
where m = ¢" — 1. Observe that m € J;. Let g be the minimal polynomial
of v over F, and let 2™ — 1 = g(z)h(x). Then ¢'(y)h(y) = my™~ ! € Jg,
and so dg/p(y) = ¢'(v) € Jg. Thus d(K/F) D dx/r(v)Jx = Jk, so
that d(K/F) = Jk. Next assume that K is ramified over F. By Theorem
9.7(1), K is a totally ramified extension of an unramified extension M of F.
Then d(K/F) = d(K/M)d(M/F) = d(K/M). Thus our task is to show that
d(K /M) # Jg. This is included in the following theorem.
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Theorem 14.7. Suppose F is local; let e = ¢(K/F) and let w be a prime
element of K; further let d(K/F) = wtJx with t € Z. Then t = e — 1 if
ecJpand t>e if e¢ Jp.

PROOF. Take M as above. Let f(x) = 2°+c12°~ '+ -+c. be the minimal
polynomial of 7 over M. Let A be the normalized order function of M, and
u its extension to K. Then pu(r) = e~ L. Let H be the Galois closure of K over
M. Then f(z) = [];_,(x — m;) with the conjugates m; of 7 over M. Let &
be the extension of p to H. Since r is unique, we have k(m;) = p(m) = e~ L.
Therefore A(c.) =1 and A(¢;) > 0 for every i. Since A(M*) = Z, we have
i) = 1 for every i, and dxp(m) = f/(7) = em® ™t + (e — D)erm® 2 + -+ +
ce—1. Therefore, if e € J}, then p(8x/ar(m)) = (e—1)/e. This combined with
Theorem 9.9(ii) and Corollary 14.5 shows that d(K/F) = d(K/M) = 7~ J.
If e ¢ J, then ,u((SK/M(w)) > 1, which proves the other case.

Theorem 14.8. If F is an algebraic number field, then D(F/Q) = DpZ.
PROOF. Let {a;}, be a Z-basis of Jp. Then (14.1) shows that

d(F/Q)~' = {Zbiai ZbiTrF/Q(OéiOZj) € Z for every j}.
Therefore N(d(F/Q)) = [d(F/Q)_l : JF] - |det(T1"F/Q(Oé¢OZj))| = |DF|, and
so D(F/Q) = Np/q(d(F/Q)) = N(d(F/Q))Z = DrZ.

14.9. Let us now assume that F' is an algebraic number field. For a prime
ideal P in F' we let Fp denote the P-completion of F and Jp its valuation
ring. Given a finite-dimensional vector space V over F' and a J-lattice L in
V, we put Vp =V ®p Fp and denote by Lp the Jp-span of L in Vp. Observe
that Lp is the closure of L in Vp; it is a Jp-lattice in Vp and compact. If
¢ :V xV — Fis an F-bilinear form and L' = {z € V | ¢(z, L) C J}, then
L' is a J-lattice in V' by Lemma 4.4. Moreover, it can easily be shown that

(14.5) L'P: {xEVp|<pp($, Lp) CJP},

where @p is the Fp-bilinear extension of ¢ to Vp x Vp.

Take a finite algebraic extension K of F and put Kp = K ®p Fp. Let
Q1, ..., Qg be the prime factors of P in K'; denote by K¢, the @;-completion
of K. Then (13.3) can be written

(14.6) Kp=Kq, ©- © Kq,.
Moreover, as will be proven in §21.8, we have
(147) JK ®JF JP:JQl@@JQq

Let X = Q' ---Qy°S with integers a; and a fractional ideal S of K that
does not involve the ;. Let @} be the maximal ideal of Jg,. Then
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(14.8) X @10 Ip = QD™ & - & (Q)).

This can easily be shown by observing that every ideal of @?_, Jo, is of the
form @Y_,(Q7)":.

Theorem 14.10. Suppose F is an algebraic number field; let Q) be a prime
ideal in K and let P = QNF. Then P is ramified in K if and only if P divides
D(K/F); Q is ramified over F if and only if Q divides d(K/F'). Moreover, let
e=e(Q/P). If e ¢ P, then Q°~ " is the exact power of Q dividing d(K/F); if
e € P, then Q° divides d(K/F).

PrOOF. Take ¢(a, ) = Trg/p(af) in (14.5) and apply the result to
(14.1). Employing the second formula of (13.4), we obtain

g
d(K/F)_l ®Jp = {(3}1) S @f:l KQi ZTrKQi/FP(xiJQi) C JP}

i=1
=@l d(Kq,/Fp)™"
Put d(Kq,/Fp) = (QF)" with t; € Z. Then by (14.8) we have d(K/F) =

STI, Q’;i with an integral ideal S prime to P. This proves the first part of
our theorem. The remaining part follows from Theorem 14.7.

Theorem 14.11. Suppose I is an algebraic number field; let o« be an
element of Jx such that K = F(a). Let h(x) be the minimal polynomial
of a over F, and P a prime ideal of F prime to d(K/F) 'x r(a). Let
h(z) = TT_; ki(x)% be the decomposition of h (the class of h modulo Plx])
in (Jp/P)lx] with different irreducible polynomials k;. Then we have PJyx =

Qg with suitable prime ideals Q; in K such that N(Q;) = N(P)fi
with f; = deg(k;).

PrROOF. Put n = [K : F] and C = 0k p()d(K/F)~'. By (14.4), C C
Jr[a). Suppose P is prime to C. Then Jx = PJx + C = PJx + Jrla].
Let PJg = Q7' --- Q% with prime ideals @); in K and a; € Z. We have
Jrla) = Jp®Jra®- - & Jpa™ L, PJpla] = P& Pa®---®&Pa™ 1, PJp[a] C
PJKQJF[Oé], and JF[Oé]/(PJKﬂJF[Oé]) = JK/PJK = JK/Q?IEB' . '@JK/Q?T.
The number of elements of the last direct sum is [[, N(Q;)* = N(PJk) =
N(P)™ by Theorem 13.2. We see that [Jp[a] : PJp[a]] = [Jp : P]" = N(P)".
Thus we obtain PJx N Jp[a] = PJp[a], and Jx/PJx = Jpla]/PJr[a). Now
Jrlz]/hJplz] & Jpla]. Put @ = Jp/P. Given v € Jpla], take t(z) € Jp[z]
so that v = t(«) and assign () (mod h) in @[x]/(h) to 7. Then we obtain
a homomorphism of Jp[a] onto ®[z]/(h). It is easy to see that its kernel is
PJF[Oé] Thus

T g9

D Ix/Q = Ik /PIx = Jpla]/PJrla] = @2/ (h) = ) la]/ (k).

i=1 i=1

It is easy to prove that the rings Jx/Q;* and @[x]/(ki*) are indecomposable
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in the sense defined in Lemma 1.7; see Exercise 1 at the end of Section 10.
Therefore by that lemma, after changing the ordering, we have r = g and
Jr QY = &[x]/(k*) for every i, and so N(Q;)% = N(P)*/fi, where f;
deg(k;). Looking at the set of nilpotent elements, we find that Jx/Q;
®[z]/(k;). Thus N(Q;) = N(P)fi, and so a; = e;. This completes the proof.

111

Remark. The prime ideal @), corresponding to k; can be determined as
follows. With « as above, for a fixed 4, the element k;(«) of Jp[a] goes to
an invertible element of @[]/ (k;’ ) if j # 4. Therefore k;(a) € @, for exactly
one v. Then e(Q,/P) =e; and f(Q,/P) = deg(k;).

Corollary 14.12. Suppose F is an algebraic number field; let « be an
element of Jx such that K = F(«). Let h(x) be the minimal polynomial
of a over F. If h(z) = 1), ti(z) in (Jp/P)[x] with different irreducible
polynomials €;, then PJg = Q1---Q4 with different prime ideals Q; in K
such that N(Q;) = N(P)Ti with f; = deg(£;).

PROOF. In this case we see that A modulo @ for any prime factor @ of P
has no multiple root, and therefore h'(a) ¢ Q. Thus g p(a) is prime to Q,
and so the above theorem is applicable.

Lemma 14.13. Let QQ be a prime ideal in K and let P = QN F. Then the
following assertions hold:

(i) For & € Jix we have Jg = Jpl€] if Jo = Jp[€] + Q*Jo.

(ii) Such a & indeed exists.

PROOF. Suppose £ € Jx and Jg = Jp[€] + Q?Jg. Take a prime element
7 of Kg. Then 7 —m € n?Jg with some m € Jp[¢]. Clearly m is a
prime element of K¢, and so m2Jg = n7Jg. Thus Jo = Jp[¢] + 71Jg. Since
71 € Jp[€], we can show, by induction, that Jg = Jp[¢] + 7fJg for every
k € Z, > 0. The set Jp[¢], being a Jp-lattice, is closed, and so we obtain
Jg = Jp[£]. This proves (i). To prove (ii), take v € K¢ so that Jg = Jp[v];
see Exercise 3 at the end of Section 9. Take also £ € Jg so that £—v € Q% Jq.
Then Jg = Jp[€] + Q2 Jg, which proves (ii).

14.14. Let us now prove that d(K/F) is generated by dx,p() as stated
in Theorem 14.4. If F' is local, Jx = Jr[a] for some «; see Exercise 3 at the
end of Section 9. Then Corollary 14.5 gives the desired fact. Thus we take F’
to be global. Our task is to show that given a prime ideal @) in K, there exists
an element o of Jx such that K = F(«) and 6/ p(a)d(K/F)~" is prime to
Q. Put P=QNF and PJg = Q°T with an integral ideal T" in K prime to Q.
By Lemma 14.13, we have Jg = Jp[{] with a suitable £ € Jk. Replacing £
by 1+¢ if necessary, we may assume that ¢ ¢ Q. In view of (1.1), we can find
a € T such that a—¢ € Q2. Then Jg = Jp[a]+Q?Jg, and so Jg = Jp[a] by
Lemma 14.13(i). Also, o ¢ Q. We may assume that K = F(«). (Indeed, take
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n € Ji so that K = F(n) and replace a by p?'n+ a with 0 # p € P and
0<veZIf pn+a and p**n+ a belong to the same proper subfield of K
for u # v, then n belongs to that subfield, a contradiction. Since there are
only finitely many subfields of K, we have K = F(a/) with o/ = p*’n+a for
a suitable v, without losing the properties Jg = Jp[a/], o/ € T, and o' ¢ Q.)
Now Jx = Jrla] + Q™ for every m € Z, > 0. (Indeed, let ¢ € Ji; then e =
ZE:O c;o with ¢; € Jp, t € Z. Take b; € Jp so that b; —c¢; € P™.Jp and put
B=3_ybia’. Then e~ € JxNP™Jp C Q™) Put A = §/p(a)d(K/F)~*
and let 0 # ¢ € Jp N A. If ¢ is prime to P, then A is prime to P, which settles
our problem. Suppose c¢Jp = P*X with 0 < s € Z and an integral ideal
X prime to P. By Lemma 10.5(i), there is an element ¢ of F* such that
Jp =P+ (Xt PutY = (X! Then (Jr = XY, and so (Jr is prime
to P, and (ofJrx = (a®Jp[a] + (a®Q. Clearly a’Jr[a] C Jr[al; also,
Ca®Q® C XYT*Q® = XYP°Jg C ¢Jx C AJx C Jplal, as can be seen
from (14.4). Thus (a®Jx C Jpla], and so (a® € A by (14.4). Since both ¢
and « are prime to ), A must be prime to @) as expected. This completes
the proof.

14.15. Let us now consider the case [K : F] = 2 with local or global F.
Let o be the nontrivial automorphism of K over F. Then 0 /p(a) = o —a”.
Thus d(K/F) is generated by « — a? for all o € Jg. Thus, if [K : F] = 2,
Corollary 14.5 can be written

(149) JK:JF[Oé] — d(K/F):(Oé—O[U)JK.

Take F = Q and K = Q(y/m) with a square-free integer m # 1 as in
§10.15. Then from (10.10a, b) and (14.9) we obtain

(14.10a) d(K/Q)=+vmJk if m—1¢€4Z,
(14.10b) d(K/Q) = 2/mJx if m—1¢ 4Z.

Exercises. 1. Let I’ = Q(a), a® = p, with a prime number p of the form
p =3t —1, 31t. Prove in the following steps that J = Z[a].

(a) Compute the discriminant of Z[a], and show that [J : Z[a]] = 3¢pf
with integers e and f.

(b) Show that Z,[a] is the valuation ring of Q,(«).

(c) Showing that a + 1 satisfies an Eisenstein equation with respect to 3,
prove that Zs[a] is the valuation ring of Qs(«).

(d) Complete the proof by showing that if a+ba+ca? € J with a, b, ¢ €
Q, then a, b, ¢ € Z, for every prime ¢. (Hint: Employ Theorem 9.9(ii).)

2. Employing Theorem 12.6, prove that Q(v/—1) has no nontrivial unram-
ified extension.

3. Prove that if K = F(c) # F and ¢ € F, then d(K/F) = cAJk with a
fractional ideal A in F.
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4. Let K and L be finite extensions of F' contained in an algebraic closure
of F. Prove:

(i) d(KL/L) divides d(K/F); (ii) if a prime ideal of F' is unramified both
in K and in L, it is unramified in K L; (iii) if d(K/F) is prime to d(L/F),
then d(KL/L) = d(K/F)Jxy and d(KL/F)=d(K/F)d(L/F)Jkz.

5. Let Q(yv/m) and Q(y/n) be quadratic fields with discriminant m and n.
Show that Q(y/m, v/n) is unramified over Q(v/mn) if n is prime to m.

6. Prove that if [F : Q] = 3 and Dy is square-free, then F(y/Dp) is
unramified over Q(v/Dr). (Hint: Show that F'(v/Dp) is cyclic over Q(v/Dr).)

15. Adeles and ideles

15.1. In this section F' denotes an algebraic number field of finite degree,
and J its maximal order. We now consider the valuations ¢p and ¢; in-
troduced in §§10.12 and 12.2. As shown in §§12.4 and 13.4, these represent
all the equivalence classes of valuations of F. We call each equivalence class
of valuations of F' a prime of F'; we call it an archimedean prime or a
nonarchimedean prime of F, according to the nature of the correspond-
ing valuations. We denote by a (resp. h) the set of all archimedean (resp.
nonarchimedean) primes of F, and put v = aUh. Thus each element of h
is represented by p with a prime ideal P in F, and each element of a is
represented by ; asin §12.2.

For each v € v we denote by F,, the completion of F' with respect to the
valuations belonging to v, and call it the v-completion of F. We call an
archimedean prime v real or imaginary according as F,, = R or F, = C.
For z € F, we define |z|, as follows: if v corresponds to a prime ideal P, then
|x], = @p(x); if v is real archimedean and corresponds to o; of §12.2, then
|z|, = pi(x); if v is imaginary and corresponds to 7;, then |z|, = ¢,4i(x)2.
Then (12.1) can be written

(15.1) H |z]y =1 for every x € F*.
vEV
Let K be a finite algebraic extension of F. We say that a prime v € h is
ramified or unramified in K according as the prime ideal corresponding
to v is ramified or unramified in K in the sense of §13.3. For v € a we say
that v is ramified in K if v is real and v has an extension in K that is
imaginary. Otherwise we say that v is unramified in K.

15.2. For v € h and a fractional ideal A in F’ we denote by A, the closure
of Ain F,. In particular, J, is the valuation ring of F;, and A, is the J,-linear
span of A in F,,. We now define the adele ring Fa of I’ by

(15.2) Fa = {x c][F

vEV

T, € J, for almost all v € h}.
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We easily see that Fa is a ring with respect to componentwise addition and
multiplication. Also we can view F, for each v € v as a subring of Fa
through the standard injection F, — [], ., Fo. Identifying an element x of F’
with the element of F)A whose components are all equal to x, we view F as a
subring of Fia. We put F, =[], ., Fuv, which can be identified with ' ®q R,
as shown in Theorem 12.3(iii). If v € a, F), is either R or C and so is locally
compact. The same is true for v € h, as shown in Lemma 6.9, which also
shows that both J, and J¢ are open in F;, and compact.

Put B = Fa X [[,cn Jv- Then B has a structure of a locally compact
topological (additive) group with respect to the standard product topology.
We make Fa a topological group by taking B to be its open subgroup. Then
Fa is locally compact.

Lemma 15.3. (i) Let X be a fractional ideal in F and let Y = F, X
[Iocn Xo- Then Fao = F+Y and X = FNY.

(ii) For every finite subset p of h the projection of F on Fa x [[,c, Fo
is dense. (We will prove a similar result in a stronger form in Lemma 15.10.)

Proor. The last equality of (i) is clear. As for the first equality, it is
sufficient to prove it when X = J, since ¢J C X for some ¢ € F*. Given
z € Fa, take a € J, # 0, so that az, € J, for every v € h. Such an a exists
because of our definition of Fia. In view of (1.1) we can find b € J such that
b— az, € aJ, whenever a ¢ J. Then we see that a='b — z, € J, for every
v € h, that is, 2 € F + (Fa X [[,cp, Jv)- This proves (i).

Next, denote by J’ the image of J under the natural projection map of F
into F. By Theorem 12.3(iv), J' is a lattice in Fy, and so there is a compact
subset C of F, that covers F/J'. Let t = Max{|&,[, |£ € C, v € a}. To prove
(ii), it is sufficient to show that given ¢ € R, > 0,0 < N € Z, £ € Fy, and
(m)ujn € [1,n Fo, there exists an element o of I such that |, —al, <e
for every v € a and 7, — «a € NJ, for every v|N. Replacing ¢ and 7, by
their suitable integer multiples, we may assume that 7, € J, for every v|N.
Since J/NJ = HU‘N Ju/NJ,, we can find 8 € J such that 8 —1n, € NJ,
for every v|N. Take a positive integer k so that (1 +kN)"!Nt < e. Since C
covers Fp/J', we can find v € J such that |[(1 +kN)N"Y(E, — B) — 4]y < t
for every v € a. Put a = 8+ (1 + kN) 1 N~v. Then |{, — a|, < & for every
vea and aw—1n, € NJ, for every v|N. This proves (ii).

Theorem 15.4. F is discrete in Fa, and Fa/F is compact.

PROOF. Let J' be the image of J under the projection map of Fa onto Fj.
Then J' is a lattice in Fj (see Theorem 12.3(iii, iv)), and so we can find an open
subset B of I, such that BN .J' = {0}. Then F N (B x [[,cn Jo) = {0}, and
so F'is discrete in Fa. Next, take a compact subset C of F, so that C' covers
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Fa/J'.Put D = Cx][],cp Jo- Then D is compact, and Fy C D+ J. Therefore
D+J = Fax[lyen Jv,andso D+F D D+J+F = (Fa <[] ¢y, Jo) +F = Fa
by Lemma 15.3. This shows that Fa /F is compact.

15.5. The idele group of F is the group F of the invertible elements
of Fa. We easily see that

(15.3) FX={ze],ey IS |2y € JF for almost all v € h}.

We consider F* as a subgroup of F{' through the injection F'* — F obtained
from the injection F' — Fa of §15.2. We also consider F, for each v € v a
subgroup of F\ through the natural injection F* — F. We put

(15.4) FY ={x € F5 |z, =1 for every v € h},
(15.5) F ={z e F{ |z, =1 for every v € a}.

These are subgroups of F, and F5 = FSF. For € Fy we denote its
projections to Fy and F,* by z, and zy. Put

(15.6) U=F}x[Lyen J-

Then U has a structure of a locally compact topological (multiplicative) group
with respect to the standard product topology. We make F a topological
group by taking U to be its open subgroup. Then FJ is locally compact.
This topology of F is not induced from the topology of Fa.

For x € F{ and a fractional ideal Y in F' we denote by zY the fractional
ideal in F' such that (zY), = z,Y,. To see that such a fractional ideal exists,
let p= {v €h ’ Ty & JS or Y, # Jv}. Then p is a finite set, and z,Y, = J,
if v ¢ p. For each v € p let P,y denote the prime ideal in F' corresponding
to v. Then z,Y, = (P,)J,)™" with m, € Z,. Then define zY = Hvep P(T)”,
which gives the desired ideal.

In particular, z.J is a fractional ideal for x € F. Clearly the map z —
xJ gives an isomorphism of Fy /U onto the ideal group of F, and also an
isomorphism of F5 /(F*U) onto the ideal class group of F. If the class number
of Flis 1, then FX = F*F ], e J - In particular, for F' = Q we have

a

(15.6a) Qx = Q*R*[] 2.
P
15.6. Given z € F, we define its idele norm |z|s by
(157) |$|A = HUEV |$|v7
where |z|, = |2y], with | |, of §15.1. We put then
(15.8) D= {zeFJ||z[a=1}.

From (15.1) we see that |{|a = 1 for every £ € F'*, and so F* C D. Also,
from the definition of |z|, for v € h we see that
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(15.92) |zn|a = N(zJ)™! for every z € FY,
(15.9b) énla" = [€ala = [Np/q(€)| for every €€ F*.

For z € F{ we put
(15.10) T(x) =#S(z), S(z)={a € xJ||al, < |z|, for every v € a},

where #X is the number of elements in a set X. Since the projection of z.J
to Fy is a lattice, T'(x) is well defined (that is, it is finite, not co). We easily
see that T'(Bx) = T'(x) for every 8 € F*.

Theorem 15.7. F* is discrete in F and D/F* is compact.

PROOF. To prove the first assertion, it is sufficient to prove that J* is
discrete in U, since U is open and U N F* = J*. Observe that

D/[FX(DNU)] = D/(DNF*U) 2 (FXUD)/(F*U) C F}/(FXU).

Thus D/[F*(D NU)] is finite. Therefore, to prove that D/F* is compact,
it is sufficient to prove that [F'*(D NU)|/F* is compact. Now this group is
isomorphic to (DNU)/J*, since J* = F*NU. Put Y = DNF;. Then DNU =
Y [ cn /o - Thus our aim is to show that [Y ][, oy, J]/J* is compact. Define
the map A : F) — R""* and V as in Theorem 12.9. Let J* be the projection
of J* to F). We showed in Theorem 12.9 that A(J*) is a lattice in V. (In
that theorem we viewed F'* as a subset of F, and so J* is J* there.) Now
A maps Y/J* onto V/A(J*), which is compact. Thus we can find a compact
subset C' of Y such that A(C) covers V/A(J*). Put X = Ker(\)C. Since
Ker(\) is compact, X is compact. We easily see that X covers Y/J*, and so
X [Lyen 4 covers (Y ], cpn Jo)/J . This proves our theorem.

Lemma 15.8. The notation being as in (15.10), there exists a constant
C > 1 depending only on F' such that |z|a < CT'(x) for every zeFy .

PRrROOF. Take a Q-basis {e;}; of F contained in J. Replacing {e;} by
{ke;} with a suitable integer k, we may assume that |e;|, > 1 for every i
and every v € a. Put £ = Max{|ei|v | 1<i<n,ve a} and take an integer
A>nE. Since the projection of F' to Fy is dense, given z € F5, we can find
an element 3 of F such that [2X], < |Bz|, < |3A|, for every v € a. Take a
positive integer p so that pfBxJ C J and put 2’ = pfBx. Then |2'|a = |z|a
and T'(z") = T'(z). Thus, replacing = by 2/, we may assume that zJ C J
and |2pM|, < |z|, <|3uA|, for every vea. Let y be the element of F{ such
that yp=1 and y, =pA for every vea. Now, for 04:2?:1 v;e; with v, €Z
such that |v;| < p, we have a€ J=yJ and |a|, < |npl,E < |pA|, for every
vEa. (This is so even for imaginary v, as |nu|, =n?u?.) Thus a€S(y), and so
T(y) > 2u+1)" > u™. Put X=aJ. Ilf y€S(y), then y€J and v belongs to a
residue class of J modulo X. Let r be the smallest integer > p” /N (X). Then
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one of the residue classes modulo X must contain r elements &1, ..., &
belonging to S(y). Then the r elements & — & for 1 < i < r belong to
S(x). By (15.9), N(X) = |zn|", and so we have T(z)|z|y" > p"|zals’ >
1" (3uA) "™ =(3A)~™. This proves our lemma.

Lemma 15.9. Let u € a. If a # {u}, then g* has an element £ such
that |e|, > 1 and |g|, <1 for every v € a, # u.

Proor. Take C' as in Lemma 15.8. Let p be the set of all v in h
corrresponding to the prime ideals p such that N(p) < C. Then p is a finite
set. Let Y ={yeF* |C'_1§|Z/|v§1 for every veh}. If y€Y, veh, ¢ p, and
7 is a prime element at v, then |r|, <C~! < |y,| <1, and so |y|, = 1. Thus
y is a v-unit for every v € h, ¢ p. Let p, be the normalized order function
at v. Then the image of Y under the map y — (py(y)),,, is finite. Two
elements y and y’ of Y have the same image under this map if and only if
y/y' €9, and so Y = [z p 90 with a finite subset B of Y. Take an element
x of Fy such that x, =1 for every veh, and |z, <|3|, for every 3€ B and
every veEa, # u. We can take x so that |z|a = C, since a # {u}. By Lemma
15.8, T'(xz) # (). Thus there is an element « of J such that |aa|a < |z]a = C.
Then 1= |a|a = |aalalan|a < Clan|a < Claf, for every veh, since aeJ.
Therefore @ € Y, and so o = e with some € B and ¢ € g*. Then for
vEa, # u, we have |e|, = |a/Bl, < |z|o/|Blv <1. Since e €g* and |e|a = 1,
we have |g|, > 1. This proves our lemma.

Lemma 15.10. Let p be a finite subset of h and let a = {u} Ub with
an arbitrarily fized u € a. Given (§&) € [[,cpup Fo and € > 0, there exists an
element o € F such that |a — &|, <& for every v € pUDb, |a|, > 1/e, and
a € g, for every v € h, ¢ p.

PROOF. In this proof €1, €2, etc. mean small positive numbers. By Lemma
15.3(ii) there is an element (3 € F such that |3 — £,| <e; for every vEp Ub.
Put x= {veh | vép, ﬂ¢gv}; let © be the integral ideal such that r, = 57 'g,
for every v € x and 1, = g, for every v € h, ¢ x. Let R be a complete set of
representatives for g/r, and g an integral ideal such that g, # g, if and only
if v € p. If h is a multiple of the class number of F, then q" = cg with ¢ € g.
Taking a suitably large h, we can take ¢ so that |c¢C|, <eg for every ¢ € R
and every v € p. By Lemma 15.9 there exists an element § of g* such that
|0], <1 for every v € b. Replacing ¢ by its suitable power, we may assume
that |dcC|, <es for every ¢ € R and every v € b. Since dc is prime to r, we
have dc(+1 € ¢ for some ¢ € R. Put v =édc{+1. Then v € g, and in view of
our definition of ¢ we see that vf € g, for v € h, ¢ p. We can take v/ to be
the desired « of our lemma in a weaker form in which the condition on |a],
is dropped. Indeed, if v € p, then |y — 1], = |[0¢(|, = |c(|, <e2, and if v € b,
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then |y — 1|, = |6cC|, < e3. Therefore, with suitable €1, €2, and €3, we have
|78 — &l <e for v € pUb as expected. To include the condition on |af,,
pick any prime w € h, ¢ p. Replacing p by {w}Up, we find an element a of
F such that 0<|al, <ég, |a—& |y <e for v € pUb, and a € g, for v € h, ¢
{w} Up. Then 1 = lala < ealalu Ioepup ol < ealatu Toepun(€olo +©)-
Taking a sufficiently small £4, we obtain |a|, > 1/¢ as desired.

16. Galois extensions

The notation is the same as in Section 14. We first assume that F' is an
algebraic number field.

Theorem 16.1. Let K be a Galois extension of F' of degree d, P a prime
ideal in F, and Q a prime ideal in K that divides P. Put G = Gal(K/F),
e=e(Q/P), and = f(Q/P). Then the following assertions hold:

(1) Let Qu, ..., Qg denote all the different prime factors of P in K. Then
the ideals Q7 for o € G are ezactly Q1, ..., Q4 with each Q; repeated ef
times.

(2) Let Z = {0 € G| Q° =Q}. Then [Z : 1] = ef, [G: Z] =g, and
d=efg.

) PJk = (Q1--- Q)"

(4) e(Q;/P)=¢ and f(Q;/P)= [ for every i.

ProoF. Clearly for every o € G, Q% must coincide with one of the Q;.
Suppose there is an ¢ such that Q; # Q7 for every o € G. Then Q7 # @ for
every o € G. By Lemma 10.5(1), aQ ™' + [, . Q7 = Jk for some o € K*.
Then o € Q and aJg = aQ~'Q, so that aJk is prime to [ .o Q7. On the
other hand, Nk, p(a) € QN Jr = P C Q;, a contradiction. Thus Q; = Q°
for some o € G. Then we easily see that the Q7 for all o € G coincide with
the @; repeated [Z : 1] times. Thus d = ¢g[Z : 1]. Clearly e(Q°/P) = e and
f(Q°/P) = f for every o € G, and hence we obtain (4) and (3). By (13.2),
we obtain d =efg, so that [Z:1] =ef and g =[G : Z].

The group Z is called the decomposition group of @ (relative to F)).
We write Z = Z(Q/P). Clearly o~ 'Z(Q/P)o = Z(Q?/P) for every o € G.

Lemma 16.2. The notation being as in Theorem 16.1, put
M= {a€K|a"=a for every UEZ}, R=QNM.

Then e(Q/R) = e¢(Q/P), f(Q/R) = f(Q/P), e(R/P) = f(R/P) =1, and
RJx = Q°.

PROOF. Since Z = Gal(K/M), the decomposition group of @Q relative
to M is the whole Z. Applying Theorem 16.1(2) to K/M instead of K/F,
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we find that e(Q/R)f(Q/R) = [Z : 1] = e(Q/P)f(Q/P). Since e(Q/P) =
e(Q/R)e(R/P) and f(Q/P)= f(Q/R)f(R/P), we obtain our assertions.

Lemma 16.3. The notation being as above, let kg = Jx/Q and kp =
Jr/P. To each o € Z assign its natural action on kq. Then we obtain a
surjective homomorphism of Z onto Gal(kg/kp).

Proor. The only point is the surjectivity. Take 6 € Jg so that kg =
kp(0), where a denotes the class of a (mod Q). Put h(z) =[], (x —07).
Then h € Jylz]. Since f(R/P) = 1, we have kr = kp, and so h has
coefficients in kp. Now h(f) = h(#) = 0, and so h(f") = 0 for every 7 €
Gal(kg/kp). Since h(z) =[], (x — 67), we have § = 67 for some o € Z,
which proves the surjectivity.

Lemma 16.4. The notation being as above, put
T = {UEZ|a‘7—aEQ for every aEJK}.
Then [T : 1] =e, [Z:T) = f, T is normal in Z, Z/T is cyclic, and the ho-
momorphism of Lemma 16.3 gives an isomorphism of Z/T onto Gal(kq/kp).

ProOOF. The last assertion is clear, since T is the kernel of the homo-
morphism of Lemma 16.3. Thus [Z : T| = [Gal(kg/kp) : 1] = f, so that
[T :1)=[Z:1]/[Z : T] = e. Also, Z/T, being isomorphic to Gal(kg/kp),
must be cyclic.

The group T is called the inertia group of @ (relative to F'). We write
T =T(Q/P). Clearly a 'T(Q/P)a=T(Q/P) for every a € G.

Lemma 16.5. The notation being as above, put
L={a€K|a”=a forevery c €T}, S=QNL.
Then RJ;, =S, STk = Q°, and f(Q/S) = 1.
PROOF. Apply Lemma 16.4 to the extension K/L. Then T = Gal(K/L)

and T is the decomposition group and also the inertia group of @ relative to
L. Therefore we easily obtain our assertions.

Notice that L is a Galois extension of M, but L and/or M may or may not
be normal over F. The decomposition of the type PJy; = Ry --- Ry in M can
happen in some cases, but is false in general.

16.6. Since kp is a finite field with N(P) elements, Gal(kqg/kp) is cyclic,
and generated by the automorphism x — V). Therefore Lemma 16.3 guar-

antees an element ¢ of Z such that

(16.1) a¥ = aV ") (mod Q) for every ac€ Jg.
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Such a ¢ is called a Frobenius automorphism of K at (). Notice that
Z/T is cyclic and generated by ¢T. The coset ¢T is uniquely determined;
in particular, if 7' = {1} (which is the case if and only if P is unramified in
K), then ¢ is uniquely determined by Q. In such a case, we can speak of the
Frobenius automorphism at @, and we put

(16.2) o= [KC/QF]

Then ¢ has order f, and for every o € G we have

w [

Notice that f is the order of an element of G. This is a nontrivial condition
on f. For example, if Gal(K/F) is a noncyclic group of order 4, we have
f(Q/P) < 2. On the other hand, if Gal(K/F) is cyclic of order d, then

f(Q/P) =d can happen.

16.7. The above discussion is applicable to the local case. Indeed, let K
be a Galois extension of a local field F' in the sense of §14.1; let P = Q N F
with a prime ideal @) in K. Theorem 16.1, as well as the symbols Z and T,
is meaningful. However, since @ is unique for P in this case, we have G = Z
and g =1. Thus M = F and PJg = Q°.

16.8. Let us now take our setting to be that of §§13.3 and 13.4, assuming
that K is a Galois extension of F. Identify Fp with the closure of F' in Kg.
Then we easily see that Kg is the composite of K and Fp, and Kg is a
Galois extension of Fp; moreover Gal(K¢q/Fp) is canonically isomorphic to
Gal(K/(K N Fp)). Define M and R as in Lemma 16.2; let M* be the closure
of M in Kg. Then M* can be identified with the R-completion of M. Since
e(R/P)= f(R/P) =1, we have M* = Fp. Thus M C K N Fp. On the other
hand, [K : M] =ef = [Kqg : Fp] = [K : K N Fp|. Therefore M = K N Fp.

Theorem 16.9. Let the notation be as in Theorem 16.1 and the above
lemmas. Let E be a subfield of K containing F' and let H = Gal(K/E). Then
ZoH — Q°NE gives a bijection of Z\G/H onto the set of all the prime factors
of P in E. Moreover, Z(Q°/(Q° NE)) = o0 'Zo N H, T(Q°/(Q° NE)) =
o 1 ToN H, and

e((Q°NE)/P)=[c"To:0'ToNH]|=[T:TNoHo™ 1],
e((Q°NE)/P)f(Q°NE)/P)=[0" 20:0"'ZocNH|=[Z:ZNoHo™1].
ProoOF. Clearly Q° N E is a prime ideal in E dividing P. Let A be a prime
factor of P in E. By Theorem 16.1(1), A C Q for some ¢ € G, and so

A =Q°NE. Suppose Q7 N E = Q™ N E. By Theorem 16.1(1) with E as F,
we have Q° = Q7 for some o € H. Then Tac™! € Z, so that 7 € ZoH.
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Conversely, if 7 = (o with g € H and ( € Z, then Q”r1 = Q% =Q°,
andso QNE =Q™  'NE=(Q"NE)’ = Q"N E. This proves the first
assertion. The remaining part follows easily from the definition of Z and T

Corollary 16.10. Let the notation be as in Theorem 16.9. Then we have
e((QNE)/P)=1ifand only if EC L; e((QNE)/P)= f((QNE)/P)=1
if and only if E C M.

This follows immediately from the above theorem.

16.11. Let us now assume that G is abelian, in which case we say that K
is abelian over F. Then M is a Galois extension of F, and hence taking M to
be K in Theorem 16.1(3), we obtain PJy = Ry - - - Ry. If we take E to be M
in Theorem 16.9, then we can put R; = Q; N M, and so R;Jx = Q. Assume

that e = 1. Then, by (16.3) we have [K/F} = [KéF] for every o € G. Thus

QO{.
the Frobenius automorphism in question depends only on P, and not on the
K/F
choice of its prime factor in K. Therefore we denote it by é . Since

K/F
PJg =(\,eq @7, from (16.1) we obtain, for ¢ = ( Ié > ,

(16.4) a? = aNP) (mod PJg) forevery ac€ Jg.

Let #k/r be the group of all the fractional ideals in F' not involving prime
ideals ramified in K. For X € fg,r we take its prime decomposition X =
[1p P*") with P unramified in K and a(P) € Z. Then we put

16.5) (K)/(F) 11 (Kép)a(P)'

P
K/F

Clearly X — )/( is a homomorphism of .# i/ into Gal(K/F'). Though

we will not discuss class field theory in this book, we note at least one of its

K/F
basic facts: the map X — ( )/( ) s surjective.

Lemma 16.12. Let K be a finite abelian extension of F' as above, and M
a subfield of K containing F. Let P be a prime ideal in F unramified in K.

K/F M/F
Then ( ]é > restricted to M gives ( ]_/7 >

This follows immediately from (16.4).

Exercises. 1. Let M be a finite extension of F, and K the smallest
Galois extension of F' containing M. Prove: (i) a prime of F' is ramified in
K if and only if it is ramified in M; (ii) a prime of F' decomposes completely
in M if and only if it decomposes completely in K.
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2. Let K be a cyclic extension of F' of degree ¢, m > 1, with a prime
number ¢, and M a proper subfield of K containing F. Prove that a prime
of M ramified over F is ramified in K.

3. Enumerate all possible types of prime decomposition in Q (\/ 3,V —5)
and give an example of a prime for each type.

4. Do the same for Q (p'/°,e?"/%) with a rational prime p # 5, p* # 1
(mod 25).

5. Let K and K’ be Galois extensions of F' contained in an extension of
F such that KNK'=F. Let P=QNK and P’ = QN K’ with a prime ideal
Q in KK'. Prove:

(i) If both P and P’ are unramified over F, then @ is unramified over F.

!/ !/
(ii) If @ is unramified over F, then [KK /F} = {K/F} {K /F} under

Q P P!
suitable identification of Galois groups.

6. Let K be a Galois extension of F such that Gal(K/F) is isomorphic
to Sy, n > 2; let L and M be the subfields of K corresponding to S,_1 and
Ay, respectively. Prove that if D(L/F) is square-free and divides D(M/F),
then every prime ideal of M is unramified in K. (This gives an example of
a nonsolvable unramified extension.)

17. Cyclotomic fields

In the following we work within Q, and denote by ( a primitive m-th root
of unity contained in Q with an integer m > 1.

Lemma 17.1. Let &2, = & (n) be the set of all primitive n-th roots of
unity; put g(x; n) = ngg (x —&). Then, g has coefficients in Z, and for
1<neZ,1<reZ, and a prime number { not dividing n, we have

Erfl

g(@; nt™) = g(z"; n)/g(a® 5 n).

ProOOF. The first assertion is easy. Clearly

g@"in)= ] @ =& =]]@-n,

e, n

where 7 runs over the set %(£”, n) of all numbers such that 7" € #,,. Ob-
serving that &2 (nf") is the set of all € Z(¢", n) not belonging to #(£"~1, n),
we obtain our assertion.

Lemma 17.2. (1) If ¢’ is another primitive m-th root of unity, then
(1-¢)/(1 =) is a unit.

(2) If m has two different prime factors, then 1 — { is a unit.

(3) 1+ ¢ is a unit if m is odd.
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PROOF. Since ¢’ = ¢* with some a € Z, we see that (1 —¢')/(1 — ) is
an algebraic integer. Exchanging ¢’ for ¢, we obtain (1). Next, Lemma 17.1
shows that ¢(1, m) = 1 if m has two different prime factors, which proves
(2). Finally, if m is odd, then —( is of order 2m, and so (3) follows from (2).

Theorem 17.3. Suppose that m is odd or 4|m. Then a prime number p
s ramified in Q(C) if and only if plm.

ProOF. Let K = Q(¢) and let f(z) be the minimal polynomial for ¢ over
Q. Then g ,q(¢) = [I(C — &), where & runs over the roots of f other than
¢. Let d = deg(f). Then the product can be written ¢¢](1 — ¢~1¢), which
divides [, (1 —n), where 7 runs over all the roots of (2 —1)/(z —1). Since
the last quotient takes the value m for x = 1, we can conclude that dx/q(()
divides m, and so d(K/Q) D mJg by Theorem 14.4. Thus, by Theorem
14.10, p is unramified in K if ptm. (Up to this point everything is all right
for any m > 1.) The converse part will be proven after the proof of Theorem
17.5.

Theorem 17.4. Let ¢ be Euler’s function of §2.1. Then [Q(¢) : Q] =
@(m), g(x; m) is irreducible, and Gal(Q(¢)/Q) is isomorphic to (Z/mZ)*.
Moreover, for a prime number p that does not divide m let f be the order
of p (mod m) in (Z/mZ)* and let g = ¢(m)/f. Then pJx = Q1 --- Q4 with
g different prime ideals @Q; in K such that N(Q;) = p/.

PrOOF. Let K = Q(¢) and G = Gal(K/Q). To each o € G take an integer
a € Z such that (7 = (*. Then we easily see that o +— a (mod m) defines
an injective homomorphism of G into (Z/mZ)*. Therefore K is abelian over
K/Q . This

pZ

is meaningful since p is unramified in K. Then (¢ — (P € pJg by (16.4).
Suppose (7 # (P. The proof of Lemma 17.3 shows that (7 — (P divides m,
and hence p|m, a contradiction. Thus (¢ = (. Now take any positive integer

Q. Take a prime number p not dividing m, and put o =

b prime to m. Since b is the product of some primes not dividing m, we
can find an element 7 of G such that ¢7 = ¢?. Thus our assertion concerning
Gal(Q({ )/ Q) follows easily from this fact. Also we find that

(17.1) (T=¢b if = (Q(EQ/Q) and 0<beZ, (bym)=1L1.

This means that the inverse map of the homomorphism o — a (mod m)

Q(¢)/Q
aZ

has order f in (Z/mZ)*, then <

for 0 < a € Z. Thus, if p (mod m)
Q(0)/Q
pZ

can be obtained by a +—

has order f, which must be the

residue class degree as noted in §16.6. Therefore we obtain the last assertion
of our theorem.
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Theorem 17.5. Suppose m = £" with a prime number ¢ and 0 < r € Z;
assume r > 1 if £ =2; put K = Q(¢). Then (1 — {)Jk is a prime ideal in
K, tJg = (1-¢)"k, dK/Q)=0k/q(()Jk = (1~ )°Jk, and |D| = (°,
where d = p({") = [K : Q] and e = r0" — "1 (r +1). Thus ¢ is completely
ramified in K.

PrOOF. Put g(z) = g(z; ¢"). Taking n = = 1 in Lemma 17.1, we obtain
g(x) = (xéT -1)/(x o -1)= Zf B vl ,and SO

I[[ a-9=9)=2
ge ()
Put R = (1 - ()Jk. By lemma 17.2(1), R = (1 — §)Jk for every £ € £ ({7,
so that R? = (Jg. Therefore R must be a prime ideal and 1 — ¢ is a prime
element, and so “the R-part” of d(K/Q) is dx/q(1 — ()Jk. Since d(K/Q)
involves no other primes and 0x/q(¢ — 1) = dx/q((), we obtain d(K/Q) =
0k/Q(Q) i = 9'()Jic. Now g'()(¢"" = 1) = ¢7¢"" =" Since ¢ € 2(0),
we have (¢! —1)Jx = R, and so ¢/(¢)Jx = R® with e = rd — ("L,
Thus we obtain all the formulas stated in our theorem.

Let us now prove the “if” part of Theorem 17.3. Denote by K(m) the
field Q(¢). We can put m = mq ---mg, where each m; is a prime power ¢
as above; put K; = K(m;). Then K(m) is the composite of Ky, ..., Ky. If
p|m, then p|m; for some ¢. The above theorem shows that p is completely
ramified in K;, and hence is ramified in K(m).

Theorem 17.6. If K = Q({) with a primitive m-th root of unity ¢, then
Jx =Z[(].

PROOF. If 2/m and 4fm, then —¢? is of order m and Z[¢] = Z[¢?]. There-
fore changing (¢, m) for (¢2, m/2) in such a case, we may assume that m is
odd or 4|m. Take m; and K; as above. We prove our theorem by induction
on s. If s =1, our assertion follows from Theorem 17.5 and Corollary 14.5.
Let L = Ky--- Ky and & = (™. We assume J;, = Z[¢] by induction. Now
d(K1L/L) = d(K;/Q)Jk by Exercise 4 at the end of Section 14. This equals
0k, /Q(C1)JK, where (; is a primitive m;-th root of unity. Since no prime is
ramified in Ky N L, we have K; N L = Q, and hence éx, /q(¢1) = dx/r(C1)-
Therefore Ji = Jp[¢1] by Corollary 14.5, and so Jx = Z[£][¢1] C Z[¢], which
completes the proof.

17.7. Theorem 17.4 shows that the prime decomposition of p in Q(() is
determined by p (mod m). The same idea works for quadratic fields. Given
a square-free integer m # 1, Put ¢ = |m| if m — 1 € 4Z and ¢ = 4|m] if
m—1¢4Z. Let x be the real primitive character modulo ¢ of Theorem 3.7;
put 7 = 7(x). By (3.8b), we have 72 = x(—1)c. Since x(—1)c is m or 4m as
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shown in the proof of that theorem, we have Q(y/m ) = Q(7) C Q(¢), where
¢ =e(l/c). Let G = Gal(Q(¢)/Q), F = Q(v/m), and H = Gal(Q(¢)/F).
Then G/H = Gal(F/Q). Let o = <Q(OZ/Q
to ¢. Then (7 = (P by (17.1), and so TZZ' =30 x(a)¢" = x(p)T by (3.8a).
Now by Lemma 16.12, o gives (F];/ZQ) and so (F/ZQ

F
if x(p) = 1. Since ( p/zQ) =1 if and only if p splits into the product of

> with a prime number p prime

=1 if and only

two prime ideals in F, from (10.13) we obtain x(p) = <m) for odd p. This
p
gives a conceptual interpretation of Theorem 3.7. The crucial point is that

F
Q(v/m) C Q(¢). Suppose m — 1 € 4Z; then we can consider o = ( 2/ZQ>

and obtain 79 = x(2)7. Thus the behavior of the prime 2 in F' is determined
by x(2), as stated in (10.15).

It should also be noted that the proof of Theorem 3.4 is essentially the same
as what we are explaining here, except that the Frobenius automorphism does
not, appear explicitly there.

The same method is applicable to other subfields of Q(¢): Q(¢ + ¢~ 1), for
example. But we leave the details of the discussion in this case to the reader.



CHAPTER 1V

ALGEBRAS OVER A FIELD

18. Semisimple and simple algebras

18.1. Let us first recall the notion of an algebra over a field that we
introduced in §11.1. By an algebra over a field F), or simply by an F-algebra,
we understand an associative ring A which is also a vector space over F' such
that (ax)(by) = abxy for a, b € F and x, y € A. If A has an identity element,
we denote it by 14, or simply by 1. Identifying a with ala for every a € F,
we can view F' as a subring of A. In such a case the identity element of F'
can be identified with 14, and we denote it simply by 1. An F-algebra A
with identity element is called a division algebra if every nonzero element
of A is invertible. For example, F' itself is a division algebra. A subring
of A that is a vector subspace of A over F' is called a subalgebra. In this
book we always assume that an F'-algebra is of finite dimension over F' unless
otherwise stated. In fact, an arbitrary field extension of F' is an F-algebra,
and such will be the only type of F-algebra we need in this book that is not
necessarily of finite dimension over F.

Hereafter in this section A denotes an F-algebra with identity element. Let
W be a right or left A-module. Since FF C A, W is a vector space over F.
Clearly W is finite-dimensional over F' if and only if W is finitely generated
over A.

Given a right or left A-module W, we denote by End4 (W) the ring con-
sisting of all A-endomorphisms of W into itself. Clearly Enda(W) is an
F-algebra, provided W is finitely generated over A. We can view A as a
right A-module by right multiplication. We will often denote this right A-
module by Ap,. For every a € A left multiplication by a defines an element
of Enda(Ap). Conversely, given f € Enda(Ap), put a = f(1). Then for
r € Apj we have f(z) = f(1)r = ax. This means that End4(A) consists
of the endomorphisms obtained from left multiplication by the elements of A,
and we easily see that End(Ay,) is isomorphic to A.

We call a right A-module V irreducible if V' # {0} and V" has no nontrivial
A-submodule other than V itself. Take a nonzero element z of such a V. Since
xA is an A-submodule of V other than {0}, we have V' = xA. We can similarly
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discuss an irreducible left A-module. Thus a right or left irreducible A-module
is of finite dimension over F.

Lemma 18.2. Let Vi and Vo be irreducible right A-modules. Then an
A-homomorphism of Vq into Va is either 0 or a bijection.

PROOF. Let a be anonzero A-homomorphism of V; into V5. Then «(V7) is
an A-submodule of V5 other than {0}, and so a(Vy) = Va, as V3 is irreducible.
Thus « is surjective. Also, Ker(«) is an A-submodule of V7, which is different
from V1, as a # 0, and so the irreducibility of V4 implies that Ker(«) = {0}.
Thus « is injective. This proves our lemma.

Lemma 18.3. If V is an irreducible right A-module, then Enda(V) is a
division algebra.

PROOF. We first observe that End4 (V') # {0}, as it contains the identity
map of V' onto itself, which is not 0. By Lemma 18.2, every nonzero element
of End (V) is invertible, and so our lemma holds.

Lemma 18.4. Let V be a right A-module such that V =%, W; with a
family of irreducible right A-modules {W;} indexed by a finite set I. Given an
A-submodule U of V, we can find a subset J of I such that 'V is the direct sum
of U and the modules W; for i € J.

PRrOOF. Take any subset J of I such that U and the modules W; for ¢ € J
form a direct sum. Denote that direct sum by X. If V = X, the matter is
settled. Suppose V # X; then W), ¢ X for some k € I. Then Wy N X is
an A-submodule of Wy, different from Wy, and so W, N X = {0}, as W}, is
irreducible. Then X and Wj, form a direct sum. Replacing J by J U {k},
repeat the same argument. Since V' = >"._, W; and [ is finite, we eventually
reach our desired conclusion.

iel

18.5. Given a right A-module V, put B = End4(V) and C = Endg (V).
We write the action of the elements of B on V always on the left, and the
action of those of C' on the right. Thus, for g € B, v € C, and x € V, the
image of = under 3 is written Bz, and the image of x under ~ is zy. Put

(18.1) Y ={aecA|Va=0}.

It can easily be seen that Y is a two-sided ideal of A. Then A/Y has a structure
of an F-algebra and V' can be viewed as a right A/Y-module, or rather A/Y
can be viewed as a subalgebra of C. Consequently every C-submodule of
V is an A-submodule. Notice that B = End¢ (V). To prove this, let o €
Endc (V). Since A/Y C C, we have « € End4(V) = B. On the other hand,
C =Endp(V), and so B C End¢(V'), which proves the desired fact.
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We call a right A-module V' completely reducible if V' is the sum of
finitely many irreducible right A-modules. We include {0} in this class of
modules.

18.6. An F-algebra A with identity element is called right semisimple
(resp. left semisimple) if every right (resp. left) A-module is completely re-
ducible. We will eventually show in Corollary 18.17 that A is right semisimple
if and only if it is left semisimple. A right ideal of A can be viewed as a right
A-module. It is called minimal if it is irreducible as a right A-module. In
the following lemmas what we prove in terms of right A-modules and right
ideals are valid also with the word left in place of right.

An F-algebra A with identity element is called simple if A has no two-sided
ideal other than {0} and A.

Lemma 18.7. An F-algebra A with identily element is right semisimple
if A as a right A-module is completely reducible.

PRrROOF. Suppose A is completely reducible. Let V' be a right A-module.
Take elements 1, ..., 2, of V so that V =21A + --- 4+ 2, A. Let X be
the direct sum of r copies of A viewed as a right A-module. Clearly X is
completely reducible. Define ¢ : X — V by ¢(ai, ..., a,) = >i_; xa
for (a1, ..., a,) € X with a; € A and let N = Ker(y). Then N is an A-
submodule of X and V is A-isomorphic to X/N. Applying Lemma 18.4 to X
and N, we have X = N & M with an A-submodule M of X that is completely
reducible. Thus V| being isomorphic to M, is completely reducible, which
proves our lemma.

18.8. Let V be a right A-module and W the direct sum of r copies of
V. Then W consists of all (vq, ..., v,) with v; € V. Let B = Enda (V). We
are going to show that Enda (W) is isomorphic to M,(B). For that purpose
denote by w; the map V' — W that identifies V with the i-th summand of
W, and by m; the map W — V that is the projection to the i-th summand
of W. Given « € Enda(W), put «;; = m 0 aowj. Then «;; € B. We see
that (0, ..., 0, 2,0, ...,0) = (125, ..., apjx;), and so a(z1, ..., z,) =
(Y1, -, yr) With y; = Z;Zl a;;xj. Assigning the matrix (ay;) € M, (B) to
a, we easily see that End 4 (W) is isomorphic to M, (B). For instance, since
idw =), wi omg, for o, B € Enda(W) corresponding to (a;;) and (53;5)
we have

(@fB)ij = mioaBow;=moao (3 wkom)oBow;
=Y Tioaowgompofow; =1 | o Bj.

Also, given «y; € B, put v = szzl w; o aj omy. Then mp 07y 0wp = auy.
A special case of our setting is worthy of a separate statement as follows.
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Lemma 18.9. Let D be a division F-algebra and let D} denote the set
of all (1 x r)-matrices [dy --- d,] with d; € D, viewed as a left D-module.
Then the following assertions hold.

(i) Every (nontrivial) left D-module (which is finite-dimensional over F by
our convention made in §18.1) is isomorphic to D} for some .

(ii) Let A = M,(D), and let A act on D} by right matriz multiplication.
Then Endp(D}) = A and Enda(D}) = D.

(iii) D} is an irreducible right A-module.

PRrROOF. Let V' be a left D-module and let 0 # y € V. Then Dy is an
irreducible left D-submodule of V. Indeed, if 0 # 2z € Dy we have z = dy
with d € D, # 0, and so Dz = Ddy = Dy, which proves the desired fact. Now
V = Dzxy + -+ Dx, with some z; € V. Applying Lemma 18.4 to V, we find
that V = De; &- - - @ De, with a suitable subset {eq, ..., e.} of {z1, ..., 24}
Clearly [dy --- d,] — >_i_, die; gives a D-isomorphism of D} onto V. This
proves (i). Though the equality Endp(D}) = A of (ii) is a special case of what
we did in §18.8, this case is much simpler. Indeed, given o € Endp(D}), let
e, = Z;Zl aije;j with aij € D. Then (22:1 diei)a = Z;:1(Z::1 diaij)ej,
and so « corresponds to right multiplication by the matrix [a;;], from which
we easily obtain Endp(D}) = A. To prove (iii), let 0 # u; € D}. Then Du; is
an irreducible left D-module, and so by Lemma 18.4, D} = Du; @ -+ @ Duy
with suitable us, ..., us. Looking at the dimension of D} over F, we find that
t =r. Foreach i <7 and 0 # d € D we can find an element (3; € A such that
u13; = de;. Thus de; € u1 A, and so D} = uy A, which proves (iii). Finally let
E = Enda(D}). Let Vi be the subset of A consisting of the matrices whose
j-th row is 0 if j # k. Then A =V & --- @ V,. and each V; is isomorphic to
D;. Taking A to be W of §18.8, we obtain End4(A},) = M,(E). As noted
in §18.1, A = Enda(Ajy). Thus M, (D) = M,(E). Clearly D C E, and so
D = E, which completes the proof.

Lemma 18.10. Let A be a right semisimple algebra and let A= @,.; W;
with minimal right ideals W; of A (see Lemma 18.7). Then every irreducible
right A-module is isomorphic to W; for some i.

PrOOF. Let V be an irreducible right A-module. Then V' = xA with some
x €V, and the map a — za for a € A is an A-homomorphism of A onto V,
whose kernel is {a e A | ra = O}. Denote this kernel by N. Then N is a right
ideal of A. By Lemma 184, A= N © M, M = @,.; W; with a subset J of
I. Then V= A/N = M and M = W; for some i, as V is irreducible. This
proves our lemma.

Theorem 18.11. The following conditions on an F-algebra A with iden-
tity element are mutually equivalent:
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(i) A is right semisimple and all irreducible right A-modules are isomor-
phic.

(ii) A can be decomposed to a direct sum of finitely many minimal right
ideals that are A-isomorphic to each other.

(iii) A is isomorphic to a matriz algebra M, (D) with a division algebra D.

PROOF. Let A = M, (D) as in (iii). Define V}, as in the proof of Lemma
18.9. Clearly Vj is a right ideal of A isomorphic to D}, which is an irreducible
right A-module by Lemma 18.9(iii). Since A =V, @ --- @ V., this proves that
(iii) = (ii). Clearly (i) = (ii). If we assume (ii), then A is right semisimple by
Lemma 18.7, and (i) holds by Lemma 18.10. Suppose Af,q is isomorphic to the
direct sum of 7 copies of an irreducible right A-module V. Let D = End 4 (V).
By Lemma 18.3, D is a division algebra. As shown in §18.8, End(A}) =
M.,.(D). Since A = End(A[) as noted in §18.1, this proves (ii) = (iii), and
completes the proof.

Theorem 18.12. An F-algebra A with identity element is simple if and
only if A is isomorphic to a matrix algebra M, (D) with a division algebra D.
Moreover, the isomorphism class of D and r are determined by A.

PROOF. Suppose A is simple, that is, A has no two-sided ideal other than
{0} and A itself. Take a minimal right ideal R of A, and let £ = End(R).
By Lemma 18.3, E is a division algebra. We can put R = Fe; & --- & FEe,
with some elements e;. Let W be the direct sum of r copies of R and let
g = (e1, ..., e.) € W. Consider the map « — ga, defined for a € A, of
A into W. If ga = 0, then e;a = 0 for every 4, and so Ra = {0}. All
such «a form a two-sided ideal of A, which is clearly different from A, as we
cannot have a = 1. Thus ga = 0 only if o = 0. Therefore our map gives
an isomorphism of A, onto the submodule gA of W. By Lemma 18.4, gA is
isomorphic to the direct sum of s copies of R with an integer s < r. Thus
A satisfies (ii) of Theorem 18.11, and (iii) of the same theorem shows that
A is isomorphic to a matrix algebra over a division algebra. If A = M, (D),
then by (ii) and (iii) of Lemma 18.9, D is determined as End4 (V) with an
irreducible right A-module V, and V must be isomorphic to D}. Thus D and
r are determined by A. That M,.(D) for any division algebra D is simple can
be shown by taking D to be Z of the following lemma.

Lemma 18.13. Let Z be an associative ring with identity element, and
let S = M,(Z). Then every two-sided ideal of S is of the form M, (Y) with
a two-sided ideal Y of Z.

Proor. For z = Zz’jaijeij € M,(Z) with a;; € Z and the standard
matrix units e;; write a;; = p;j(z). Given a two-sided ideal X of S, put
Yi; = pi; (X). Since ejzej; = pij(x)e;j, we see that Yije;; C X. Also, we have
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Y;j = Y11 for all (i, ]), since €1i€45€51 = €11 and €i1€11€15 = €45. Clearly Y11
is a two-sided ideal of Z, which proves our lemma.

Lemma 18.14. Let A be a simple F-algebra. Then every two right A-
modules of the same dimension over F are A-isomorphic.

PROOF. This is because A has property (i) of Theorem 18.11.

Lemma 18.15. Let A = M, (D) with a division algebra D, and let e be a
nonzero element of A such that e* = e. Then eAe = My(D) with 0 < s <r.

PROOF. Let V = D}. Then D = End4(V) and A = Endp(V) by Lemma
18.9(ii). Put f =1—e. Then ef = fe =0, f2 = f,and V = Ve®V f. Clearly
eAe C Endp(Ve). Let @ € Endp(Ve). Define 5 € Endp(V) by 8 =« on
Ve and 8 =0 on Vf. Then 8 € Endp(V) = A and o = efe € eAe. This
proves that eAe = Endp(Ve). By Lemma 18.9, Endp(Ve) = My (D) with
s =[Ve: F|/[D : F], which proves our lemma.

Theorem 18.16. An F-algebra A with identity element is right semisim-
ple if and only if A is a direct sum of a finite number of simple algebras.

PROOF. Suppose A= A; @ --- @ A, with simple algebras A;. We can put
A; = @;Zl N;; with minimal right ideals N;; of A;. Since A;A, = {0} for
i # k, we see that each IV;; is a right ideal of A, which is clearly minimal. We
have A = @;_, (@;‘:1 Ni;), and so by Lemma 18.7, A is right semisimple.
Conversely suppose A is right semisimple. We can put Ap) = @1;:1 Wi,
where W; is isomorphic to the direct sum of s; copies of an irreducible right
A-module V; such that V; is not isomorphic to Vj, if ¢ # k. By Lemma 18.2
every A-homomorphism of W; into Wy is 0 if i # k. Therefore Enda(A},)
can be identified with @'_, End(W;), and End4(W;) = M, (D;) with D; =
End4(V;), as shown in §18.8. Since V; is irreducible, D; is a division algebra.
We have seen in §18.1 that A = Enda(A},), and so A 2 @;_, M,, (D;), which
completes the proof.

Corollary 18.17. An F-algebra A with identity element is right semisim-
ple if and only if it is left semisimple.

ProoOF. Using the word left instead of right, we can show that A is a direct
sum of a finite number of simple algebras if and only if A is left semisimple,
and so we obtain our corollary.

Hereafter an algebra A is called semisimple if it is right or left semisim-
ple. A simple F-algebra is commutative if and only if it is a finite algebraic
extension of F, and therefore a semisimple F-algebra is commutative if and
only if it is the direct sum of a finite number of finite algebraic extensions of
F.
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Lemma 18.18. (i) Let D be a division algebra over F. Given « € D, let
Fla] denote the set of all elements of D of the form cy + cra + -+ + ¢,
with ¢; in F and 0 <n € Z. Then F[a] is a finite algebraic extension of F.

(ii) If F is an algebraically closed field, then F is the only division algebra
over F.

(iii) If F is as in (ii), then every simple algebra over F' is a matriz algebra

PROOF. Let F[X] be the polynomial ring in one indeterminate X over
F, and let I = {g € F[X]|g(e) = 0}. Then the map h(X) — h(a) gives
an isomorphism of F[X]/I onto F[a]. Since D is a division ring and finite-
dimensional over F, the ideal I must be a prime ideal other than {0}, and so
Fla] is a field. This proves (i). If F is algebraically closed, we have F[a] = F,
which means that D = F. This proves (ii). The last assertion follows from
this combined with Theorem 18.12.

18.19. Let G be a finite group and F a field. We denote by F[G] the set of
all formal sums ), a,y with a, € F. This set has a structure of a vector
space over F' with respect to formal addition and multiplication by elements
of F. We can make it an F-algebra by defining

( Z a.ﬁ) ( Z 655) = Z absyo = Z c.e with c. = Z ayby—1,.
yeG 6eG v, 8 eeG yeG
This algebra is called the group algebra of G over F. In fact we do not need
this in our later treatment, but we prove its semisimplicity as stated in the
following theorem, since the result is very basic and its proof is nontrivial.

Theorem 18.20. If G is of order h and hlpg # 0 (that is, if the charac-
teristic of F is 0 or does not divide h), then F[G] is semisimple.

PROOF. Put A = F[G]. Let V be a left A-module. Our task is to show
that V' is completely reducible. Let U be an A-submodule of V. Take a vector
subspace X of V such that V = U @& X. For every z € X and « € G there
is a unique element y € X such that arx —y € U. Put y = T,x. Then T,
gives an element of Endp(X) and ax —Tox € U for every = € X. Moreover,
we easily see that Th,g = T, 1 for «, f € G. Assuming that hlp # 0, put
Rx =h 'Y .oa 'Tax for 2 € X. Then R is an F-linear map of X into
V. For every x € X we have z — o 'T,2z € U, and so Rz — x € U. Put
Y = RX. Then z € U+Y forevery x € X,andso V=U+ X C U +Y.
Since dim(Y) < dim(X), we have V. = U @ Y. Besides, for § € G and
r € X we have SRz = h™'Y Ba T, = b1y, ﬂa’lTag_nggc =
h~1 Zv'y’lTV(Tgx) = RIgx € Y. Thus BY C Y, that is, YV is an A-
submodule. If we start from an irreducible A-submodule U of V, then we
repeat the same procedure on Y, and eventually we can show that V is com-
pletely reducible as expected.
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19. Central simple algebras
19.1. Given an associative ring A with identity element, put
(19.1) Z = {aeA‘ax:xa for every x € A}.

Then Z is a subring of A containing the identity element of A. We call Z the
center of A. We state here seven easy facts on the center of a ring.

(19.2) If A = A1 @ -+ @ Ag with rings A; and Z; is the center of A;, then
Z1 & - D Zg is the center of A.

(19.3) If Z is the center of A, then the center of M, (A) consists of the matrices
21, with z € Z.

(19.4) If D is a division ring, then the center of D is a field.

(19.5) If A is an F-algebra, then the center of A is an F-algebra.

(19.6) If A is a simple F-algebra, then the center of A is a field that is a finite
algebraic extension of F.

(19.7) If A is a semisimple F-algebra, then the center of A is a direct sum of
a finite number of finite algebraic extensions of F.

(19.8) If A is a semisimple F-algebra and the center of A is a field, then A is
simple.

These can easily be verified. Take (19.6), for example. If A is simple, then
by Theorem 18.12, A = M, (D) with a division algebra D. By (19.3), the
center of A can be identified with the center of D, which is clearly a field. We
leave the details of the proof of the other statements to the reader.

An F-algebra is called central over F' if its center is F. Every central
simple algebra over F' is of the form M, (D) with a central division algebra D
over F. In particular, M, (F') is a central simple algebra over F.

19.2. Given two F-algebras A and B not necessarily of finite dimension
over F, put C = A ®p B. We can make C' an F-algebra in such a way that
(a®@0b)(d ®@b) = ad @b for a,a’ € A and b, b € B. To show this,
we first define a map f, 5 : A X B — C for fixed a € A and b € B by
fa,b(z, y) = ax®by for x € Aand y € B. Then f, ; is an F-bilinear map, and
so there is an F-linear map ¢, 5 of C' into C such that ¢, »(z®y) = fo s(x, y).
Then ¢4, 0(z @ y) = ar @ by. We easily see that (a, b) — @4, is an F-
bilinear map of A x B into Hom(C, C), and so there is an F-linear map
1 1 C — Hom(C, C) such that (e ® b) = ¢4, for every (a, b) € A x B.
Now we define the law of multiplication (z, w) — zw in C by zw = ¢(z)(w).
It is an easy exercise to show that C' is indeed an F-algebra with respect to
this multiplication-law, and clearly (¢ ® b)(a’ ® b') = aa’ ® bb’. Hereafter we
understand that A ® 7 B means this F-algebra, and write simply A ® B for
A ®Fr B whenever F is clear from the context.
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We easily see that the map a +— a ® 1p is an F-linear ring-injection of A
into A® B. Let A’ denote the image of this map. Similarly the map b+— 14®b
is an F-linear ring-injection of B into A ® B. Let B’ denote the image of this
map. Then zy = yz for every z € A’ and every y € B’, and A® B = A'B’.

Conversely, suppose we have an F-algebra C' and two subalgebras A and B
of C' that have the following properties: (i) A, B, and C have the same identity
element; (ii) zy = yx for every x € A and every y € B; (iii) C = AB; (iv)
[C: F] = [A: F|[B : F]. Then there is an isomorphism of A ® B onto C
that maps =z ® y to zy for every x € A and y € B. We leave the proof to
the reader. Thus if conditions (i), (ii), (iii), and (iv) are satisfied, we often
identify C' with A ® B with respect to that isomorphism.

We can easily show that M,.(A) = M,.(F) ® A for every F-algebra A and
M,s(F) = M,(F) @ My(F) = M, (M(F)).

As a special case, take an arbitrary field extension K of F' (not necessarily
of finite dimension over F') as B. Then we can form A @z K, which we will
often write Ag, and call it the scalar extension of A from F to K. Clearly
Ak is a K-algebra.

Lemma 19.3. For an F-algebra A denote by Z(A) the center of A. Then
the following assertions hold:

(i) Z(A®Fp B) = Z(A) ®F Z(B) for every F-algebra B.

(ii) If K is an arbitrary field extension of F, then Z(Ak) = Z(A)k.

PrOOF. Here we do not assume that A and B are of finite dimension
over F. Let {z;}ic; be an F-basis of A. Then A® B = ), .;2; ® B. Let
2= ,c1Ti®b; € Z(A® B). The commutativity of z with 14 ®u for every
u € B shows that b; € Z(B) for every i, and so Z(A® B) C A® Z(B). Let
{y;}jes be an F-basis of Z(B). Since A® Z(B) = _,c ; A® y;, we can put
z= ZjeJ a; ®@y; with a; € A. The commutativity of z with v®1p for every
v € A shows that a; € Z(A) for every j. Thus Z(A® B) C Z(A) ® Z(B),
which proves (i), as the opposite inclusion is obvious. Taking K as B, we
obtain (ii).

Lemma 19.4. Let B be a central simple algebra over F and A an F-
algebra with identity element, not necessarily of finite dimension over F. Then
every two-sided ideal of A ® B is of the form I ® B with a two-sided ideal T
of A, and vice versa.

PRrooOF. It is sufficient to prove the direct part. Let .J be a two-sided ideal
of A® B different from {0}, and let I = J N A. Clearly I is a two-sided ideal
of Aand I® B C J. We can find an F-basis {x, },cn of A such that {x,},cm
is an F-basis of I with a subset M of N. Then A ® B = ZVGN z, B and
I®B = Z%M x,B. Let L be the complement of M in N. Suppose J has
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an element w not contained in / ® B. Put w = ) .y x,b, with b, € B.
Then b, # 0 for some v € L. Modifying w by a suitable element of I ® B,
ver Twby. Let Ly, = {1/ eL | by, # O}. Then L,, is
a nonempty finite set. Take w so that #(L,,) is the smallest. Fix an element
k of L,, and put

H = {c,{ | EVGL“, T,c, €J with ¢, € B}.

we may assume that w=">_

We easily see that H is a two-sided ideal of B. Since 0 # b, € H and B
is simple, we have H = B. Thus 1 € H, and so J has an element z =
ZueLw z,c, with ¢, € B such that ¢, = 1. Let d € B. Then J 2 dz — 2d =
Do L 2, (de, — ¢,d). Since the coefficient of this element for z, is 0, our
assumption on w implies that dz — zd = 0, that is, dc, = ¢, d for every
v € Ly, Since this is so for every d € B, we have ¢, € F,andso z € ANJ = I.
This is a contradiction, as ¢, =1 and k ¢ M. Thus I ® B = J as expected.

Theorem 19.5. Let B be a central simple algebra over F. Then the fol-
lowing assertions hold.

(i) If A is simple, then A ® B is simple.

(ii) If A is semisimple, then A ® B is semisimple.

(iii) If A is central simple over F, then A ® B is central simple over F.

PrOOF. Assertion (i) follows from Lemma 19.4. Next, if A is semisimple,
then A=A ®---® Ay with simple algebras A4;, and so A® B= (41 ® B)®
-+ @ (As ® B). Thus (ii) follows from (i). Finally, (iii) follows from (i) and
Lemma 19.3(i).

Theorem 19.6. Let K be an arbitrary (not necessarily finite) field exten-
sion of I, and B an F-algebra. Then B is central simple over F if and only
if Bx is central simple over K.

PROOF. From Lemma 19.3(ii) we see that Z(B) = F if and only if Z(Bg)
= K. Thus our question is whether the algebras in question are simple. Sup-
pose B is central simple over F. Then taking K as A in Theorem 19.5 (i), we
see that By is simple. Conversely, suppose B is central simple over K. Let
I be a two-sided ideal of B different from {0}. Then I ® K is a two-sided ideal
of B different from {0}, and so I ® K = Bg. Thus I = B, which shows that
B is simple, and our proof is complete.

Theorem 19.7. Let F be an algebraic closure of F. Then an F-algebra A
is central simple over F if and only if A® F is isomorphic to a matriz algebra
M, (F) with some n.

PRrOOF. This follows from Theorem 19.6 combined with Lemma 18.18(iii).
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Theorem 19.8. If A is a central simple algebra over F, then [A : F] is
the square of an integer.

ProOOF. This follows immediately from Theorem 19.7.

19.9. By an anti-isomorphism of a ring A to a ring B we mean an
additive bijection x +— z of A onto B such that (zy)® = y“z® for every
x, y € A. We call such an « an anti-automorphism of A if A = B. We also
call a an involution of A if A = B and (z%)* = x for every x € A. For
example, if A = M, (F), then the transpose map z +— 'z is an involution of A.
If the rings are F-algebras and « is F-linear, we call o an anti-isomorphism
or an anti-automorphism over F.

If A has an identity element and Z is the center of A, then every anti-
automorphism of A induces an automorphism of Z.

Given an F-algebra A with identity element, we can construct an F-algebra
A’ that is anti-isomorphic to A over F as follows. We take A’ as a vector
space over F' to be a copy of A; then we define a law of multiplication on
A’ to be (a, b) — ba, where ba is the product considered in the algebra
A. Then z — x of A onto A’ is an anti-isomorphism of A onto A’ over F.
(Traditionally A’ is called the reciprocal of A, but for simplicity we dispense
with that terminology.)

Theorem 19.10. Let A be a central simple algebra over F, and B a simple
F-algebra. Suppose there exist two F-linear ring-injections o and T of B
into A that send 1p to 14. Then there is an element ~ of A* such that
2T =~27y"L for every z € B.

PROOF. We prove this for two F-linear anti-isomorphisms o and 7 of
B onto subalgebras of A that send 1p to 14. This reformulation is valid, as
we can replace B by an algebra anti-isomorphic to B over F, which can be
obtained as in §19.9. Put C = A ® B, which is simple by Theorem 19.5(i).
We define a right action of C' on A by putting z(a ® b) = b%za for =, a € A
and b € B. Since (bi1b2)? = b307, the action defines a structure of a right
C-module on A. (More precisely, we put 2 (>, a; ® b;) = Y, bJza;, and we
have to prove that this is indeed a well-defined action, but we leave the details
to the reader.) We denote this right C-module by A,. Taking 7 in place of
o, we obtain another right C-module A,. By Lemma 18.14, A, and A, are
C-isomorphic, that is, there exists an F-linear bijection f of A onto A such
that f(b%za) =07 f(x)a for every a, x € A and every b € B. Taking = = 14
and b= 1p, we obtain f(a) = f(1a)a. Put v = f(14). Then A = f(A) = vA,
and soy € A*. Also, we have vb? = f(b%) = b7y for every b € B, which
proves our theorem.

Taking A = B and 7 to be the identity map of A to itself, we obtain the
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following result.

Corollary 19.11. Let A be a central simple algebra over F, and let o be
an F-linear automorphism of A. Then there exists an element ~v of A* such
that x° = yxy~' for every = € A.

Theorem 19.12. Let A be a central simple algebra over F, and A" an F-
algebra anti-isomorphic to A over F; let r = [A: F]. Then A® A’ =2 M.(F).

ProOF. Put C = A® A’. Let x +— x* be an F-linear anti-isomorphism of
A’ onto A. We can view A as a right C-module by the action z(a ®b) = b‘za
for a, x € A and b € A’. (This is a special case of what was done in the proof
of Theorem 19.10.) By Theorem 19.5(iii), C' is a central simple algebra over
F. Now, the action of C' on A defines an F-linear homomorphism ¢ of C' into
Endg(A). Then Ker(p) is a two-sided ideal of C, which cannot be C, as ¢ is
nontrivial. Since C'is simple, we have Ker(y) = {0}, and so ¢ is injective. We
have [C : F] =% = [Endp(A) : F]. Consequently, C = Endp(A) 2 M,.(F) as
expected.

Lemma 19.13. Let A = M,.(D) with a division algebra D over F, W a
finitely generated A-module, and let B = Enda(W). Then B = My(D) with
some s and [W : F|*> =[A: F|[B: F].

PROOF. Let V = D!. By Lemma 18.9, V is an irreducible right A-module
and End4 (V) = D. By Theorem 18.11, W is isomorphic to the direct sum
of s copies of V for some s. As explained in §18.8, B = M,(D). Then
(W : F|? = s?%[D : F)> =r%[D : F|s?[D : F] = [A: F|[B : F]. This proves
our lemma.

Theorem 19.14. Let A be a central simple algebra over F, B a simple
subalgebra of A such that 1g = 14, and let C = {;v S| ‘ xb = bx for every
b € B}. (This set C is called the commutor of B in A.) Then the following
assertions hold:

(i) C is a simple algebra;

(ii) B is the commutor of C in A;

(iii) [A: F] =[B: F|[C : F].

(iv) Let B' be an algebra anti-isomorphic to B and let A®p B’ = M, (P)
with a division algebra P and some p. Then C =2 M, (P) with some v.

ProoF. We can put A = M, (D) with a central division algebra D over F.
Let V = D}. Then V is an irreducible right A-module and D = End (V) by
Lemma 18.9. With B’ as in (iv), we can view V as a left (D ® B’)-module
by putting (d ® ¢’)w = dwe for d € D and e € B, where e +— ¢’ is an anti-
isomorphism of B onto B’. We easily see that C' = Endpgp/ (V). By Theorem
19.5(1), D ® B’ is simple. Taking D ® B’ and V to be A and W in Lemma
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19.13, we find that C' (which corresponds to B of that lemma) is simple, and
[V:F]?=[C:F|D:F)B:F],andso [A: F|=72[D:F]=[C:F|B:F].
Let E be the commutor of C'in A. Then BC E and [A: F|=[C: F][E : F],
and so [B: F] = [E : F]. Thus B = E, which gives (ii). Let P be as in (iv).
Then D®p B’ = M, .(P). Thus, when we view D ® B’ as A of Lemma 19.13,
P becomes D of that lemma, and so C' = M, (P) with some v by that lemma.
This proves (iv) and completes the proof.

Theorem 19.15. Let A be a central simple algebra over F and let [A :
F] = m?2. Let K be a subalgebra of A that is a field and such that 1x = 14.
Further let B be the commutor of K in A. Then B is a central simple algebra
over K and [B : K| = s? with an integer s such that m = s[K : F]. In
particular, [K : F] = m if and only if K is the commutor of K in A, in which
case A®@p K =2 M,,(K).

Proor. Clearly K C B. By Theorem 19.14, B is simple and K is the
commutor of B in A. Thus B is a central simple algebra over K. Put [B : K|
= 5% Then m? = [A: F] = [K : F|[B : F| = [K : F)?s?, which proves the
main part of our theorem. If [K : F| = m, then B = K, and vice versa. In
such a case, take B = C' = K in Theorem 19.14. Then both B’ and P there
coincide with K, and so A @ p K = M,,,(K), which completes the proof.

Lemma 19.16. If D is a central division algebra over F' different from F,
then D contains a separable extension of F different from F.

PROOF. Let z € D, ¢ F. By Lemma 18.18(i), F[z] is an algebraic extension
of F different from F), and so there is no problem if the characteristic of F' is 0.
Suppose F' has characteristic p with a prime number p. If F'[z] is not purely
inseparable over F|, then F'[z] contains a nontrivial separable extension of F.
So, assume that F[z] is purely inseparable over F. Then [F[z] : F] = ¢ and
z% € F with a power ¢ = p°, 0 < e € Z. Put u = 27" Then wP € F and
[F[u] : F] = p. Define an F-linear automorphism o of D by o(z) = uzu~".
We view o as an element of Endp(D). We easily see that ¢ = 1; also o # 1,
as u ¢ F. Thus (0 — 1)’ = 0 and o — 1 # 0. Take the largest integer r
such that (o —1)" # 0; then 1 <r < p. Take y € D so that (¢ —1)"y # 0,
and put a = (0 —1)" "1y and b = (0 — 1)"y. Then 0 # b = o(a) — a and
a(b) —b = (0 —1)"Tly = 0, because of our choice of r. Put ¢ = b~1a. Then
o(c) =o(b)"to(a) =b 1 (b+a) = c+ 1. This means that o gives a nontrivial
automorphism of F'[c], so that F'[c] is not purely inseparable over F. Thus we
can find a nontrivial separable extension of F' contained in D.

Theorem 19.17. Let D be a central division algebra over F. Then D
contains a separable extension M of F such that [D : F| = [M : F]%.
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PROOF. Let [D : F] = m?2. Our assertion is obvious if m = 1, and so we
assume m > 1. By Lemma 19.16, D contains a separable extension K of F
different from F. Take such a K with the maximum value of [K : F], and
suppose [K : F] # m. Let B be the commutor of K in A. By Theorem 19.15,
B is a central simple algebra over K and [B : K| = s? with an integer s
such that m = s[K : F]. Since B C D, B is a division algebra. Now we
have s > 1, and so by Lemma 19.16, B contains a separable extension L of K
different from K. Then L is a separable extension of F' and [L : F] > [K : F],
a contradiction. Therefore [K : F] = m and we obtain our theorem.

19.18. Let A be an F-algebra with identity element. An F-linear homo-
morphism p: A — M, (F) such that p(14) = 1, is called a representation
of A of degree r. We call p faithful if it is injective. Two F-linear repre-
sentations p and p’ of A are said to be equivalent over F if they are of
the same degree, say r, and there exists an element T of GL,(F) such that
p'(a) = Tp(a)T~! for every a € A.

In general, every right or left A-module V' produces a ring-homomorphism
A — Endp(V). Identifying Endp(V) with M, (F), where n = [V : F], we
obtain a representation of A. Conversely, from a representation of A we can
construct a right or left A-module.

Define a right A-module A}, as in §18.1 and put n = [A : F]. Then right
multiplication by the elements of A defines an F-linear ring-homomorphism
A — Endg(Ap). This is certainly injective, as we are assuming that A has
an identity element. Since Endp(Ap) = M, (F), we thus obtain a faith-
ful representation p, : A — M, (F), which we call a right regular rep-
resentation of A. This depends on the choice of an F-basis of A, but it
is determined up to equivalence. Similarly let Ap; denote the vector space
A viewed as a left A-module. Then left multiplication defines an F-linear
ring-injection A — Endp(Ap)), and consequently we obtain a representation
pi: A — M, (F), which we call a left regular representation of A.

Theorem 19.19. (i) Every two representations of a simple algebra of the
same degree are equivalent.

(ii) If A is semisimple, then a right reqular representation of A over F is
equivalent to a left reqular representation of A over F.

PROOF. In view of what we said in §19.18 about the correspondence be-
tween representations and A-modules, (i) follows from Lemma 18.14. As for
(ii), we can reduce the problem to the case where A is simple by means of
Theorem 18.16. For simple A, the result follows from (i).

Theorem 19.20. Let A be a simple algebra over F' and Z the center of
A. Suppose that Z is separable over F; let [Z : F] =m and [A: Z] = n? (see
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Theorem 19.8). Further let p be a right or left reqular representation of A
over F and F an algebraic closure of Z. Then there exists a representation
T:A — an(F) such that p is equivalent over F to the direct sum of n
copies of 7. Moreover, put, for a € A,

(19.9) ho(z) = det [21, — T()]

with an indeterminate x. Then h, has coefficients in F and ho(z)" =
det [xlt — p(a)}, t = mn?, for every a € A.

This will be proved in §19.23.

19.21. Let A be a simple algebra over F. Taking a representation 7 of A
as in the above theorem, we define a multiplicative map Ny,p : A — F and
an F-linear map Try,/p : A — F by

(19.10)  Najp(a) =det [7(a)], Trasr(a)=tr[r(a)] (a € A).

We call these the reduced norm and the reduced trace of a. That these
are indeed the numbers belonging to F' follows from the fact that h, of (19.9)
has coefficients in F. Clearly Ng,p(c) = ™" and Try,p(c) = mnc for c € F.

If A= M, (F) in particular, then Ny, p(c) = det(a) and Tr 4, () = tr(a)
for every a € M, (F). Indeed, in this case we have m = 1 and we can take
T to be the identity map of M, (F') onto itself.

If K is a finite separable extension of F, then Ng,p and Trg,/p of (19.10)
(with K as A) coincide with those of (7.1). Indeed, take A = Z = K in
Theorem 19.20. Then p =7 and h,(z) = det[zl,, — p(a)] for every a € K.
Therefore the desired fact is already proved in Theorem 7.8(iv).

Lemma 19.22. Let A be a simple algebra over F and Z the center of A.
Then Z is a finite algebraic extension of F. Suppose that Z is separable over
F. Then A®p L is semisimple for any finite or infinite extension L of F.

Proor. The first assertion is already stated as (19.6). Let {2 be a Galois
extension of L that contains an F-linear isomorphic image of Z. Take Z as
K in the setting of Theorem 11.3. Thus we let S = Injr(Z, 2)/G with G =
Gal(2/L) and U, = Z°L. Then Z®p L = @ g U,. Take a Z-basis {x, }},_,
of A. Then A®p L=@,_, 7,(Z ®r L) = @, s D._, 2.Us. We view Z as
a subfield of U, under the map z — 2?2 € U,. Then A ®, U, = 22:1 U,
and so AQr L =@,.5(A®z Us,). Since A®z U, is central simple over Uy,
we see that A ® p L is semisimple. This proves our lemma.

19.23. Proof of Theorem 19.20. We can put A = M, (D) with a central
division algebra D over Z. Put also [D : Z] = s?, [Z : F] = m, and n = rs.
Then [A : F] = mn?. By Theorem 19.17, D contains a separable extension L
of Z such that [L : Z] = s. Then L is separable over F' and [L : F] = ms. Let
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Y be a Galois extension of F' containing an F-linear isomorphic image of L.
We then consider Ay = A @ Y, whose center is Zy = Z @p Y by Lemma
19.3(ii). We apply Theorem 11.3 to Z®p Y by taking (Z, Y) as (K, L) there.
Then G = Gal(Y/Y) = {1} and S = Injp(Z,Y) = Gal(Y/Z2)\Gal(Y/F),
which has m elements. By that theorem there exists an isomorphism ) :
Zy — @B,egUsy Us = Z7Y, such that ¢(a ®b) = (a”b)ses for a € Z and
b €Y. Since U, =Y, we see that @ _ g Us is the direct sum of m copies of
Y. We have Ay = M, (Dy) with Dy = D ®p Y. Now ¢ can be extended to
a Y-linear isomorphism
(19.11) ¢ Ay — P M.(U,).

oces
Indeed, as shown in the proof of Lemma 19.22, Ay = @, 5(A®z Uy ), where
Z is identified with the subfield Z7 of U,. We have A = M, (D), and so
Az U, = M. (D®yzU,). Since U, =Y, which contains an isomorphic image
of the field L such that[D : Z] = [L : Z]?, the last statement of Theorem 19.15
shows that D ®z U, = Ms(U,). Thus A®z U, = M,,(U,), which establishes
the isomorphism of (19.11).

Let p be a regular representation of A over F. This can be extended natu-
rally to a regular representation of Ay over Y. Since U, = Y, the isomorphism
of (19.11) shows that p is equivalent to diag[ps|scs with a regular represen-
tation of M, (U,) = M, (Y) over Y. Now a regular representation of M, (V)
over Y is equivalent to the direct sum of n copies of the identity map of
M, (Y) onto itself. Therefore p, is equivalent to the direct sum of n copies
of the identity map of M, (U,) combined with the projection map of Ay to
that factor. Define 7: Ay — @, g Mn(Us) by 7 = diag[r,|ses, where 75 is
the identity map of M, (U, ) onto itself, and define h,, by (19.9). Then h, has
coefficients in Y and h(z)" = det[zl; — p(a)]. Take any o € A. Then p(«)
has entries in F. Therefore for every o € Gal(Y/F') we have (hg)” = hl, and
so hg = hq, as hq is monic. Thus h, has coefficients in F. This completes
the proof.

Theorem 19.24. Let A, Z, and F be as in Theorem 19.20, still under the
condition that Z is separable over F. Then the F-bilinear form

(19.12) (@, y) — Tra/r(zy)
is nondegenerate.

ProOF. We consider the isomorphsim ¢ of (19.11), using also the sym-
bols U, and 7 = diag[r,],es as in §19.23. We recall that U, = Y and 7,
is essentially the projection to M, (U,) = My (Y). If ¢(a) = (as)ses for
a € A, then 7,(a) = a, and Try p(a) = > cgtr(as). To prove that the
bilinear form of (19.12) is nondegenerate, it is sufficient to show that its Y-
bilinear extension to Ay X Ay is nondegenerate, which is so if (z, w) — tr(zw)



20. QUATERNION ALGEBRAS 95

on M, (U,) X M,(Uy) = M,(Y) x M,(Y) is nondegenerate. Since the last
statement is clearly the case, we obtain our theorem.

Lemma 19.25. Let A be an F-algebra whose center is a separable exten-
sion of F. If A®p L is semisimple for an extension L of F, then A is simple.

PrOOF. We use the symbols of the proof of Lemma 19.22. Without as-
suming A to be simple, we obtain AQr L = @, g(A®zUsy). Our assumption
that A ®@p L is semisimple implies that A ® z U, is semisimple. By Lemma
19.3(ii), U, is the center of A ®z U,, and so A ®z U, is simple by (19.8).
Therefore, by Theorem 19.6, A must be simple.

20. Quaternion algebras

20.1. Let B be an F-algebra with identity element equipped with an F-
linear automorphism x — z’. Given an element v € F, we can construct
an F-algebra A which contains B as a subalgebra and which has an element
e # 0 such that

(20.1) A=B® Be, e2=v, be=ceb forevery bc B.

Indeed, we consider My(B) and its subset A consisting of the matrices of the
form
(20.2) @ bl Gith abeB.
,}/b/ a/ )
We easily see that A is a subalgebra of Ms(B). Identify an element a of B

with diaga, '] and put e = [3 (1)} . Then a + be is the matrix of (20.2),

and so we have (20.1). Here we do not assume v # 0.

There is an important special case in which B is a field. Changing the
notation, take a separable quadratic extension K of F' and an element v € F'*.
Let a +— a? be the nontrivial automorphism of K over F. Then the above
discussion produces an F-algebra A such that

(20.3) A=K® Kw, w?=7, aw=wa’ forevery a€ K.
We can easily show that
(20.4) K={acA ‘ ax = za for every z € K},

and also that F' is the center of A. In this case the above embedding of A into
M>5(B) becomes the map

a b
(20.5) a+bw — [’yb" ag} ,
which is an F-linear ring-injection of A into Ms(K).
To show that A is simple, take a two-sided ideal J of A different from {0}

and A. We can let K ® K act on J by (Zl ai®bi)x = >, a;xb; for a;, b; € K



96 IV. ALGEBRAS OVER A FIELD

and z € J. Then J is a left (K ® K)-module. Let V be an irreducible (K ® K)-
submodule of J. Since K ® K is the direct sum of two copies of K (see §11.4),
V must be of dimension 2 over F, and so if we fix a nonzero element v of V,
then Kv =vK = V. Thus, for a € K there is a unique element a” of K such
that av = va”, and clearly 7 gives an automorphism of K over F. If 7 is the
identity map of K, then v € K by (20.4), which implies that 1 = v~lv € V,
and so J = A. Thus 7 = 0, and so avw™! = vw~'a for every a € K. Again
by (20.4), vw™! € K, and so v is invertible, which means that J = A, a
contradiction. This proves that A is simple.

20.2. We call an F-algebra A a quaternion algebra if A is central
simple over F and [A : F] = 4. From Theorem 18.12 we see that a quaternion
algebra is either isomorphic to Ma(F') or a central division algebra D over F'
such that [D : F] = 4. Given a separable quadratic extension K of F' and an
element v € F*, we can construct an algebra A by (20.3). Since it is central
simple over F) it is a quaternion algebra. We denote this quaternion algebra
by {K, v}. We note an easy fact:

(20.6) (K, 1} = My(F).

Indeed, if v = 1 in (20.3), then we have 0 = 1 — w? = (1 + w)(1 — w) and
1+w#0,as KwnN K = {0}. Thus {K, 1} is not a division algebra, and so
we obtain (20.6).

As a special case we obtain the Hamilton quaternion algebra

(20.7) H =R+ Ri+Rj+Rk.

Indeed, take FF = R, K = C, and 7 = —1; identify R + Ri with C by
putting i = /—1; put also w = j and k = ij. Then we rediscover the
standard multiplication table of the quaternion units i, j, k. Thus we can put
H={C, —1}.

Instead of a quadratic extension of F, we can take K = F & F. Define
an automorphism o in this case by (a, b)? = (b, a) for (a,b) € F @ F.
The base field F' is the subalgebra of F' @ F consisting of the elements (¢, ¢)
with ¢ € F. Taking K = F' & F as B in (20.1), we obtain a subalgebra of
Ms(K) consisting of [ (z,y) (2 w)} with z, y, z, w in F. If we iden-

(yw,vz) (y, 7)
tify Mo(K) with Ms(F) & M»(F), the subalgebra in question consists of

( [ v Z] , [ Y w} ) Taking the projection to the first summand Ms(F),
yw Yy Y2z

we see that the algebra is isomorphic to My(F'). Thus we use the symbol
{K, v} also for K = F & F. This will naturally appear when we extend the

base number field to its completion at a prime.
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Theorem 20.3. Let A be a quaternion algebra over F' and K a quadratic
extension of F. Then Ax = M (K) if and only if there is an F-linear ring-
injection of K into A.

Proor. The “if”-part is a special case of Theorem 19.15. Conversely,
suppose Ax = Ms(K). Let V be the vector space consisting of all the two-
dimensional row vectors with components in K, viewed as a right A-module
with respect to right matrix multiplication. Since A is simple and [V : F] =
4 = [A: F], by Lemma 18.14, V is A-isomorphic to Ap,j of §18.1. Then, as
noted there, A = Enda(A[). Now left multiplication by the elements of K
on V defines elements of End4(V), which means that there is an F-linear
ring-injection of K into End4 (V). This completes the proof, as End4 (V) =
Enda(Ap) = A

Lemma 20.4. Let A be a quaternion algebra over F, and K a separable
extension of F' contained in A different from F. (Such a K always ezists if A
is a division algebra; see Lemma 19.16.) Then K : F] =2 and A = {K, ~}
with a switable v € F*. Consequently every division quaternion algebra over
F can be given as {K, v} with suitable K and ~.

PRrROOF. Clearly [K : F]|4. The center of A is F, and so A # K. Thus
[K : F] = 2. Let o be a nontrivial automorphism of K over F. By Theorem
19.10, there exists an element w of AX such thata® = w'aw for every
a € K. Then K + Kw is a subalgebra of A different from K, and clearly
A=K + Kw. Now aw? = w?a for every a € K and w? commutes with w,

and so w? belongs to the center of A, that is, w? € F. Putting v = w?, we

find that A = {K, v}.
20.5. Define a bijection ¢ of My (F') onto itself by
a b d —b
ws) A
Then we can easily verify that ¢ has the following properties, in which =
denotes an arbitrary element of My (F') :

(20.9) xxt = det(x), x4zt = tr(x),
(20.10) (z4) =z,
(20.11) zt=j-tzj7l with j= [(1) _01} .

From (20.10) and (20.11) we see that ¢ is an F-linear involution of My (F).
(See §19.9 for the definition of an involution.)

Theorem 20.6. Every quaternion algebra A over F' has a unique F-linear
involution 1 such that € + & € F and £€* € F for every & € A. Moreover,
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E+& =Trap(§) and £ = Najp(§) with the symbols Try p and Najp of
(19.10).

PROOF. For A = M(F) we have such an involution as shown above.
Suppose A is a division algebra. By Lemma 20.4 we can put A = {K, v} =
K+ Kw asin (20.3) with a separable quadratic extension K of F and v € FT
Observe that the map of (20.5) sends a” —bw to [ ado _b} = [ ag bo] .

—~b a Y67 a

This means that if we view A as a subset of Ms(K') by means of the injection
of (20.5), then the involution ¢ of M3(K') defined by (20.8) sends A onto itself,
and so we obtain an involution of A, which we also denote by ¢. If £ = a+ bw,
then & =a% —bw, £+ & =a+a” € F, and £ = aa” — vbb? € F. This
proves the existence of an involution with the stated properties. To prove the
uniqueness, let 7 be an F-linear involution of A such that £ +¢7 € F and
& € I for every € € A. Since €7 = £ for every £ € F, our aim is to show
that £7 is uniquely determined for £ when & ¢ F. Let b = £+£7, ¢ = €7, and
f(z) = 22 —bx+c. Then f(x) = (x—£)(z—E7). Suppose A is a division algebra
and £ ¢ F. Then F[{] is an algebraic extension of F' different from F. Since
f has coefficients in F' and f(§) = 0, f must be the minimal polynomial
for £ over F. Thus {7, the other root of f, is the image of ¢ under the
nontrivial automorphism of F[{], and is uniquely determined. Next suppose
A = My(F). We again assume & ¢ F. Then the characteristic polynomial of
¢ is the unique monic polynomial g(z) of degree 2 such that ¢g(£) = 0, and
so g = f. This means that £+ &7 = tr(§). Thus £7 is uniquely determined as
tr(§) — ¢ when A = My(F). Let he be the polynomial determined by (19.9)
with ¢ as a. Then he(€) = 0, since 7 is injective and he(7(£)) = 0. We
have he(z) = (z —&)? if € € F. Suppose & ¢ F. If A is a division algebra,
then h¢ must be the minimal polynomial for ¢ over F, and so he = f.
The same is true for A = My(F) for the reason explained above. Since
he(x) = 2% — Tra/p(&)x + Nasp(§), we obtain the last statement of our
theorem. This completes the proof.

20.6a. We call the involution of a quaternion algebra A over F' uniquely
determined as in the above theorem the main involution of A, and denote
it by ¢ if there is no fear of confusion. We can easily verify that

(20.12) (aba™ ) =aga™!  forevery ae€ AX €€ A.

Let A, = A ®p L with any extension L of F. Then the L-linear extension of
the main involution of A to Ay, is the main involution of Ay. This follows, for
example, from the first assertion of Theorem 20.6. The main involution of H
coincides with the standard quaternion conjugation, and so Ny /r(w) = |w|?

for every w € H, where |w| = (ww*)'/2.
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Lemma 20.7. Let A be a quaternion algebra over a field F' of character-
istic different from 2, and let A° = {a €A | ot = —a}. Then A = F & A°,
F={acA|a"=a}, and A°={a € A|a®> € F, a ¢ F*}.

PrOOF. For a € A we have 2a = (o« +a*) + (0 — a*), a + a* € F, and
a—a*t € A°. Thus A = FHA°, as 2 # 0. We have clearly F' = {aEA } ot = a}
and A°NF* = (. If o € A°, then a? = —aa* € F. Conversely, suppose
a?c Fand a¢ F*;put a®? =e, b= a+a', and ¢ = aa‘. Suppose a ¢ A°.
Then b # 0. Since « is a root of both z? — bz + ¢ and z? = e, we have
ba=c+e,and so a € F. Thus a =0 € A°, a contradiction. This completes
the proof.

Theorem 20.8. Let K be a separable quadratic extension of F' and let
a, B € F*. Then the following assertions hold:

(i) There is an F-linear isomorphism of {K, a} onto {K, 8} if and only if
a/B € Nk p(K>).

(ii) In particular, {K, a} = My(F') if and only if a € Ng/p(K*).

(iii) {K, a} ® {K, B} = My({K, a3}).

ProOOF. Let {K, v} = K + Kw as in (20.3). Take any s € K* and put
z = sw. Then z* = ss7w? = Ng,p(s)y and az = za” for every a € K.
Since K + Kw = K + Kz, we see that {K, v} = {K, Ng,p(s)v}, which
proves the “if”-part of (i). Next, put A = {K, a} and B = {K, (3}; let ¢
be an F-linear isomorphism of A onto B. We can put A = K + Ku and
B = K 4+ Kv with v and v such that u?> = a,v?> = 3, and u lau =
v™lav = a° for every a € K. Applying Theorem 19.10 to ¢ : K — B and
the natural injection K — B, we can find an element y of B* such that
o(a) = yay~! for every a € K. Put t = y~'¢(u)y. Then for a € K we have
at = ay~tp(u)y =y plan)y =y p(ua®)y =y~ p(u)yyp(a”)y = ta”,
and so atv™! = tv~la. Thus tv=! € K by (20.4). Putting tv=! = d, we
have t? = v2dd° = Bdd°. Also, t* = y~lo(u?)y = yteo(a)y = a, and
so o/ = dd° € Ng;p(K*), which proves the “only if”-part of (i), and
completes the proof of (i). Then (ii) follows from (i) and (20.6).

To prove (iii), we use the same symbols A, B, u, and v. We view K ® K as
a subset of A ® B. There is an isomorphism v : K ® K — K & K such that
P(a @ b) = (ab, a®b); see §11.4. For x, y € K denote by [z, y] the element of
K ® K such that ¢([z, y]) = (¢, y) € K ® K. Let e =[1, 0] and f = [0, 1].
Then e? = ¢, f2 = f,and ef = fe =0. Now (u® 1) Ha®@b)(u®1l) =
a’ @b for a,b € K, and so (u ® 1)~ ab, a°b](u ® 1) = [a®b, ab]. Thus
(u® 1)z, y)(u ® 1) = [y, z]. Similarly we obtain (1 ® v)" [z, y](1 ® v) =
[y7, x7], and (u@v) "z, y](u®v) = [27, y°]. Consequently (u®1) te(u®l) =
(1®U) e(l®@v)=f and (u®v) le(u®v) =e. Now A B=K® K +
(KeK)(ul)+(KoK)(1ev)+(K® K)(u®v). Put K’ = (K ® K)e and
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w = e(u®v)e. Then K’ = {[z, 0] |# € K}, which is isomorphic to K. We
have e(A ® B)e = K’ + K'w, w? = afle, and w(z, 0] = [27, 0Jw. Therefore
e(A® Ble 2 {K', af} = {K, af}. If {K, af} is a division algebra, then
Lemma 18.15 shows that A® B = My({K, af}). If {K, af} = M>(F), then
the same lemma shows that A ® B = M4(F'). This proves (iii).

Lemma 20.9. Let A be a quaternion algebra over a field F of charac-
teristic different from 2. Let A€ be the commutator subgroup of A* and
Al = {x e A~ |xxL = 1}. Then A¢ = Al

PRrOOF. Clearly A° C A! and A' N F* = {£1}. We first consider the case
A = My(F). Then At = SLy(F). Let 6§ = [3 (1)} and e = diag[e, —c| with
v, ¢ € F*. Then de = —ed, and so —1 € A°. (This is valid even when A is

a division algebra, since we can take A to be the set of elements {VZU alfy]
with a, b in a quadratic extension K of F' as in §20.1, and find an element a
of K* such that a” = —a.) Now every element of Al is conjugate either to

+ {1 b] or to 3 = diag[a, a~']. Since —1 € A¢, we consider o = [1 b} .

0 1 0 1
: 1 b/2 —1,,—1 c
Let ¢ = diag[l, —1] and n = E Then « = 1yt € Ac. As for

B, we have f = (w( 'w™! with ¢ = diagfa, 1] and w = {_01 (1)

proves that A° = A! when A = My (F). Next suppose A is a division algebra;
let 3 € Al, ¢ F*. Then F[3] is a quadratic extension of F and ¢ gives a
nontrivial automorphism of F[8], and so there exists an element ~ of A*
such that & =y~ 1&y for every & € F[f]; see Theorem 19.10 or Lemma 20.4.
By Lemma 1.8, 3 = a‘a™! with a € F[3]*. Then 3 =~ taya~! € A°. This
completes the proof.

} . This

21. Arithmetic of semisimple algebras

21.1. Let F be the field of quotients of an integral domain g. We are
interested only in the following two cases: (i) F' is an algebraic number field
of finite degree and g is the ring of all algebraic integers in F; (ii) F is a
finite algebraic extension of Q, and g is the integral closure of Z, in F. We
call a field of type (i) a global field, and that of type (ii) a local field. In
this section, we employ the terms global and local fields only in these senses.
Thus, a local field always means a nonarchimedean one. (This is essentially
the same setting as in Section 14, in which we used J for the maximal order
in F. For a certain technical reason we use g in this section instead of J.) In
84.1 we defined the notion of a g-lattice. In the local case, g is a principal
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ideal domain; in the global case g saisfies (4.1), as shown in §10.1, and also
in Lemma 10.6. Thus Lemma 4.2 holds in both cases.

In both local and global cases we call a g-lattice in F' a g-ideal. If F is
global, this is the same as a fractional ideal in F. A g-ideal is called integral
if it is contained in g. We call a g-lattice simply a lattice if there is no fear
of confusion. Let A be a semisimple F-algebra. By an order in A we mean
a subring of A containing g that is a g-lattice in A. An order o is called
maximal if there is no order, other than o itself, containing o. For two g-
lattices a and b in A we denote by ab the g-lattice spanned by the products
xy with x €a and y € b. Given an order o in A, we call a g-lattice a in
A a right (resp. left or two-sided) o-ideal if ao C a (resp. oa C a or
oao Ca). An o-ideal is not necessarily contained in o, but it always contains
an invertible element of A.

21.2. We can extend the notion of integrality introduced in §8.1 to the
elements of an F-algebra A with identity element with a local or global F. We
call an element « of A integral over g if

(21.1) A"+ a0, =0

with ¢; € g and n > 0. In that case we have gla] = Z;:Ol gat, for the same
reason as in the proof of Lemma 8.3. (Here we understand that a® = 1. This
causes some confusion when A is not a division ring, but later we consider
integral elements only when A is a division algebra.) Conversely if « belongs
to a subring B of A that is a finitely generated g-module, then « is integral
over g. Indeed, suppose a € B with a subring B of the form B = Ele a/3; of
A.Put C =2, (X7, ga’). This is a g-submodule of B, and so by Lemma
4.2, we can put C' = Y ! | gv; with suitable ~;. All these v; are contained in
S _ogal for a sufficiently large v. Then o*! is a g-linear combination of
{a'}?_,, which shows that « is integral over g.

Consequently, if « is an element of an order o, then « is integral over g
since the powers of « are contained in a finitely generated g-module.

If A is a field, then it is a finite algebraic extension of F, and all the elements
of A integral over g form a ring. In the global case, the ring is the set of
all algebraic integers in A, which we called the maximal order of A in §8.9,
which is indeed maximal in the sense we defined in §21.1. If F' is local, then,
as shown in Theorem 9.5(5), the integral closure of g is the valuation ring of
A, which is a free g-module of rank [A : F]. Thus A has a unique maximal
order, which is the valuation ring of A.

Lemma 21.3. Given a g-lattice ¢ in a semisimple algebra A over F, let
01 = {a eA | axr C p} and 09 = {a € A‘;a C ;}. Then 01 and oo are orders
in A. (These are called the left order and the right order of t.)
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PROOF. Put [A : F] = n and take any free g-module a of rank n in A.
We can find elements ¢ and d of F* such that ca C ¢ C da. Let p be a
left regular representation of A defined with respect to a g-basis of a. Then
a €01 = cd tp(a) € My(g) and p(a) € M,(g) = cd *a € 01. From this we
see that 07 is a g-lattice in A. Clearly o; is a subring of A containing g, and
so it is an order in A. The case of 05 is similar.

Lemma 21.4. For a semisimple F-algebra A the following two assertions
hold:

(i) Every order in M, (A) containing the standard matriz units of M, (A)
can be written M, (S) with an order S in A.

(ii) Such an order M, (S) is mazimal if and only if S is mazimal.

Proor. For z = Z” a;jei; € M,(A) with a;; € A and the standard
matrix units e;; write a;; = pi;(x). Given an order R in M, (A) containing
the €ij, put Sij = Pij (R) Since €3 LEj; = Qjj€55, WE See that S’ijeij C R. AISO7
we have Sl'j = Sll for all (i, j), since €1i€45€51 = €11 and €i1€11€15 = €4j.
Clearly S11 is an order in A, and R = M,,(S11). If S1; is contained in a larger
order T, then R ; M., (T'), which means that S1; is maximal if R is maximal.
Next, given a maximal order S in A, let R be an order containing M, (S).
By (i) we have R = M,,(Q) with an order @ in A. Then S C @, and hence
S =@, as S is maximal. Thus M,,(S) = R, which completes the proof.

21.5. We now assume that F'is an algebraic number field of finite degree.
We denote by a and h the sets of archimedean primes and nonarchimedean
primes of F' respectively, and put v =aUh as we did in Section 15. Further
we denote by g the maximal order of F. For every v € v we denote by F,
the wv-completion of F. In particular, for v € h and a g-ideal a we denote
by a, the v-closure of a in F),, which coincides with the g,-linear span of a
in F,,. If FF = Q, there is only one archimedean prime, which we often denote
by co. Thus v ={oo}Uh if F = Q, and Q- = R.

Given a finite-dimensional vector space X over F' and a g-lattice L in X,
we put X, = X ®p F, for every v € v, and denote by L, the g,-linear span
of L in X, if v € h. In particular, if A is an F-algebra and S is an order in A,
then S, is an order in A,. Since X, is isomorphic to F;' for some n, Lemma
6.9 shows that X, has a structure of a locally compact additive group, and
also that every g,-lattice in X, is an open compact subgroup of X,. For a
g-lattice L in X, we see that L, is a g,-lattice in X, and is the closure of L
in X,.

Lemma 21.6. With F' and X as above, let L be an arbitrarily fized g-
lattice in X. Then the following assertions hold:

(i) If M is a g-lattice in X, then L, = M, for almost all v. Moreover,
LcM (resp. L=M) if L, C M, (resp. L, = M, ) for every v € h.
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(ii) Given a g,-lattice N, in X, for each v € h such that N, = L, for
almost all v, there exists a g-lattice M in X such that M, = N, for every
v € h.

(iii) If Y is a subspace of X and L is a g-lattice in X, then (LNY), =
L,NY, for every v € h.

(iv) Let x € X. If x € L, for every v € h, then z € L.

PrOOF. To prove (i), take an F-basis {e;}?_; of X contained in L N M
and take ¢ € g, # 0, so that ¢(L+ M) C I, ge;. Put H = Y7 gc e
Then ¢cH C LNM C L+ M C H. Clearly L, = M, if v{c, which is the first
part of (i). Since g/cg is isomorphic to [[,.(gv/cgo), we easily see that the
map z (mod cH) — (z (mod ch))v‘c for x € H gives an isomorphism of
H/cH onto [],.(H,/cH,). We can also find u, € g for each v[c such that
uy — 1 € ¢g, and u, € cg, for v # w|c. Assume now L, C M, for every
v € h. Let x € L. Since = € L, C M, and M is dense in M,, we can find an
element y, of M for each v|c such that = —y, € cH,. Put z = Ev|cuvyv.
Then z € M and z—z € cH, for every v|c. In view of the above isomorphism,
this means that x—z € ¢cH C M, so that x € M. Thus L ¢ M. If L, = M,, for
every v € h, then exchanging L and M, we obtain M C L, and hence L = M.
To prove (ii), changing L suitably, we may assume that L is isomorphic to
g, with some n. Put p = {v € h|N, # L, }. Take b € g, # 0, so that
bN, C L, for every v € p. Changing N, for bN,, we may assume that
N, C L, for every v € h. Defining p for this new {N,},cn, take ¢ € g, # 0,
so that ¢L, C N, for every v € p. Then ¢L, C N, for every v € h, and
the map « (mod c¢L) — (x (mod ch))v‘c for x € L gives an isomorphism
of L/cL onto [[,.(Lv/cLy). Let M be the g-submodule of L containing cL
such that M/cL is sent to HU‘C(NU/CLU). Clearly c¢L, C M, C N, for every
vle, and M,, = N, if v{c. Given vlc and y € N, we can find, in view of
the above isomorphism, an element x of M such that =z —y € cL,. Then
y € M + ¢L, C M,, which shows that M, = N, as expected. As for (iii),
take an F-basis {e;}"; of X so that Y = > = Fe;. By Theorem 10.19(i)
we have L = Y"1 | A;g; with fractional ideals A; and an F-basis {g;}_, of
X such that g; € >, _, Feg. Then Y =" Fgiand LNY =" A;g;,
from which we obtain (iii). Applying (i) to L and gz + L, we obtain (iv).
This comletes the proof.

Lemma 21.7. Let A be a semisimple algebra over a local or global field F.
Then the following assertions hold:

(i) A has an order. Moreover, given an order R in A, there exists a mazimal
order S in A containing R.

(ii) If F is global, then an order S in A is mazimal if and only if S, is
maximal for every v € h.
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(iii) Suppose F is global; let A be a g-lattice in A. Given an order R, in
A, for each v € h, suppose that R, = A, for almost all v. Then there exists
an order S in A such that S, = R, for every v € h.

(iv) If A is commutative (F local or global), then A has a unique mazimal
order.

PRrROOF. Take an F-basis {e;}I; of A. Then e;e; = 22:1 CijkEr With
cij € F. Take b € g, # 0, so that be;j, € g for every {i, j, k}. Put T =
g+ > ., gbe;. Then clearly T is an order in A. To prove the remaining part of
(i), let A= A1 ®---® A, with simple algebras A; and 14 = €1 +-- -+ e, with
the identity element e; of A;. Given an order R in A, put R' = >"'_, Re;.
We easily see that Re; is an order in A;, R’ is an order in A, and R C R’. If
S; is a maximal order in A; containing Re;, then 2221 S; is a maximal order
containing R. Thus it is sufficient to prove the existence of S in (i) when A is
simple. Assuming A to be simple, denote by K the center of A and by t the
maximal order of K. Let R be an order in A and let U = tR. Then U is an
order in A containing both R and t. Therefore replacing F' and g by K and
t, we may assume that A is central simple over F. Let R be an order in A and
R’ an order in A containing R. Take an F-basis {€;}"; of A contained in R.
Since (x, y) = Tra/p(zy) is nondegenerate, we can find {n;}j-; in A such
that Tra,p(gin;) = di5. Given a € R, put ¢; = Try/p(ag;). Then ¢; € g by
Lemma 21.9 below. Clearly a = >""" | ¢;n;, andso R’ C Y. gn;. Thus every
order containing R is contained in Y-, gn;. Therefore in view of Lemma 4.2,
there must be a maximal order containing R.

In the setting of (iii), by Lemma 21.6(ii) there exists a g-lattice S in A such
that S, =R, for every v € h. For z, y € S we have (S + gzy), =S, + gozy C
R, =29, for every v, so that S + gzy C S, that is, zy € S. Similarly 1 € S.
Thus S is an order in A. This proves (iii). To prove (ii), take an order S in
A. Suppose S G T with an order T in A. By Lemma 21.6(i), S, # T, for
some v, so that S, is not maximal. Conversely, suppose S, is not maximal
for some u € h. Then S, &Y, with an order Y, in A,. By (iii), there exists
an order Z in A such that Z,=.S, for every v € h, # u, and Z,, =Y,,. Clearly
S G Z, so that S is not maximal. This proves (ii).

To prove (iv), take A = A1 @ --- @ A, as before, assuming A to be com-
mutative. Then A; is a finite algebraic extension of F, which has a unique
maximal order S;, as explained in the last paragraph of §21.2. We have seen
that every order in A is contained in @;_, S;. Thus @._, S; is the unique
maximal order in A. This proves (iv) and completes the proof.

21.8. Let us now prove (14.7). We take K there to be A in the above
lemma. By (iv) above, Kp has a unique maximal order, which must be the
right-hand side of (14.7), since Jg, is the maximal order of K¢,. On the other
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hand, by Lemma 21.7(ii), Jx ® Jp is maximal in Kp. Therefore we obtain
(14.7).

Lemma 21.9. Let A be a simple algebra over a local or global field F, and
R an order in A. Then Try/p(a) € g for every a € R.

PROOF. Given 0 # a € R, put S = Uy _; (3%, ga’). Then S is a g-
submodule of R, and so by Lemma 4.2, S = ijl g3; with some ;. Then
we can find n such that 38; € Yi' | go' for every j. Then o™t € 3"  ga’.
Thus we obtain a monic polynomial p(x) of degree n+ 1 in g[z] such that
p(a) = 0. Define h, by (19.9). Let p be a regular representation of A over F
and ¢(z) the minimal polynomial of « over F, which is clearly the minimal
polynomial of p(«) over F. Then ¢ divides p, and so ¢ € g[z] by Theorem
8.6. Now the characteristic polynomial of p(«) is a power of h, as shown in
Theorem 19.20, and also it divides a power of g. Thus h,, divides a power of
q, and so h, € g[z] again by Theorem 8.6. Since Try,p () is a coefficient of
he, we obtain our lemma.

21.10. Hereafter we consider F' and g in the local case. We denote by p
and p the maximal ideal of g and the normalized order function of F, and
put ¢ = #(g/p).

Let X be a finite-dimensional vector space over F. Then X, being isomorphic
to the product of a finite number of copies of F, has a natural structure of a
locally compact topological group, in which every g-lattice is an open compact
subset. If X is of dimension n, then every g-lattice is a free g-module of
rank n. If A is an F-algebra and o is an order in A, then A*, with the
topology induced from that of A, has a natural structure of a locally compact
topological group. Let U, = {1 +x | T € pmo} for 0 < m € Z. This is clearly
a subgroup of 0%, and compact, as it is homeomorphic to the compact set
p"o. Since U, is of finite index in 0™, we see that 0* is compact. Also,
since the p™o for 0 < m € Z form a base of open neighborhoods of 0 in A,
the groups U, form a base of open neighborhoods of 1 in A*.

Lemma 21.11. If X is a finite-dimensional vector space over a local field
F, then every compact subset of X is contained in a g-lattice in X.

PROOF. Let Y be a compact subset of X. Take any g-lattice L in X. Then
Y C Uyey(y + L). Since y + L is open, we have Y C {J,cp(p + L) with a
finite subset P of Y. Then Zpep(gp + L) is a g-lattice containing Y.

We insert here three elementary lemmas.

Lemma 21.12. Put F*? = {w2|x € FX}, g*? = {x2‘x € gx}, and
14+a= {x €g ’ r—1e a} for a g-ideal a. Then the following assertions hold:
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(i) 1—|—4pm:{a2|a€1+2pm} for 0 <m € Z; in particular, 1+ 4p C

X 2

g
(i) F*2 is an open and closed subgroup of F*.
(il) g* ={u?+az|uecg’, zcp} =g*2(1+p) if 2€p.

Proor. Clearly 14+4p™ D {a2‘ a€l+4+2p™ } Conversely, let cep™, m>
0. By Hensel’s lemma, there exists an element d€g such that d> —d — ¢ =
0. Changing d for 1 — d if necessary, we may assume that d ¢ p. Then
(1 +2d~'c)? =1 + 4c, which proves the equality of (i). Taking m =1, we
obtain the last part of (i). Since 14 4p is open in F'*, (ii) follows from (i).
Suppose 2 € p; then (g/p)* is of odd order, and so z +— 22 is a surjective
map of (g/p)* onto itself. From this we obtain (iii).

Lemma 21.13. Let K be a quadratic extension of F, v the wvaluation
ring of K, q the mazimal ideal of v, p the generator of Gal(K/F), and
0=d(K/F)=q° with0<e€Z. Put

U={uev*|uw =1}, Uy={v/u|uer*}.

Then the following assertions hold:
(i) For v € v we have v = g[v] if and only if @ = (v — vP)r.
(i) [U:Up) =1 or2 according as K is unramified or ramified over F.
(ili) Up = {a € U |a—1 € d}.
(iv) zeU, ¢ Uy = (x—1)g=0.
(v) If 0 # ¢, then (14+p°) N Ng/p(t*) C Ng/p(1+9°) for 0 < s € Z, and
(]. -I—ps) ﬂNK/F(tX) = NK/F(]- + CIS) if 0<s<e.

PROOF. Assertion (i) is already given in (14.9). To prove (ii), define a
homomorphism ¢ : K* — U by g(a)=a”/a. By Lemma 1.8 this is surjective
and ¢~ (Up)=F*t*, and so we have [U : Up]=[K* : F*t*], from which we
obtain (ii). If d=r, (iii) follows from (ii). Suppose ? # t; let a=wu”/u with
u € t*. Then a — 1= (u” —u)/u € 0. Therefore, to prove (iii), it is sufficient
to show that U is different from the right-hand side of (iii). Since U=g(K™*),
U is generated by Uy and 7° /7 with a prime element 7w of K. By Theorem
9.9(ii), v=g[n]. If 7*/mr—1 € 9, then d= (7" —m)r C 70, a contradiction. This
proves (iii). If x € U and z ¢ Up as in (iv), then ? # v and z=(7"/7)(u”/u)
with u € v*. Putting y=mu, we have (z—1)q=(y” —y)y 1q=0, as v=g[ru].
This proves (iv).

To prove (v), write simply N for N, and take y € K* so that yy”—1 € p*
with s > 0. Then y € v*. Since y — y” € 09, we have y?> — 1 € q, so that
ty—1€q. Put x = £y —1 and a2t = q™ with m € Z. If m > s, then
yy? = N(1+x) € N(1 +q°) as expected. If m < s, then = + 2” + zaf =
yy? —1 € g?*. Put 2z = F2P/x. Then 22° = land 1—z2y = (z+2° +x2P)/x €
q2*~™ C g%, so that N(y) = N(zy) € N(1 + q°), which proves the first part
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of (v). If 0<s<e # 0, then Trg,p(q™°) CTrg/rp(q¢)=g by (14.1a), and so
Trg/r(q°) Cp®. From this we easily obtain N (1+¢*)C1+p®, which combined
with the first part proves the second part of (v). This completes the proof.

Lemma 21.14. The symbols K, v, and p being as in Lemma 21.13, sup-
pose that K is unramified over F. Then there exists an element u of t such
that uu? =1, v = glu], and w — uP is a unit.

PROOF. Let g be the maximal ideal of v. Then t/q is a quadratic ex-
tension of g/p. We can find an element « of t/q, not contained in g/p,
whose norm to g/p is 1, since there are ¢+ 1 elements in t/q with norm 1
if ¢ =#(g/p). Then the equation for « over g/p can be written in the form
2?2 +ax +1 =0 with a € g. By Hensel’s lemma, K contains an element u
such that u?+au+1= 0. Then uu” = 1 and v —u” is a unit, as the equation
is separable over g/p. By Lemma 21.13(i) we have v = g[u].

Theorem 21.15. We have [F* : Ng/p(K*)] =2 for a quadratic exten-
sion K of a local field F.

Proor. If K is unramified over F), this is a special case of Theorem 9.10(ii),
which we already proved. Therefore we assume K to be ramified over F, and
use the symbols q, e, U, and N of Lemma 21.13 and its proof. We first prove

(21.2a) g% # Ngyp(t™) if K is ramified over F.

Suppose 2 ¢ p. By Theorem 9.9(ii), v = g[n] with a prime element 7 of
K. Then for a, b € g we have N(a + br) — a® € p. Since a +— a? is not a
surjective map of (g/p)* onto itself, this proves (21.2a). Next suppose 2 € p;
then e > 2 by Theorem 14.7. Suppose g* = N(t*). Then N(1 +q°~!) =
1+ petand N(1 +q° = 1+ p° by Lemma 21.13(v). Thus N gives a
surjective homomorphism of 1+ q°~! onto 1+ p¢~!. By Lemma 21.13(iii, iv),
U C 1+ g° ! Therefore the inverse image of 1 + p¢ is U(1 + q¢), and so
M+qt:UQ+q%] =[1+pt:1+p° =gq, where ¢ = [g : p]. On the
other hand [1 +q° 1 :1+q°] =¢, and U(1 + q°) # 1 + q°, in view of Lemma
21.13(ii, iv). This is a contradiction, and so we obtain (21.2a). We complete
the proof of our theorem after the proof of Theorem 21.23. At the same time
we will prove

(21.2b) 0% : Ng/p(t™)] =2 if K is ramified over F.

In general, a semisimple algebra A over F' may have many maximal orders,
but if it is a division algebra, the matter is simpler. Indeed, every division
algebra over F' has a unique maximal order, say 9O, and every one-sided O-
ideal is two-sided and principal as will be shown in Theorem 21.17 below. We
first prove:
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Theorem 21.16. Let D be a central division algebra over F and let n =
[D : F]Y2. Then there is a map X\ : D — Z U {oo} with the following
properties:

(1) A\=nu on F.

(2) Azy) = A@) + Ay).

(3) Az +y) = Min{ A(z), A(y) }.

(4) Trp/p(2) € g if A(z) > 0.

PRrOOF. Put A(z) = u(Np,r(z)) for z € D, where Npr is the reduced
norm map; see §19.21. Clearly we have (1) and (2). To prove (3), we may
assume that xy # 0. Assuming A(z) < A(y), put z =z"'y and K = F[z].
Then A(z) >0 and K is a subfield of D. For b€ K such that K = F[b] let
gy(x) denote the minimal polynomial of b over F, which coincides with the
characteristic polynomial of b as an element of Endg(K). Define p and hy
as in Theorem 19.20 by taking D as A there. Viewing D as a left K-module,
we see that the characteristic polynomial of p(b) is a power of g5, and so
hy = gi with a positive integer s. Then Np,p(b) = Ng/p(b)®. Taking z as
b, we find that p(Ng, p(2)) = s7*A(2) > 0. Let v be the valuation ring of
K. As shown in the proof of Theorem 9.5, an element y of K belongs to
¢ if and only if u(Ng,p(y)) > 0. (The symbol v there is p here.) Thus
zer, andso 14z €r. Then A1+ 2)=s-pu(Ng/p(l+2)) > 0. Therefore
Mz +y)=Mz(1+2))=Ma)+A(1+2z) > M«), which proves (3). We see also
that Trp/p(2)=s-Trg,r(2)€g if A(z) >0, which is (4).

Theorem 21.17. The notation being as in Theorem 21.16, put
D:{xED‘/\(;v) >0} and P= {xED‘)\(ac) >0}

Then the following assertions hold:

(1) O is a unique mazimal order of D and consists of all the elements of
D integral over g.

(2) Given k € Z, put X, = {x € D|X(x) > k}. Then Xy, is a two-sided
O-ideal and X = Oc = ¢O with any element ¢ of D such that \(c¢) = k.
Moreover, every right or left O-ideal is a two-sided O-ideal of the form Xy
with an integer k. Write X, = B*. (This notation will be justified in the
proof.)

(3) O/P is a finite field containing g/p.

4) [AD*) : AF*)] = [O/B : 9/p] = n; consequently N\(D*) = Z.
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PrOOF. Clearly © is a subring of D containing g. Given z € D, put
K = F[z]. Since the restriction of A to K is an order function of K, we
see that z € O if and only if z belongs to the valuation ring of K, which
is so if and only if z is integral over g. This proves the second part of (1).
Since every element of D times a suitable nonzero element of g belongs to
9O, we can find an F-basis {y;} of D contained in O. By Theorem 19.24,
we can find another F-basis {z;} of D such that Trp,p(2;y;) = 04 Let
) = {a € D|TrD/F(aD) C g}. Then we easily see that O C 9 C . g;.
Therefore O is finitely generated over g. Thus O is an order in D. Since every
element contained in any order in D is integral over g, we obtain (1).

Clearly X, of (2) is a two-sided O-ideal. Given a right O-ideal 2, let ¢ be
an element of 2 with the smallest value of A. If A(y) > A(c) with y € D,
then A(cly) > 0, so that ¢ 'y € O. Thus y € ¢O C 2A. This shows that
A=cO ={zecD|A=) > Ac)}. Since the last set is a two-sided O-ideal, we
obtain (2) except the fact that Min{A(z) |z € X} = k, which follows from
the equality A\(D*) = Z given in (4). Assuming that fact, we have P = X;.
If £ > 0, clearly Xj is the k-th power of ‘B in the ordinary sense; of course
Xo=9.1f k <0, we easily see that X, = { z € D |2kl C O }. This justifies
the symbol P* for Xx.

Next, from (2) we see that O/ has no nontrivial proper one-sided ideals,
so that O/ is a division ring. Clearly p=9nNg, and so g/p can be viewed as
a subfield of O/PB. By (2) we have P =20 with some z € O. Put K =F|[z],
t=9ONK, and q=P N K. Then g=zt, and pr=q° with a positive integer
e. Then pO=2°0=P°. Now e < [K : F| < n. (From the equality h,=g; in
the proof of Theorem 21.16 we see that [K : F| divides n for every subfield
K of D containing F.) Let {b;} be a g-basis of O. Then P=pO=>", pb;,
so that [O : P¢]=¢"". On the other hand, from (2) we see that P* /B +1 is
isomorphic to 9/, and hence [9 : B¢| =[O : PJ°, so that [O : P]=q¢" /c.
In particular this shows that O/ is finite and so commutative. Take an
element s of O so that the class of s modulo P generates O /P over g/p.
Put M =F[s], o=9ON M, and h=P N M. Then we easily see that o/h can
be identified with O/, so that n?/e =[o/h : g/p] < [M : F] < n. Since
e < n, we thus obtain e=n=1[o/h : g/p] =[O/P : g/p]. Since z" € 7O*
with a prime element 7 of F, we have nA(z) = A\(7) = n, so that A(z) = 1,
which implies that A(D*) = Z. We also note that [M : F]=n, and so M
is unramified over F, which proves (8). We have g="Try;/r(0) C Trp/p(O).
Combining this with Theorem 21.16(4), we obtain (6).

Finally, to prove (7), let b € B. Then A(b) > 0 and it is a well-known fact
(see Exercise 1, (c) at the end of Section 9) that the minimal polynomial of b
over F' (that is, g, in the proof of Theorem 21.16) has coefficients in p except
for the highest one, and hence the same is true with h;. Therefore Trp /() C
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p. This means that PB1=" = p~ 1P C . Clearly Q) is a right O-ideal, so that
P = PF with £ < 1 —n. Now p~ ! = TrD/F(p_lD) = Trp/p(P~"), and
therefore k > —n, so that k& = 1 — n. This proves the first equality of (7).
The second one follows from (6), since O € PB'~" and Trp, () C g. This
completes the proof.

Lemma 21.18. Let D and O be as in Theorem 21.17; let V' be a free left
D-module of rank r, and H an O-submodule of V that is a g-lattice in V.
Then H is a free O-module of rank r.

PROOF. Let L=3""_, Oe; with a D-basis {e;} of V. Then L is a g-lattice
in V, and so we can find a nonzero element ¢ of g such that ¢cH C L. Therefore
we may assume that H C L. Define p: L — O by p(Z;l aie;)=ay for a; €
O. Then p(H) is a left ideal of O. If this ideal is {0}, then H C >_!_, Oe;,
which is impossible, since H is a g-lattice in V. Thus p(H) # {0}, and by
Theorem 21.17(2), we can put p(H)=900b with 0 # b € O. If r=1, then this
shows that H = Obeq, which is the desired result. If » > 1, we can find an
element f of H such that p(f)=b. Given x € H, put p(x)=ab with a € O,
and put also y=z —af. Then y € H and p(y)=0. Put J=H N (X|_, Oe;).
Then y € J, and hence we easily see that H =9 f & J. Applying induction to
J, we obtain our lemma.

Lemma 21.19. Let A be a semisimple F-algebra. Given two mazimal
orders R and & in A, there always exists an element o of A* such that
aRa~t = 6.

PROOF. Let A=@D.", A; with simple algebras A;. As shown in the proof of
Lemma 21.7, every maximal order of A is of the form ;" | R; with a maximal
order fR; of A; for each i. Therefore it is sufficient to prove our lemma when A
is simple, in which case A is isomorphic to M, (D) with a division algebra D.
Take the unique maximal order O in D. Let R be a maximal order in M, (D).
Put V =D}, and let D resp. M,(D) act on V by left resp. right multiplication.
Then M, (D) coincides with the ring of all D-linear endomorphisms of V. Let
L=9}, H=LR, and T={¢(€ M, (D) ‘ H{CH}. Then L and H are g-lattices
in V, and ¥ is a ring containing R. Now, H is a left O-module, and hence,
by Lemma 21.18, H=@,_, Of; with elements f; of H. Let {e;}/_; be the
standard D-basis of V = D!. We can then define an element o of M, (D) by
eja=f; for every i. Then La=H. Since HR C H, we see that LaRa~! C L,
which means that aRa~! C M,.(9O). Since R is a maximal order, we obtain
aRa~t=M,(9O). This proves our lemma.

Lemma 21.20. If R = M, (D) and S = M,(O) with D and O as in
Theorem 21.17, then every two-sided S-ideal is of the form ¢S with ¢ € D*.
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ProOF. Take Z = O and S = M,,(9) in Lemma 18.13. Given a two-sided
S-ideal W, we can find an element b € F* such that bW C S. By Lemma
18.13, bW = M, (Y) with a two-sided ideal Y of 9. By Theorem 21.17(2),
Y =d9O with d € ©. Then W = ¢S with ¢ = b~'d. This proves our lemma.

Let us now specialize our discussion to the quaternion case.

Theorem 21.21. The notation being as in Theorem 21.17, suppose that
D is a division quaternion algebra; let ¢ be the main involution of D. Then
O/ is a field with ¢> elements, and

D:{aeD‘aabeg}, ‘ﬁm:{aeD’aabepm} (m e Z),
pO=%2, P '={aecD|Trpr(@d) Cg}, Trppr(P ') =g

Moreover D has a subfield J which is an unramified quadratic extension of F'
and an element w such that D = J 4+ Jw, O =t 4w, P = Ow, wa = a'w
for every a € J, and w? is a prime element of F, where t = O N .J.

ProOOF. The first half up to the equality TrD/F(‘Ifl) = g consists of
special cases of the assertions of Theorem 21.17. Now Theorem 21.17(8)
guarantees an unramified quadratic extension J of F' as a subfield of D. By
Lemma 20.4 we can find an element w of D such that D = J+ Jw, wa = a‘w
for every a € J, and w? € F*. By Theorem 20.8(i) the isomorphism-class of
{J, v} with v € F* is determined by the coset YN ;/p(J*) in J* /Ny p(J*).
Since J is unramified over F' and {.J, 1} = M5(F) by (20.6), Theorem 9.10(ii)
allows us to assume that w? is a prime element of F. Put v = ONJ, A = v+tw,
and B = {a € D|Trp/r(aA) C g}. Then A C O C P~ C B. Now every
element of D can be written ¢+ w™'d with ¢ and d in J. This belongs
to B if and only if Tr;/p(tc) C g and Tr;/p(rd) C g, which is the case if
and only if ¢, d € t since J is unramified over F. Thus B = w~! +t, and
hence [B : 2] = ¢*> = [O : P]. This shows that A = O and P~ = B, which
completes the proof.

Theorem 21.22. Let F be either R or a finite algebraic extension of
Q, with a prime number p. Then there exists only one division quaternion
algebra over F up to isomorphism. It is represented by H if F = R; for a
nonarchimedean local field F, it is given as {J, 7} with an unramified quadratic
extension J of F' and a prime element 7 of F.

PrOOF. Let A be a division quaternion algebra over R. Take any z €
A, ¢ R. Then R]z] is an algebraic extension of R by Lemma 18.18(i), and
so R[z] = C. By Lemma 20.4, A = {C, v} with v € R*. Now N¢g/r(C*)
consists of all positive real numbers. Thus, by Theorem 20.8(i), A = M>(R) if
v>0.If v <0, then A= {C, —1} = H. Suppose F is local. That a division
quaternion algebra over F' can be given as {J, 7} is proved in Theorem 21.21.
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If 7’ is another prime element of F, then 7’/m € g*, which is contained in
Nj/p(J*) by Theorem 9.10(ii), and so {J, 7'} = {J, 7} by Theorem 20.8(i).
This completes the proof.

Theorem 21.23. Let B be a quaternion algebra over a local field F. Then
the following assertions hold:

(i) Np/p(B*)=F~*.

(ii) Bvery quadratic extension of F can be F-linearly embedded into B.

PROOF. These are obvious if B is a matrix algebra; so we take B to be
D of Theorem 21.21. Take J and w as in that theorem. Then ww*® = —w?,
which is a prime element of F. Now F* is generated by g* and any prime
element. By Theorem 9.10(ii), g* = Ny p(J*) C Np/p(B*), and so we
obtain (i). Next let K be a quadratic extension of F. If K is ramified over
F, then Ng/p(K*) # F*. Indeed suppose N, p(K*) = F*; then for every
a € g* there is an element b of K such that Nk p(b) = a. Then b € ™,
and so g* = Ng/p(t™), which contradicts (21.2a). Therefore Ny p(K*) #
F*. The same holds also when K is unramified over F' in view of Theorem
9.10(ii). Therefore in either case we can find an element v € F'* not contained
in Ng,p(K*). Then {K, v} is a division quaternion algebra, and must be
isomorphic to B by Theorem 21.22. This proves (ii).

Returning to Theorem 21.15, suppose K is ramified over F. By (ii) above
and Theorem 20.8(i) the isomorphism classes of quaternion algebras over F'
correspond to F'* /Ny, (K *). Since we have exactly two isomorphism classes,
we obtain Theorem 21.15. Let m be a prime element of K. Then Ng/p(7) is
a prime element of F, and so I’ = J,,cy Ng/p(m)"g*. Since Ng/p(K*) =
UnGZ NK/F(ﬂ')nNK/F(tX ), we obtain (212b)

Lemma 21.24. Let D be a division algebra over a local field, O its unique

mazimal order, and T the group consisting of all upper triangular elements
of GL,(D); put € = " = GL, (D). Then GL,(D)=TE¢.

PRrOOF. This is obvious if n = 1. We prove the general case by induction
on n. We let D resp. M, (D) act on D} by left resp. right multiplication.
Suppose n > 1; let {e;}™_; be the standard basis of D}. Given o € GL,,(D),
put © =e,a =Y ., x;e;. Then =z is the last row of a. By Theorem 21.17(2)
we have Y7 | 2,0 = 2,0 with some k. Put z;, = d and y = d~*z. We easily
see that Oy + 7, , Oe; = OL and so we can find an element & of GL,(9)
such that e,e =y. Then e,ac™' = de,, which means that ac~! = [g Z]
with a € GL,_1(D) and b € D{L*l. By induction we can put a = 8y with an
upper triangular 3 and v € €"~1. Put ¢ = diag[y, 1]. Then ae=1("! € T,
which proves our lemma, as (e € ™.
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21.25. Let V be a finite-dimensional vector space over a local or global
field F. Given g-lattices L and M in V, we can associate a g-ideal [L/M] with
the following properties:

(21.3a) [L/M][M/N] = [L/N],

(21.3b) [L/M], = [Ly/M,)] for every v € h if L and M are g-lattices in the
global case,

(21.3¢) [L/La) = det(a)g if o € GLp(V),

(21.3d) [L/M]C g if M C L,

(21.3¢) [L: M] = N([L/M])if M C L,

(21.3f) [L/M]L C M if M C L.

To show these, put n = [V : F|. Given L and M in the local case, we can

find an element o € GL(V') such that Lo = M, since both L and M are free

g-modules of rank n; see Theorem 5.3. If L3 = M with another 8 € GL(V),

then both aB~! and Ba~! can be represented by elements of M, (g), and

so a1 € GL,(g). Thus det(a)g depends only on L and M. Therefore we

define [L/M] in the local case by (21.3c) and define it in the global case by

(21.3b). Then (21.3a) and (21.3d) are clear. As for (21.3e) and (21.3f), it is

sufficient to prove it in the local case. Then Theorem 5.1 reduces the problem

to the one-dimensional case, and we easily obtain the desired result.

Lemma 21.26. Let A be a central simple algebra over a local or global field
F, and a a g-lattice in A. Then [a/af] = N4/ r(8)"g, where n = [A: F]'/2,

PROOF. Let p be aright regular representation of A over F. Then (21.3c)
shows that [a/af] = det [p(B)]g for every B € AX. Since det [p(8)] =
N4/p(B)" as can be seen from (19.9) and (19.10), we obtain our lemma.

Theorem 21.27. Let A be a quaternion algebra over a global field F' and
o an order in A. Let d(A/F) be the product of all the prime ideals in F
corresponding to the primes v € h such that A, is a division algebra. For a
g-lattice a in A put

(21.4) a={z€A|Try p(za) C g}.
Then o is mazimal if and only if [0/0] = d(A/F)>.

Proor. We easily see that a, = {x €A, |TrAU/Fv (za,) C gv} for every
v € h. Suppose o is maximal; then by Lemma 21.7(ii), o, is a maximal order
in A,. By Theorem 21.21, if A, is a division algebra, then [0,/0,] = 72g,
with a prime element 7, of F,. If A, is not a division algebra, Lemmas 21.4
and 21.19 allow us to put A, = My(F,) and 0, = Mas(g,). Then we easily
see that [0,/0,] = g,. From these and (21.3b) we obtain [0/0] = d(A/F)2.
Given an arbitrary order o0; in A, take a maximal order o containing o;.
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Then 03 C 0 C 0 C 01, and so if [01/01] = [0/0], then 07 = o, that is, o7 is
maximal. This completes the proof.

We call d(A/F) the discriminant ideal of A.



CHAPTER V

QUADRATIC FORMS

22. Algebraic theory of quadratic forms

22.1. We take a base field F' and consider a finite-dimensional vector space
V over F' and an F-valued F-bilinear form ¢ : V x V — F. We call, as usual,
¢ symmetric if p(z, y) = ¢(y,x) for every x, y € V. We put then

(22.1) lx] = o(x, x) (xeV).

In this book we make the convention that whenever we speak of ¢ of this type,
the characteristic of F is not 2. Traditionally ¢[x] is called the quadratic
form associated to the symmetric form ¢(x, y), but we use the same letter
@ for both objects, since one determines the other uniquely, because of the
formula

(22.2) 2¢(, y) = ¢z +y] — plz] — @yl

We call the pair (V) p) a quadratic space over F. We call ¢ or (V| p)
isotropic if ¢[z] = 0 for some = € V, # 0; we call ¢ or (V, ) anisotropic
if p[z] =0 only for = 0. (This means that ¢ is anisotropic if V' = {0}.) We
call a subspace U of V totally p-isotropic if ¢(z, y) =0 for every z, y € U.
We also call ¢ nondegenerate on V if there is no nonzero element = € V
such that o(z, V) = 0. We call then (V, ¢) nondegenerate. Whenever we
speak of a nondegenerate quadratic space (V, ¢), we assume that V' # {0}.
For a subspace X of V' on which ¢ is nondegenerate, we put

(22.3) X+ ={yeV]|ely, z)=0 forevery z€X}.

This is a subspace of V, and is naturally called the orthogonal complement
of X in V with respect to . We use this symbol X+ whenever V' and ¢ are
clear from the context.

For a vector space W over F' and an F-linear map « of V into W we
denote by xa the image of x € V under «. If 3 is an F-linear map of W
into a vector space X over F) then the image of xa under g is (za)83, and
so the composite map of a and f is af. Thus we have (za)f = z(af3).

Assuming ¢ to be nondegenerate, we define groups O¥ and SO¥ by
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0% =0(p) =0?(V) = {a € GLp(V) | p[za] = ¢lz] for every z € V},
S0¢ = SO(p) = SO?(V) = {a € O¢(V) | det(a) =1},

where GLp(V') denotes the group of all F-linear automorphisms of V. These
are called the orthogonal group of ¢ and the special orthogonal group
of ¢ respectively. From (22.2) we see that p(za, ya) = ¢(z, y) for every
a € O?(V) and every z,y € V. We have [O¥ : SO?] = 2, as O contains
an element of determinant —1, which can be shown as follows. Since ¢
is nondegenerate, ¢[z] # 0 for some z € F. (Otherwise (22.2) shows that
¢ =0.) Then V = Fz® (Fxz)*. Define an element v of GLp(V) by 2y = —x
and yy =y for every y € (Fz)*. Then v € O¢ and det(y) = —1.

Let X be a subspace of V and 1 the restriction of ¢ to X. If ¢ is
nondegenerate, the symbols O¥(X) and SO¥ (X) are meaningful. In our later
treatment, however, we will often write these O¥(X) and SO¥(X) without
introducing the symbol .

Given two quadratic spaces (V, ¢) and (V’, ¢’) over F, we say that (V, ¢)
is isomorphic to (V', ¢') it p[z] = ¢'[xf] for every x € V with an F-linear
bijection f of V onto V'. We also denote by (V, ) & (V', ¢') the quadratic
space (V@ V', p@¢') given by (¢ @ ¢ )(x+2', y+y') = oz, y) +¢' (2, ¥')
for x, y € V and 2/, 3y € V'. Clearly ¢ & ¢’ is nondegenerate if and only if
both ¢ and ¢’ are nondegenerate. In such a case, we can view O¥ x 0¢" as
a subgroup of O?®%". The element (o, B) of O¥ x 0¢" viewed as an element
of 09®¢" will be denoted by a x  or by (a, 3).

Theorem 22.2. Let (V, p) = (S, 0)® (T, 7) = (5", 0") ® (IT7, 7') with
nondegenerate . If (S, o) is isomorphic to (S',0"), then (T, T) is isomorphic
to (T', 7).

ProOF. If there is an element f of O¥ such that Sf = S’, then f gives
an isomorphism of (7', 7) to (T, '), since T = S+ and T" = (5’)*. We prove
the existence of such an f by induction on dim(S). Suppose dim(S) = 1;
then we can put S = Fx and S’ = Fy with elements x and y such that
olz] = ply] # 0. Since plz +y] + plz — y] = 4p[z] # 0, we have plz +y] #
0 or ¢lr —y] # 0. Changing y for —y if necessary, we may assume that
olr +y] #0. Let U = (F(ac—i—y))L Define f € GLrp(V) by uf = —u for
uweUand (x+y)f =x+y. Clearly f € O¥. Since z —y € U, we have
(r —y)f =y —z, so that =f =y, which proves the case dim(S) = 1. Next
suppose dim(S) =m > 1. Let h be an isomorphism of (S, o) to (S’,¢’). Take
any x € S such that ¢[z] # 0; put y = zh, R = SN (Fz)*, and R' = Rh.
Then S = Foz @ R and S’ = Fy @ R'. By the above result we can find an
element g of O¥ such that Fyg = Fz. Now both R and R’g are contained
in (Fx)*, and hg gives a bijection of R onto R’'g that leaves ¢ invariant.
Since dim(R) = m — 1, by induction O% ((Fz)*) has an element & that maps
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R onto R'g. Extend k to an element ¢ of GLp (V') by putting x¢ = x. Then
¢ € 0¥ and we see that Sfg—' = S’, which completes the proof.

This is called Witt’s theorem. It can be generalized to the case of a
hermitian form over a division algebra with an involution; see [S97, Theorem
1.2 and Lemma 1.3], for example.

Lemma 22.3. Given (V, ¢) with a nondegenerate ¢ as above, let I be a
totally isotropic subspace of V' of dimension m, and let {e;}7, be an F-basis
of I. Then we can find a subspace Z of V and a set of elements { fi} such
that

(22.4a) V=Z+3" (Fei + Ffy),
(22.4b)  p(es, €5) = @(fi, fj) =0, 2¢(e;, f;) =0i; forevery i and j,
(22.4¢) Z={veV|eple,v)=¢(fi,v) =0 forevery i}.

Conversely suppose that V' has 2m elements e;, f; satisfying (22.4b); put
I =%" Fe and I' = Y7" | Ffi; define Z by (22.4¢c); let ¢ denote the
restriction of ¢ to Z. Then I and I' are totally isotropic subspaces of V of
dimension m,V =Z & I' &I, and ( is nondegenerate.

PROOF. The converse part can easily be verified. We prove the first part by
induction on m. Let e; be a nonzero element of V such that ¢[e;] = 0. Since
¢ is nondegenerate, we can find an element z such that ¢(e1, ) = 1. Put
f1=x—2"Yp[z]e;. Then ¢[f1] =0 and p(eq, f1) = 1. Given such {ey, f1},
define Z by (22.4c) with m = 1. Then the converse part of our lemma gives
(22.4a) in the case m = 1. If we have I = " Fe; with m > 1, then the
e; for i > 1 belong to the subspace Z just defined for {e;, f1}. Applying our
induction to Z and its subspace Z?; Fe;, we obtain our lemma.

In the setting of the above lemma we call the expression of (22.4a) with
0 < m € Z a weak Witt decomposition (of V with respect to ¢); we
call it a Witt decomposition if the restriction of ¢ to Z is anisotropic. In
particular, if Z = {0}, we call it a split Witt decomposition and say that
(V, ) is split. If (22.4a) is a Witt decomposition, we call Z a core subspace
of V' with respect to ¢, and call dim(Z) the core dimension of (V, ¢), or
simply of .

Lemma 22.4. For a nondegenerate quadratic space (V, @) the following
assertions hold:

(i) V has a Witt decomposition.

(ii) If (22.4a) is a Witt decomposition and ( is the restriction of ¢ to
Z, then the integer m and the isomorphism class of (Z, () are completely
determined by the isomorphism class of (V, ¢).
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(iii) BEwvery totally isotropic subspace of V is contained in a totally isotropic
subspace of V' of dimension m with the integer m determined as in (ii).

PRrROOF. There is no problem if ¢ is anisotropic. Suppose V has a nontriv-
ial totally isotropic subspace X. Clearly X is contained in a maximal totally
isotropic subspace I of V. By Lemma 22.3, we can find a weak Witt decom-
position (22.4a) with I in place of >_!" | Fe;. If Z contains a nonzero vector
g such that ¢[g] = 0, then Fg+ 1 is totally isotropic, which is a contradiction
as I is maximal. Therefore ¢ is anisotropic on Z, so that (22.4a) is a Witt
decomposition. This proves (i). Let V.= Z' 4+ Y"1 (Fe; + Ff!) be another
Witt decomposition; suppose n > m. Then, by Theorem 22.2, we can find an
F-linear bijection f of Z onto Z'+> " (Fe;+ F f]) such that o[z f] = ¢[z]
for every x € Z. Since ¢ is anisotropic on Z, we have m = n, and at the
same time we obtain (ii). Assertion (iii) is also proved, as we have seen that
XcClI

Lemma 22.5. (i) Given (V, ¢) with nondegenerate o, let « and (B be
F-linear injections of a vector space W into V such that plxa)] = p[xf] for
every © € W. Suppose that ¢ is nondegenerate on Wa. Then there exists an
element v of Of such that ay = . Moreover, such a v can be taken from
SO¥ if dim(V) > dim(W).

(ii) Given (V, ) as in (i), let h and k be nonzero elements of V' such
that [h] = [k]. Then there exists an element v of O¥ such that hy = k.
Moreover such a v can be taken from SO? if o[h] #0 and dim(V) > 1, or
if ¢lh] =0 and dim(V) > 2.

(iii) With (V, @) as in (i), suppose that ¢ is isotropic and V has core
dimension t; let U = (Fy)* with an element y of V such that oly] # 0.
Then U has core dimension <t -+ 1.

PrOOF. We can find an F-linear bijection £ of Wa to WS by (za)€ = 2
for @ € W. Then ¢[yé] = ¢[y] for every y € Wa. Applying Theorem 22.2 to
V=Wa)+ (Wa)r = (Wg)+ (WpH)*, we can extend £ to an element -~y
of O?. Then avy = . If dim(V) > dim(W), we can modify ~ by a suitable
element of O ((Wa)*) so that det(y) = 1. This proves (i).

As for (ii), suppose ¢[h] # 0; define o, § : FF — V by za = zh and
xf = xk for x € F. Then our assertion follows from (i). Suppose ¢[h] = 0.
Then, by Lemma 22.3, V' has weak Witt decompositions V = X + Fh+ Fg =
Y + Fk + F{ with subspaces X, Y and elements ¢, ¢. By Theorem 22.2 we
can find an element ~ of O¥ such that Xy = Y, hy = k, and gy = /.
If X # {0}, then we can take v from SO¥ by modifying it by a suitable
element of O?(X).

To prove (iii), let the notation be as in (22.4a, b, ¢). Let z = e1 + ¢[y|f1.
Then ¢[z] = ¢[y], and so z = yy with v € O¥ by (ii). Then Uy = (F2)*,
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and clearly the core dimension of (Fz)* is < ¢+ 1. This completes the proof.

22.6. Let us now express various things by matrices. Given (V, @) with
degenerate or nondegenerate ¢, take an F-basis {e;}, of V. For = =
Yo &ei €V with & € F, let o be the element of F} whose components
are &1, ..., &,. Let @ be the n x n-matrix [p(e;, ejﬂ?,j:l' Then '@ = &
and @(z, y) = 2o® - 'yo. We call @ the matriz that represents p with respect
to {e;}™_,, or simply a matriz representing ¢ when the basis is not speci-
fied. Clearly ¢ is nondegenerate if and only if det(®) # 0. Hereafter, we
will often (but not always) use the same letter for a quadratic form and the
matrix representing it when the basis is fixed. If we change the basis, then
@ is changed into a® - 'a with a € GL,(F). We can define an isomorphism
a— agp of GLEp(V) onto GL,(F) by (za)g = zoag. If ¢ is nondegenerate,
the map a +— ag gives an isomorphism of O¥ onto the group

(22.5) O(P) ={BE€GL,(F)|pP-'p=0}.

Naturally we put SO(P) = Q(P)NSL,(F). If (W, ¢) = (V, ¢) D(V', ¢') and
¢ resp. ¢’ is represented by & resp. ¢’ then 1) is represented by diag|®, ¢'].

It is an easy exercise to show that every degenerate or nondegenerate
can be represented by a diagonal matrix. In particular, we have a diagonal
representation of a nondegenerate ¢ with respect to a basis {h;} , if and
only if ¢(hi, hj) = ¢;6;; for every i and j with ¢; € F*. In such a case we
call {h;}!_, an orthogonal basis of V with respect to .

It V.=>3" (Ffi+ Fe;) is a split Witt decomposition, we will often use
the expression (H,,, 27'n,,) instead of (V, ¢), where

0 1,
(226) Thm = |:]-m 0 :| .
Thus 2717, is the matrix representing ¢ with respect to the basis {fi, ...,
fms €1, ..., em}. Also we will often put I’ =37 | Ff;and I = Y| Fe;, so

that H,, = I' & I. More generally, let the notation be as in (22.4a) and let (y
be the matrix representing ¢ with respect to an F-basis of Z; then both

0 0 I G 0 0
(22.6a) 0 G O and [0 0 1,
1w 0 0 0 1, O

represent .

Suppose now ¢ is nondegenerate; put F*? = {a*|a € F* }. Take & as
above. Since det(ad -ta) € det(®)F*2, the coset (—1)"("~1/2 det(P)F*? in
F*/F*2 is completely determined by . We call this coset the discriminant
(coset) of ¢, or of (V, ¢), and denote it by do(p) or do(V, ¢). The factor
(—1)"(=1/2 may look artificial, but it merely means (—1)"/2 if n € 2Z and
(=1)("=D/2 if n ¢ 27Z. We easily see that
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(22.7a) 1 € 00(nm),
(22.7b) S0l @ @' )=0d0(v)do(¢’) if dim(V) (that is, the size of ¢) is even.

Notice that for ¢ € F* we have do(cp) = do(p) if n is even, and dg(cp) =
coo(p) if n is odd.
We now consider a field Ky given by

(22.8) Ko=F(3'?),  §€dolp),

and call K the discriminant field of ¢, or of (V, ¢). This is either F' itself
or a quadratic extension of F'; clearly it does not depend on the choice of .
We then define the discriminant algebra K of ¢, or of (V| ¢), by

{Ko if Ko#F,

22.9
(22.9) FaoF if Ko=F

For such a K, we always denote by p the nontrivial automorphism of K over
F; in particular, (z, y)? = (y, x) for (z, y) € F & F.

If ¢ is the restriction of ¢ to a core subspace Z of V, then from (22.7a,
b) we see that dp(¢) = d0(¢), and so the discriminant field and algebra of ¢
coincide with those of ¢.

Lemma 22.7. Suppose that dim(V) = 2 and ¢ is nondegenerate. Then
@ 1is isotropic if and only if do(@) = 1.

ProOOF. If ¢ is isotropic, then by Lemma 22.3, n; represents ¢, and so
do(¢) = 1. To prove the converse, take an orthogonal basis {x, y} of V; put
a = p[z] and b = ¢[y]. Suppose do(¢) = 1; then ab= —c* with ¢ € F*, and
bz + cy] = 0, so that ¢ is isotropic. This proves our lemma.

22.8. As we defined in §19.9, an involution of an F-algebra A is a bijection
p of A onto itself such that (z +y)? = o + y*, (xy)? = yz”, and (zP)° =
where x” denotes the image of x under p. We do not necessarily assume that
p is F-linear. The restriction of p to F' is an automorphism of I’ of order 1
or 2. Given an involution p of A, we can define an involution x +— *z” of
My (A) by (‘2?)ij = (25:)".

We also defined in §20.6a the main involution of a quaternion algebra.
Throughout the book we make the following convention: Whenever the letter
L appears as a superscript, it means the main involution of the quaternion
algebra in question. The letter may be used with a different meaning, but in
that case it is not a superscript.

23. Clifford algebras

23.1. Let V be a finite-dimensional vector space over a field F' of charac-
teristic different from 2, and let (V, ¢) be a quadratic space over F. We do not
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assume that ¢ is nondegenerate, though we will later assume that condition
for the most part of our treatment. As will be proven in §23.3 below, there
exists a pair (A, p) consisting of an F-algebra A and an F-linear map p of V
into A with the following four properties:

(1) A has an identity element; we denote it by 14.

(2) A as a ring is generated by p(V) and 14 over F.

(3) p(z)? = ¢lx]la for every x € V.

(4) If (A1, p1) is another pair satisfying (1) and (3), then there exists an
F-linear ring-homomorphism f of A into Ay such that p1 = fop and
f(la) =14,

From (4) we easily see that such a pair (A4, p) is unique up to isomorphism.
Moreover, p is injective, as will be proven in §23.3. We then call A the
Clifford algebra of ¢. Identifying = with p(x) for every = € V, we view V
as a subspace of A, so that z? = ¢[z] for = € V, as we view F as a subring
of A by identifying b with bl 4 for every b € F. We denote this algebra A by
A(V, ¢), and also by A(V') or A(yp), when ¢ or V is clear from the context.

An element z of V is invertible in the ring A if and only if p[z] (= 22) #
0. Indeed, if 2% # 0, then (22)~! is meaningful as an element of F, and
x71 = (22)712; conversely, if = is invertible, clearly we cannot have 2?2 = 0.
When ¢ is clear from the context, we call an element = of V invertible if
olz] (= 2?) # 0.

If dim(V) = n and {e;}}; is an F-basis of V, then the 2" elements
€ e, for i3 < -0 < ig, 0 < s < n, (with the understanding that the
product means 1 if s = 0) form an F-basis of A; see §23.3 for the proof. If
V = {0}, then naturally ¢ = 0, and we have clearly A(V) = F.

Once we know that [A(V) : F] = 2", then from (4) we can easily derive:

(23.1) If (A, p) satisfies (1), (2), and (3), and A has dimension > 2" over
F, where n = dim(V), then A is the Clifford algebra of .

Since % +y* + oy +yr = (v +y)? = ¢z +y] = ola] + oly] + 20(z, y), we
obtain a basic equality

(23.2) zy +yx = 2¢(x, y) for every z, ye V.

We say that x is orthogonal to y with respect to ¢ if ¢(z, y) = 0, which is
the case if and only if zy = —yx.

If ¢ = 0 on the whole V, then we easily see that A(V) is the exterior
algebra of V.

23.2. Apply (4) to (A1, p1) with A; = A and p; : V — A given by
p1(u) = —u. Then we can find an F-linear ring-homomorphism f of A into
itself such that f(u) = —u for every u € V. We write o’ = f(a). Since V and
F generate A, clearly a — a' is an F-linear ring-automorphism of A, which
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we call the canonical automorphism of A(V). Similarly we can define an
F-linear involution (see §22.8) a +— a* of A(V) such that u* = u for every

w € V. This means (z1---x5)" = x5 a1 for x1, ..., x5 € V. We call it the
canonical involution of A(V).
We now put

(233) AY(V)={ac A(V)|d =a}, A (V)={a€ A(V)|d =—a}.

We denote these by A% (V, ¢), and also by A*(¢p), according to the context.
For m elements zq, ..., 2, € V we have (z1---zp) = (=1)"21 - T
Therefore the product zj---x,, belongs to AT (V) or A=(V) according as
m is even or odd. In particular, if n = dim(V) and {e;}?_; is an F-basis
of V, then the elements e;, ---e;, for i3 < -+ <5, 0 < s < n, with even
(resp. odd) s form a basis of A*(V) (resp. A=(V)). Thus both AT (V) and
A~ (V) are of dimension 2" ! over F, provided n > 0. Clearly both A* (V') and
A~ (V) are stable under the canonical involution. Also, AT (V) is a subalgebra
of A(V'), which we call the even Clifford algebra of ¢. If V = {0}, then
A(V)=A"(V)=F and A= (V) = {0}.

23.3. Let us now prove the existence of (A, p) satisfying the four conditions
of §23.1 by induction on n = dim(V). First, assuming that n = 1, put
V = Fe and ¢[e] = . We can then define an algebra A = F' @ Fe with the
law of multiplication determined in an obvious way by the rule e? = ~. It can
easily be seen that A satisfies the required conditions.

Suppose n > 1. Then we can put V = X + Fe with an element e of V
and a subspace X of dimension n—1 such that ¢(e, z) =0 for every z € X.
(This can be done, for example, by taking a basis of V' with respect to which
¢ is represented by a diagonal matrix. We do not assume that ¢[e] # 0.) By
our induction assumption we have the Clifford algebra B = A(X, ), where
1) is the restriction of ¢ to X. Then we can define an F-linear automorphism
a — a' of B such that 2’ = —z for every z € X. Put ple] =~ and

a b
(23.4) q(a, b) = [Vbl a'} for a,be B.

Let A be the set of all such ¢(a, b). We easily see that A is a subalgebra
of My (B) containing the identity element 1s. (This was already observed in
§20.1.) Define p: V — A by p(z +ce) = q(z, ¢) for x +ce € V with z € X
and ¢ € F. Then p(z + ce)? = (2% + vc?)1a = @[z + ce]la. Since X and F
generate B, it can easily be verified that p(V') and F' generate A. Thus (A, p)
has properties (1), (2), and (3). Identifying diag[b, b'] with b € B, we can view
B as a subalgebra of A. Then identifying p(e) with e, we can put A = B+ Be
and ¢(a, b) = a + be; in particular, p(w) = w for w € V. We easily see that
be = eb’ for every b € B. Let (A1, p1) be a pair satisfying (1) and (3). Since
B satisfies (4) for X, there is an F-linear ring-homomorphism ¢ of B into
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A; such that g(z) = p1(z) for every x € X and ¢g(lg) = 1a,. For x € X
we have pi(x)p1(e) + p1(e)p1(z) = 2p(x, €) = 0 by (23.2), since the proof of
(23.2) shows that it is true even for (A1, p1). Thus pi1(x)pi(e) = p1(e)p1(—x),
from which we can derive that

(23.5) 9O)pi(e) = pi(e)g() for every be B,

as X and F' generate B. Define f: A — A; by f(a+be) = g(a)+ g(b)pi(e)
for a, b € B. Clearly f(w) = p1(w) for w € V. Since be = eb’, from (23.5)
we see that f is an F-linear ring-homomorphism. Thus A satisfies (4). This
completes the proof of the existence. At the same time, our induction shows
the injectivity of the map p: V — A, as well as the fact that dim(A) = 2.

Next, given an F-basis {e;}]—; of V, let us prove that the 2" elements
€y e, for ip < - <ig, 0 < s < n, form an F-basis of A. This is clear
if n=1.1f n>1, take V=X + Fe and B as above; take also an F-basis
{fi}2=! of X and put f, = e. Applying induction to B and {f;}'~}!, we
easily see that the elements f;, --- fi, for i1 <--- <5, 0 < s <mn, form an
F-basis of A. Given {e;}! , we can easily verify that every product uq - - - u,
with u; € V and r < n is an F-linear combination of e;, ---e;, of the above
type, because of the relations eje; = 2p(e;, ej) — eje;. Since the elements
fi, -+ fi, span A over F, the elements e;, ---e;, must span A over F. They
must be linearly independent over F, as dim (V') = 2". This proves the desired
fact.

Given a vector subspace X of V| let C be the subalgebra of A(V') generated
by the elements of X and F. Taking an F-basis of X as a subset of {e;}}_,, we
see that dim(C) > 24m(X) "and so by (23.1), C can be viewed as the Clifford
algebra of the restriction of ¢ to X, and therefore we can put C' = A(X). In
our later treatment we consider A(X) for various subspaces X of V' with the

same ¢, which is why we use A(V') instead of A(yp).

23.4. Hereafter we fix a nondegenerate quadratic space (V, ). We first
assume that ¢ is isotropic, and consider a weak Witt decomposition of the
simplest type:

(23.6a) V=U+Fe+ Ff, ef + fe=1, e? = f2=0,
(23.6b) U:(Fe—i-Ff)L:{a:EV‘a:e:—ea:, af =—fx}.
Notice that in view of (23.2), equality 2¢(e;, f;) = 0;; in (22.4b) can be
written eifj + fjei = (L‘j.
We are going to define an F-linear isomorphism

(23.7) W A(V) = My (A(U)).
We first define an F-linear map ¥ : V — M (A(U)) by
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u r
s —u

(23.8) W(u+re+sf):{ (weU,reF,seF).

For 2 = u+re + sf we have ¥(z)? = (u? 4+ rs)la = plu + re + sf]la. Thus
V(x)? = p[z]ls for every x € V, and so ¥ can be extended to an F-linear
ring-homomorphism of A(V') into Mz (A(U)). Observing that

0 1 0 0 10 00
we can easily verify that (V) generates the whole M, (A(U)). Since the alge-
bras Mz (A(U)) and A(V') have the same dimension over F, we can conclude
that ¥ gives an isomorphism of A(V') onto M (A(U)).

a b| . I .
For ¢ = [c d] with a, b, ¢, d € A(U), put & = {b* d*} , where * is
the canonical involution of A(U). Then £ +— £* is an involution of Mo (A(U))
We note two easy formulas:

(23.10)  ¥(a*)=J¥()* Tt forevery ac€ A(V), J= [(1) _01} ,
(23.11) W (b) = diag[b, V'] for every be A(U).
Indeed, (23.10) and (23.11) follow from (23.8) if a € V and b € U; conse-
quently they hold for every monomial of elements of V' or U. Thus they are
valid as stated.

Put / =e— f. Then ¢2 = —1, and ful~! = —u = o’ for every u € U, so
that fal~' =a’ for every a € A(U). Put A = diag[¢, —¢]. Then
(23.12) AV (OA =0 () for every &€ A(V).

This follows from (23.8) if £ € V; consequently it holds for every monomial
of elements of V; thus it is valid as stated. Let us now prove

(23.13) W(Ai(V))Z{[z Z}

a,de A*(U); b, ce AHU)}.

(

a b , a =V
Indeed, for ¥(&) = e 4| ve have ¥(¢') = A by (23.12). Thus
¢ € AX(V) if and only if o’ = +a, b’ = Fb, ¢ = Fc, and d = £d. This
proves (23.13).

23.5. The above discussion is valid even when U = {0}. Then we have
A(U) = F, (A(V)) = Ms(F), and ¥(AT(V)) consists of diag[a, d] with
a,deF.

If U # {0}, we can define another representation that is often more conve-
nient than ¥, which is as follows. Take an element ¢ of U such that g2 # 0,
and put

(23.14) Z(a)=A"1(a)A, A= diag[g, 1].
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Then = is a ring-bijection of A(V) onto M, (A(U)); besides, since g~'A~(U)
=A"(U)g=AT(U) and g~ tAT(U)g = A*(U), from (23.13) we obtain

(23.15) E(AH(V)) = Mo (AT (U)) if U # {0}.

Theorem 23.6. Let V =X+ Y7 (Fe; + Ff;) be a weak Witt decompo-
sition, and let m = 2°. Then A(V) is isomorphic to My, (A(X)). Moreover,
AT (V) is isomorphic to My, (AT(X)) if X # {0}, and to My, jo(F )M,y /2(F)
if X ={0}.

ProoOF. The discussion of §§23.4 and 23.5 proves the case s = 1. To
prove the general case by induction on s, assume that s > 1 and put U =
X+ Zf;ll(Fel + Ff;). Then V =U + Fes + F fs, and so A(V) is isomorphic
to M2(A(U)) and A*(V) is isomorphic to My (A*(U)). Applying induction
to A(U) and A*(U), we obtain our theorem.

Lemma 23.7. Given an orthogonal basis {h;}? of V, put z=hy -+ hy.
Then the following assertions hold:

(1) zilxz = (=1)""tz for every z € V;

(ii) 22 = (=)= Dn/2p2 .. h2 gnd z* = (—1)= /24

(i) Fz is independent of the choice of {h;};

(iv) F+Fz is the center of A(V') or AT (V') according as n is odd or even.

(v) F + Fz is isomorphic to the discriminant algebra of . Moreover, if
n is even, then the canonical involution gives the nontrivial automorphsim of
F+ Fz over F, and

(23.16) ar = xa*  for every a € F+ Fz and every x € V.

PRrOOF. We easily see that h;z = (—1)""1zh; for every i. Since the h;
span V over F, we obtain (i). Assertion (ii) 1s an easy exercise. We prove (iv)
in the proof of the next theorem. Since z? € F and z ¢ F, we see that if
r€F+Fz ¢ F,and 22 € F, then x € Fz. Assertion (iii) follows from this
fact and (iv). The first part of (v) follows easily from (ii). If n is even, then

2z* = —z by (ii), and zx = —xz for every x € V by (i), and so we obtain
(23.16).

Theorem 23.8. Let € be the center of A(V) and €% the center of AT(V).

(i) Suppose dim(V') is even and > 0. Then A(V') is a central simple algebra
over F and € = F+Fz with z as in Lemma 23.7. AT (V) is a central simple
algebra over €1 if €7 is a field; otherwise AT (V) is the direct sum of two
central simple algebras over F of the same degree.

(ii) Suppose dim(V) is odd. Then AT (V) is a central simple algebra over
F, ¢ =F + Fz with z as in Lemma 23.7, and A(V) = AT (V) @F C.

PRrROOF. Let F' be the algebraic closure of F'; let V =V ®@p F; extend ¢
naturally to V. Suppose dim(V') = 2r+1 with r € Z. Then V has a Witt de-
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composition V= Fg+Y._ (Fe;+Ff;), and AT (Fg) = F. By Theorem 23.6,
AT(V) is isomorphic to M,,(F), where m = 2". Since AT (V) = AT (V)®FpF,
we can conclude from Theorem 19.7 that A* (V) is central simple over F. Take
z as in Lemma 23.7; then by (i) of that lemma, zx = xz for every x € V, and
so z € €. Since z € A~ (V), we have A(V) = AT(V)® AT (V)z. Now F + Fz
is a commutative algebra of rank 2, and so A(V) = AT (V)®@p (F + Fz). Since
the center of AT (V) is F, we have clearly € = F' + Fz.

Next suppose dim(V') = 2r with r € Z. Then V has a Witt decomposition
V=37, (Fe;+ Ff;), and A(V) is isomorphic to M,,(F), where m = 2".
Thus by Theorem 19.7, A(V) is central simple over F. By Theorem 23.6,
AT (V) is isomorphic to M,, o(F)@®M,, 5(F), whose center is F'®F. Therefore
[€t: F] =2 in view of Lemma 19.3(ii). From (i) of Lemma 23.7 we see that
za = az for every a € AT(V), and so €t = F + Fz, since z ¢ F. If €
is a field, then A1 (V) is central simple over €+ by Lemma 19.25. Otherwise
there is an element ¢ of F such that 22 = ¢?. Put ¢ = (1 + ¢ '2)/2 and
§=(1—c12)/2. Then 1 = e +4,e? =¢, % = §, and &6 = 0. Therefore
¢* is isomorphic to F @ F, and AT (V) is the direct sum of two subalgebras
AT (V)e and A*(V)d. Since these become M, 5(F) over F, they must be
central simple over F' by Theorem 19.7. This completes the proof, and proves
also (iv) of Lemma 23.7.

Corollary 23.9. An clement o of AT (V) commutes with every element
of V if and only if o € F.

PROOF. Since V generates A(V), if an element a of A*(V) commutes
with every element of V, then o € € N €*. By Theorem 23.8, ¢NET = F,
which gives our assertion.

Lemma 23.10. With (V, ¢), n, and z as in Lemma 23.7, let (V', ¢')
be another quadratic space and let § = z2. Define a vector subspace C' of
Alp@® ¢') by C = AT (¢') + zA™ (¢'). Then C is a subalgebra of A(p @ ¢')
and the following assertions hold:

(i) There is an isomorphism of C onto A((—1)"6¢') that maps AT(¢')
onto AT((—=1)"6¢").

(i) Alpd @) = A(p) @r C if n € 2Z, and AT (p @ ¢') = At () @r C if
n ¢ 27Z.

(iii) The canonical involution of A(p & @) restricted to AT (¢') coincides
with the canonical involution of A((—1)"0¢’) restricted to A*((—1)"6¢’).

PROOF. Notice that if u = z1---x, with x; € V and v = y; ---ys with
y; € V', then wv = (—1)"vu. We can easily verify that C' is a subalgebra
of A(p @ ¢'). Define p : V! — C by p(y) = zy for y € V'. Then p(y)? =
(—=1)"d¢'[y], and we easily see that F and p(V') generate C, and so we see that
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C = A((—1)"6¢"). Also, for y; € V', we have (zy1)---(zys) € AT () if s €
2Z, and so AT ((—1)"5¢’) as a set coincides with A (¢'). If n is even, A(y)
commutes elementwise with C; also we easily see that A(¢)C' = A(p & ¢’),
and so we obtain (ii) for n € 2Z. For n odd, taking AT (p ® ¢’) and A1 ()
in place of A(¢ @ ¢') and A(p), we obtain the desired result. Assertion (iii)
can easily be verified.

24. Clifford groups and spin groups
24.1. Still assuming that ¢ is nondegenerate, let us now put
(24.1a) GV)={acAV)* |a"Va=V},
(24.1b) GH(V)=G(V)n AT (V), G- (V)=G(V)nA— (V).

Clearly G(V) resp. GT(V) is a subgroup of A(V)* resp. AT (V)*, and F* C
G*(V). We denote these by G(V, p) and G*(V, ¢), and also by G(p) and
G*(p) according to the context. We call G(V, ¢) the Clifford group of
o, and GT(V, ¢) the even Clifford group of ¢. (See the remark after the
proof of Theorem 24.6.)

For a € G(V) we can define 7(a) € GLr(V) by

(24.1¢) r7(a) = a lza (x e V).

Clearly p[z7(a)] = (o 'za)? = 2% = ¢[z], and so 7(a) belongs to the

orthogonal group O¥ of . Thus 7 gives a homomorphism of G(V') into O?.
Notice that a~'Va =V if and only if = 'Va C V, as a~'Va has the same
dimension as V over F.

24.2. For a subspace X of V' on which ¢ is nondegenerate, the orthogonal
complement of X defined by (22.3) can be given in the form

XLz{y€V|a:y=—yx for every J:EX}.

Then ¢ is nondegenerate on X*. Put Y = X*. Taking F-bases of X and
Y, we easily see that A(X)NA(Y)=F and A(X)NV = X. Let a € A(X)
and # € A(Y) for such X and Y. Then we can easily verify that af = Sa
if ae AT(X)or e AT (Y); af = —Pa if a € A7(X) and € A (Y).
In particular, for @ € AT (X)X we have a~lya = y for every y € Y, and
a”'Xa = X if and only if a~'Va = V. Therefore we can view an element of
G (X) as an element of G*(V); then 7(«) defined as an element of O? (V)
gives the identity map on Y. In fact, 7(«) € SO¥? (V) as will be shown in
Theorem 24.6 below. Hereafter, whenever we have a subspace X of V on
which ¢ is nondegenerate, we always view G (X) as a subgroup of G* (V).
This injection GT(X) — G (V) maps F* onto itself. If a« € GT(X) and
B € GT(Y), then 7(af3) gives the element of SO¥ (V) that can be identified
with (7(a), 7(3)) of SO?(X) x SO?(Y).
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Lemma 24.3. For x, y € V we have xyx € V. Moreover, if x% # 0, then
reG (V)and 2t €V.

PROOF. Both 22 and zy+yx belong to F, and so zyxr = (zy+yx)r—yz? €
V. Suppose z? # 0; then z is invertible and z=! = (2?)7'z € V, and
7 Wa = (22)"'2Vax C V, so that = € G(V). Since x € A~ (V), we obtain
xe G (V).

24.4. If elements z; of V are invertible, then Lemma 24.3 shows that the
product zj --- 2, belongs to GT(V) or G~ (V) according as m is even or
odd. To obtain a more precise result, let us now take a hyperplane H = {gc €
V| ¢(v, ) = 0} defined with a fixed v € V such that v? # 0. This is the
orthogonal complement (Fv)* of F'v in V' with respect to ; thus

V=FveH with H=(Fv)*={zeV|vz=—av}.

Let ~ be the element of GLr(V) such that vy = —v and zy =z for every
x € H. Clearly v € O%, det(y) = —1, and ~ has order 2. We call ~
the symmetry of V with respect to H. We easily see that it coincides
with —7(v). (We are considering here only those hyperplanes defined with the
elements v such that v? # 0.) Thus, for an invertible element v € V we have

(24.2) —7(v) is the symmetry with respect to (Fv)* and det| —7(v)] =—1.
We hereafter put n = dim(V).

Theorem 24.5. FEvery element of OY is a product of symmetries of the
above type.

PrOOF. If n=1, then O¥={+£1} and —1 is a symmetry, and our theorem
is true. We prove the general case by induction on n. Suppose n > 1; take an
element v € V such that v? # 0, and put H = (Fv)* as above. Let o € O¥.

Special case 1: Suppose va = v; then Ha = H. Let § be the restriction
of a to H. By induction, 8 = ~v;1---7,, with symmetries ~; of H. We can
extend each ; to asymmetry d; of V such that vd; = v. Then oo =61,
which is the desired result.

Special case 2: Suppose va = —v. Let ¢ = —7(v). Then vae = v, and
we can apply the result of Special case 1 to ae, and obtain the desired fact,
since @ = aee and ¢ is a symmetry.

General case: Let u = va. Then u? = v2. Since 0 # 4v? = (v+u)?+(v—u)?,
we see that (v+u)? # 0 or (v—u)? # 0. Suppose (v+u)? # 0; put = =v+u
and ¢ = —7(z). Then —au —uz = (u — 2)?> —u? — 22 = —22, and so
vaé = ué = —x tur = 27 (2u — %) = u — 2 = —v; thus we can apply the
result of Special case 2 to af. Suppose (v —u)? # 0; put y = v — u and
n = —7(y). Then yu +uy = (u+y)? —u? — y?> = —y2, and so van = un =
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—y tuy = y~H(yu + y?) = u+y = v; thus we can apply the result of Special

case 1 to an. This completes the proof.
Let us now put
(24.3) G(V)=GH(V)UG (V).
This is a subgroup of G(V'), as will be shown in Theorems 24.6 and 24.7 below.

Theorem 24.6. (i) If n is odd, then 7(GT(V)) = 7(G(V)) = SO? and
G(V) =€*GT(V), where € is the center of A(V).

(i) If n is even and > 0, then G(V) = G(V), [G(V) : GT(V)] = 2,
T(G(V))=0¢, 7(GT(V))=80%, and 7(G~(V))={¢ € O¢ | det(¢&) = —1}.
Moreover, let € be the center of AY(V) and z be as in Lemma 23.7. Then
{ (eH)* =Gt (V) if n=2,

¢rNGH (V) =
W) FXUF*z if n>2.

(iii) For both even and odd m, T gives an isomorphism of G*(V)/F*
onto SO¥%; for even n, T gives an isomorphism of G(V)/F* onto O%.
(iv) If Y = X* as in §24.2, then

(24.3a) GT(X)={ae G (V) |yr(a) =y for every y € Y'}.

PROOF. Let ¢ € O?. By Theorem 24.5, £ = (—7(v1)) -+ (— 7(v)) with
invertible v; € V. Since each symmetry —7(v;) has determinant —1, we have
det(§) = (~1)*. If £ € SO¥, then k is even, so that & = 7(vy ---vg). This
shows that SO¥ C 7(GT(V)). Clearly, 7(GT(V))C7(G(V)) CO?.

Suppose 0 < n € 2Z. Then, for every invertible v of V, we have det (7(v))
= —1. Since v € G(V) and [0 : SO¥] = 2, we see that 7(G(V)) = O¥.
Suppose 7(v) = 7(a) with o € GT(V). Then a~'v commutes with every
element of V. Since V generates A(V), a~'v must belong to the center of
A(V'), which is F' by Theorem 23.8(i). Therefore v = ca with ¢ € F, which
is a contradiction, since ca € AT (V) and 0 # v € A= (V). Thus 7(v) ¢
7(GT(V)), and so 7(GT(V)) = SO¥. We easily see that G~ (V) = vG*(V),
and so 7(G7(V)) = {{ € O?]det(¢) = —1}. Next, let v € G(V). For
det (7(7)) = +1 we have 7(y) = 7(8) with 8 € G£(V). Then 371y € F*, so
that v € G* (V). This proves that G(V) = G (V), and so [G(V) : GT(V)] = 2.
Next, let A € €7 N GT(V). By Lemma 23.7(iv) we have €T = F' + Fz, and
by (23.16), Mv = vX for every v € V. Thus A~!\v = A~lo) € V. Put
AN = ¢+ dz with ¢, d € F. Suppose d # 0; then zv € V for every v € V,
which is the case if and only if n = 2, as can easily be verified. Thus if n > 2,
then d = 0, so that A™'\? = ¢, which can happen only if ¢ = #1. Therefore
A€ FXUF*z if n > 2. We also see that (€T)* = GT(V) if n = 2, and
F*UF*zC G*(V) for n > 2. This completes the proof of (ii).
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Suppose n is odd. Consider the element —1 of O%; suppose —1 = 7(«)
with o € G(V). Then a lza = —z for every x € V, so that a~lya =4’ for
every y € A(V). Let z be as in Lemma 23.7. Then 2’ = —z and z belongs
to the center € of A(V), so that z = a~'za = 2/ = —z, a contradiction. Thus
—1¢ 7(G(V)), so that 7(G(V)) = 7(GT(V)) = SO?. Take any v € G(V).
Then 7(vy) = 7(8) with 8 € GT(V), and so 371y € €, so that v € €XGF(V).
Clearly €% C G(V), and so G(V) = €XGT (V). Finally, as for (iii), if o €
Gt (V) and 7(a) = 1, then o € F* by Corollary 23.9; if n is even, the same
is true even for a € G(V), since F is the center of A(V'). This proves (iii).

As for (iv), we have seen in §24.2 that GT(X) is contained in the right-hand
side of (24.3a). Suppose o € GT(V) and 7(«) gives the identity map on Y.
Then 7(«) gives an element of SO¥(X), and so by (i) and (ii) it coincides
with 7(8) with € GT(X). Then @ is an element of G*(V) belonging to
the right-hand side of (24.3a). Thus we have 7(a) = 7(8), and so «a = ¢f
with c€ F*. Therefore o€ G*(X), which proves (24.3a). This completes the
proof.

Let us insert here a historical remark. The algebra A(V, ¢) for V.= R”
and ¢ = —1,, was first defined by Clifford, but the idea of (24.1a, b, ¢) and
the fact that 7(GT(V)) = SO¥ are due to Lipschitz; see [Ano]. Therefore the
terminology “Clifford group” may be a misnomer, but we use it for expediency.

Now, with the canonical involution £ — &* of A(V) as in §23.2, put
(24.4) via) =aa* for aeG (V).

Theorem 24.7. (i) GT(V) (resp. G~ (V)) consists of all the products of
an even (resp. odd) number of elements of V' that are invertible in A(V).

(i) G (V) is a subgroup of G(V), [G'(V) : G*(V)] =2, and v gives a
homomorphism of G" (V') into F*. Moreover, v(a*) = v() = v(«a) for every
aec G (V).

PRrROOF. We have G~ (V) = zG* (V) with any invertible = € V. Therefore
it is sufficient to prove (i) only for G*(V). If wy, ..., wy are elements of
V' and invertible, then each w; belongs to G(V) by Lemma 24.3, and so
wy ---wy € GH(V) if k is even. To prove the converse, let a € GT(V); then
T(o) = T(v1 -+ vp) With v1, ..., vy € VN A(V)™ and even m, as shown in
the proof of Theorem 24.6. By (iii) of the same theorem, o = cvy - - - vy, with
¢ € F*. Since cvy €V, this proves (i). Once we have (i), then clearly G'(V)
is a subgroup of G(V) and [G"(V) : GT(V)] = 2. Next, if o = z1 -+ 2, with
x; € VNAV)*, then

(24.4a) vio)=aa* =z -z xp o m =% T

The remaining part of (ii) follows immediately from this and (i).
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24.8. Let X be a subspace of V' on which ¢ is nondegenerate, and let
Y = X*. From Theorem 24.7 we see that G"(X) is a subgroup of G"(V).
Moreover, 7(a) for a € GF(X) gives £1y on Y.

Notice that for an element o of A*(V) we have
(24.5) [aa* € F* and aVa* C V]| <= aeGE(V).
This is because a* = a~1 - aa*. We define a subgroup G (V) of G (V) by
(24.6) G'V)={aeGT(V)|v(a) =1}

Since F* N GY(V) = {£1}, from Theorem 24.6(iii) we see that 7 gives an
injection of G*(V)/{%1} into SO®. We call G* (V) the spin group of ¢.
We define a homomorphism

(24.7) o 0%(V) — FX/F*2, F*2={a*|a € F*},

as follows. By Theorem 24.5 every element « of O¥(V) is of the form o =
(=1)"7(1 - - - x,.) with invertible z; € V. We then put o(a) = 2% - - 22F*2. To
show that this is independent of the choice of x;, let a=(—1)*7(y; - - - ys) with
invertible y;. Then (—1)" "7 (zy -+ @pys -+ -y1) = 1. Since det [ —7(z)] = —1
for any invertible x, we see that r+s € 2Z. Thus 7(z1 - 2,ys---y1) = 1. By
Theorem 24.6(iii), 1 - - x,ys - -y1 = ¢ with ¢ € F*, and so a:% - xgyg - y%
€ F*2, which proves that o is well defined.

Clearly ¢ is a homomorphism. We call o(a) the spinor norm of «.
In particular, if o € SO¥(V), we take an element & of GT(V) such that
7(€) = o, and find that o(a) = v(£)F*2. We easily see that

(24.7a) T(GY(V)) = {a € SO?(V) |U(Oé) =1 }
For simplicity we will often denote by ¢ the coset cF*? for ¢ € F*. Thus

(24.70)  o(r(z1) - T(xm)) =} a2, if x; €V, a? #£0, and m € 2Z.

m

Lemma 24.9. (i) For every ¢ € F* there exists an F-linear ring-isomor-
phism [ of AY(V, cp) onto AT(V, @) such that f(GT(V, cp)) = GH(V, ¢)
and f(&)* = f(&*) for every & € AT(V, ¢); further 7(a) = 7(f(a)) and
v(o) =v(f(a)) for every o€ GT(V, o).

(ii) Given an F-linear bijection ~ : V — W, define a quadratic form
on W by lay] = plx] for x € V. Then the map x — xvy of V to W can
be extended to an F-linear ring-isomorphism of A(V, @) to A(W, ¢), written
a — a7, such that T(a7) =y~ tr(a)y for every a € G(V). Moreover, G*(V)
and G~ (V) are mapped onto GT(W) and G~ (W) under this isomorphism,
and v(aY) = v(a) for every o € G'(V); further, o(y~1&y) = (&) for every
&€ SO¥?(V). In particular, if (V, @) = (W, ) and v € O?(V), then a— o
is an automorphism of A(V').
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ProOOF. Take an algebraic extension E = F(d) of F' with an element d
such that d?> =¢, andlet Y =V ®@r E. We extend ¢ to an E-bilinear form
Y xY — E, and denote it again by ¢. Clearly A(Y, ¢) = A(V, ¢)®@F E. Since
pldx] = cplx] for x € Y, the map = +— dx for = € Y can be extended to
a ring-isomorphism f of A(Y, cp) onto A(Y, ¢). We easily see that f maps
AT(V, ep) onto AT (V, @) and G (V, cp) onto GT(V, ). Clearly SO? (V) =
SO?(V) and f(yB) = f(y)p for § € SO?(V) and y € Y. Now, for a €
GH(V, cg) we have f(y)r(a) = f(yr(a)) = fla~ya) = f(a) " f(y) f(a) =
f()7(f(a)),andso 7(a) = 7(f(cx)). The formulas f(£)* = f(¢*) and v(a) =
v(f()) can easily be verified.

Next, given v: V — W as in (ii), we can view 7 as an injection of V into
A(W). Then we find an F-linear ring-homomorphism f of A(V) into A(W)
such that f(z)=xv for every z€V. Clearly f is a bijection. Put f(a)=a"
for a € G(V). Then for z € V we have z7(a)y = (o tza)? = (V) 1270 =
ry7(a?); thus 7(a)y=7(a?). If a=zy -2, € GH(V) with z; € V, then
Q7 = (217) -+ (zm7Y), and so @7 € GF(W), and v(a?) =[z1y] - Y[rmy] =
olz1] - o[rm] = v(a). From this we immediately obtain o(y~1&y) = o(&)
for £ = 7(a). The case (V, p) = (W, 1) is merely a special case.

24.10. Given (V, ¢) as before, we denote by G°(V') the commutator sub-
group of O¥(V'). We investigate this group in connection with the group

(24.8) S°(V, ) = S°(V) = {a € SO?(V)|o(a) =1},

where o is the map of (24.7). Clearly G¢(V) C SO#(V) and o(G*(V)) =1,
and so G¢(V) € S°(V). For every ¢ € F* we have SO (V) = SO¥ (V) and
S°(V, cp) = S°(V, ¢), as can be seen from Lemma 24.9(i).

Lemma 24.11. The group G¢(y) is generated by the elements of the form
T(zyxy) with invertible x,y € V.

PROOF. Since 7(z) = 7(z)~!, we see that 7(zyzy) € G°(V). Let H be
the subgroup of O¢ generated by such elements 7(zyxy). Then H C G¢(V).
For every v € O¥ we have, by Lemma 24.9(ii), v~ 7 (zyzy)y = 7(z7y 27y?),
where z7 = zv. Thus H is a normal subgroup of O%. Since 7(zyzy) € H
and O¥ is generated by the elements of the form —7(x), we see that O¥/H is
commutative. Thus G¢(V) C H, and so G¢(V) = H as expected.

Lemma 24.12. Let U be a subspace of V. If ¢|U] = ¢[V] and G°(U) =
S°(U), then G¢(V) = 8°(V).

PrOOF. Given a € S°(V), we can put a = & ---&, & = 7(x;), with
x; € V. Take y; € U so that y? = 22 and put 3 = 0y - - -1, with ; = 7(y;). Let
f denote the natural map of O¥(V') onto O¥(V')/G°(V'). Since the last group
is commutative, f(af~1) = f(E--Emy - -m) = f(Exmr &), We have
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&mi = 7(zy:). Since 2? = y?, by Lemma 22.5(ii), x; = y;y with some v €
O%(V). Then 7(x;) = v 7(y;)y by Lemma 24.9(ii), and so &mn; = 7(x;y:) =
vy Y7 (yi)yT(y;) € G(V). This shows that a € SG¢(V). Since o(a) = 1, we
have 27 - 22 € F*? and so y} - y?> € F*2. Thus 3 € S°(U) = G°(U).
Viewing an element w of O¥(U) as an element of O¥(V) by defining the
action of w on U™ to be the idenitity map, we find that 5 € G¢(V), and so

a € G°(V), which proves our lemma.
Lemma 24.13. If 1 <n <3 or ¢ is isotropic, then G¢(V) = S°(V).

PROOF. The case n =1 is trivial, since SO(¢) = {1}. The case n is 2 or
3 will be proven in Lemma 25.2 below. Suppose ¢ is isotropic. Then V has
a two-dimensional subspace U on which ¢ is nondegenerate and isotropic.
Then ¢[U] = F and G¢(U) = S°(U) by virtue of the result in the case n = 2.
Therefore, by Lemma 24.12, G¢(V') = S°(V).

Remark 24.14. In this book we are interested only in the algebraic and
arithmetic aspects of quadratic forms and orthogonal groups, not in their Lie-
theoretical aspects, nor in the symmetric spaces associated with them. Here
we content oursleves with merely mentioning a few basic facts on such topics.

Let (V, ¢) be a nondegenerate quadratic space over R. Then SO¥ (V) is
connected if ¢ is positive or negative definite; otherwise SO¥(V) has two
connected components. If ¢ is definite and dim(V) > 2, then G*(V) is
simply connected and the map 7 : G1(V) — SO¥(V) is the covering map.

For these the reader is referred to standard textbooks on Lie groups; some
easy related facts are proved in [S04b]. For instance, the symmetric spaces
associated with SO?(V') are explicitly described in Section 16 of the book;
also the spin representations and the structure of the Lie algebra of SO¥ (V)
are discussed in Section A5 of the book.

25. Lower-dimensional cases

25.1. As will be proven in Theorem 25.5 below, a quadratic form on
a space of dimension > 4 over a local field (in the sense of §21.1) is always
isotropic. Thus, over a local field, we have a Witt decomposition (1.2a) with an
anisotropic space Z of dimension < 4. Therefore it is important to investigate
the Clifford algebra and spin group of such a Z. First we consider the problem
with an arbitrary field F' of characteristic # 2. We fix a vector space V over F
of dimension < 4 and a nondegenerate quadratic form ¢ defined on V, which
may or may not be anisotropic for the moment. We also denote by = — z*
the canonical involution of A(yp).

As we said in §23.2, A(V) = AT (V) =F if V ={0}.

Suppose dim(V) =1; put V. = Fh. Then A(V)=F+ Fh, AT(V)=F, and
A= (V)=Fh. We easily see that GT(V)=F*, GL(V)={£1}, G~ (V)=F*h,
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and G(V) = A(V)*; O?(V) = {£1} and SO¥(V) = {1}.

Before discussing (V, ¢) of general types, we mention special forms of qua-
dratic spaces of dimension < 4. We first take a couple (K, p) consisting of an
F-algebra K of rank 2 and an F-linear automorphism p of K belonging to
the following two types:

(25.1a) K is a quadratic extension of F and p is the generator of Gal(K/F);
(25.1b) K =F @ F and (a, b)? = (b, a) for (a,b) € F & F.

In both cases we obtain a quadratic space (K, k) of dimension 2 by putting
k[z] = zx? for x € K; we have 2k(x, y) = Trg p(zy”) for z, y € K. We call
% the norm form of K. Clearly s is anisotropic if and only if K is a field.
For every ¢ € F* the discriminant algebra of (K, ck) is K itself.

Next we take a quaternion algebra B over F' and consider its main involu-
tion ¢. We recall that Trp/p(z) = x + 2* and Np/p(z) = x2* for z € B. We
have F' = {a: €B | Tt = x}, and so we have a direct sum decomposition

(25.2) B=F®B°® with B°={z€B|a=—a};

see Theorem 20.6 and Lemma 20.7. Given B, we always define B° in this
way. An element of B° is traditionally called a pure quaternion. Putting
Blx] = xza* for © € B, we call § the norm form of B. Then (B, /) is a
quadratic space of dimension 4. Denoting by (° the restriction of 8 to B°,
we obtain a quadratic space (B°, 3°) of dimension 3. We easily see that

(25.3) B is a division algebra <= [3 is anisotropic <= (3° is anisotropic.

We also see that 26(x, y) = Trp,p(zy*) for =, y € B, since 26(x, y) = Bz +
y] — Blz] — Bly]. If B={K, v} = K + Kw with v € F*, an element w such
that w? =, and K as in (25.1a, b), then Sz +yw] = Ng/p(z) = YNk /r(y)
for z, y € K. Thus

(25.3a) (B, B) = (K, k)& (K, —k).

From this we easily see that 1 € do(5) = do(—/3°). Thus F is the discriminant
field of both (B, ) and (B°, —f3°).

Lemma 25.2. Let (V, @) be a nondegenerate quadratic space of dimension
n, and K the discriminant algebra of p, which we view as a subalgebra of A(p);
see Lemma 23.7(v). Let G¢(V') and S°(V') be as in §24.10. Then the following
assertions hold.

(i) If n =2, (V, ¢) is isomorphic to (K, ck) with some ¢ € F*, where &
is the norm form of K. Moreover, A(p) is a quaternion algebra {K, c} in the
sense of §20.2, AT (p) = K, SO?(V) = {b € K*|br =1}, Gt (p) = KX,
G(p) = KX UK*h for any h € V, £ 0, o* = o, 7(a) = a ta?, v(a) =
Nir(a) for a € GF(p), and G¢(V) = S°(V).
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(ii) If n = 3, there exists a quaternion algebra B over F such that (V, ¢)
is isomorphic to (B°, —§3°) with & € §o(p). Moreover, A(p)=AT(p) @r K,
AT () 2 B, Gt (p) = B*, z7(b) = b ab for x € B° and b € B* = Gt (p),
and the canonical involution of A(p) restricted to AT (p) corresponds to the
main involution of B. Furthermore, G¢(V') = S°(V).

PROOF. Suppose n = 2; let V = Fg+ Fh with elements g and h such
that ¢(g, h) = 0. Put b = ¢?, ¢ = h?, and z = gh. Then ¢[zg + yh] =
br? +cy? for v,y € F, 22 = —bc, At (p) = K = F + Fz,V = Kh, and
A(p) = K + Kh. Since z* = —z, we see that a* = af for a € K. We have

@[¢h] = cNg p(§) for £ € K, and so § — &h gives an isomorphism of (K, ck)
onto (V, ¢). Since h§ = &*h for € € K, we see that A(p) = {K, c¢}. We easily
see that K* = A% (¢)* C G(p) and h € G~ (y), and so, by Theorem 24.6(ii),

X =G (p) and G(p) = K* U K*h.

Next let o« € K* = G (p) and = {h € V with § € K. Then z7(a) =

’1§ha = a !'a”z. Thus 7(a) as an element of Endg(Kh) is multiplication
by a~la’. Therefore SO¥ = T(G+ ) = {77 e K~ |7777p = 1} by Lemma
1.8, which is valid even when K = F @ F. Also, 7(h)"'7(a)7(h) = 7(a”)
for « € K*. For n = a 'a” = 7(a) € SO¥ we have o(n) = aa’, and
so n € S° if and only if aa” = s? with s € FX. Put ( = s 'a. Then
(¢ =1 and (72 = 5. By Lemma 1.8, ( = v '4” with v € K*. Then
n= (¢ =70 = () = r(y) I (R) T r(y)r(h) € G(V). Thus
G¢(V)=8°(V).

Next suppose n = 3. Let {h;}3_; be an F-basis of V such that ¢(h;, h;)
= cidij with ¢; € F*. Put

g1 = hahs, g2 = hsha, g3 = hihs, z = hihahs,

d = c1coc3, T =Fg + Fgo + Fgs, B=F+T.
Then 22 = —d € §(p), AT (p) = B, K = F + Fz, and A(p) = B + Bz. By
Theorem 23.8(ii), A(p) = B ®@F K, and B is a quaternion algebra over F.
Since ¢ = —g¢i, we see that o — a* coincides with the main involution of
B, and so T = B°. Since V = B°z and ¢[zz] = dza* for © € B°, (V, ¢)
is isomorphic to (B°, d3°). We have b~1B°b = B° for every b € B*, and so
G (p) = B*.

As for S°(V), we have SO(p) = 7(G*(p)) = 7(B*), and 27(8) = b~ 'zb
for b € B* and = € B°. Thus, from (24. a) we obtain

(25.3b) 5°(V)=7(B"), G'¢)=B'={yeB* |y =1}.
Therefore Lemma 20.9 shows that S°(V) = G¢(V'). This completes the proof.

25.3. Let us now discuss the case n = 4. The structure of (V, ¢) depends
on Jp(p) and also on whether or not ¢ is isotropic. We first prove easy facts
applicable to all cases:
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(25.4a) V={zeA (V)|z* =z} if dim(V)=4,
(25.4b) F+Fz={axec AT (V)|z* =z} if dim(V)=4,
(25.4c) GE(V)={z e AX(V)|aa* € F*} if dim(V) =4,

where z is as in Lemma 23.7. We can easily derive (25.4a) from the fact
that A=(V) =V + 3, Feieje, with an orthogonal basis {e;}j_; of V;
(25.4b) is similar. Clearly G (V') is contained in the right-hand side of (25.4c).
Conversely, let a € A(V)*NA%(V). Then for € V we have a*za € A= (V)
and (o*za)* = a*za, so that a*za € V by (25.4a). If aa™ € F*, then
a~lza € V, so that o € G(V). This proves (25.4c).

(A) Let us now consider the case of isotropic ¢. We can then put V =
U + Fe + Ff with a subspace U of dimension 2 and e, f as in (23.6a).
Then by Theorem 23.6, A(V') resp. A*(V) is isomorphic to Mz (A(U)) resp.
M;(AT(U)). Let K be the discriminant algebra of (V, ¢), which is also the
discriminant algebra of (U, ¢). By Lemma 25.2(i) and its proof we can put
AT(U) = K and U = Kh with an element h such that ha = a*h for every
a € K. Define = : A(V) — M2(A(U)) by (23.14) with h as g there. Then
from (23.10) we can easily derive that

(25.4d) S(a*)=Jt-t2(a)J forevery a€ A(V).
Now & +— J~1-1¢J is the main involution of My (K ); see (20.11). Therefore if

we identify A1 (V) with My(K), then (25.4d) shows that a +— a* is the main
involution of My(K). Thus (25.4¢) for G (V') can be written

(25.4¢) Z(GH(V)) ={¢ € GLy(K)| det(¢) € F*}  and
via) =det(§) if &= E(a) with ae GH(V).
(B) Let us next treat the situation which will become necessary for our

later local analysis. We take a quaternion algebra B over F' and put (V, ¢) =
(B, dB) with 8 asin §25.1 and d € F*. We consider a map

(25.5a) p: B— My(B) given by p(z)= [J?L dgj
Observe that p(z)? = dza‘ly = ¢[z]12. Now p(B) generates Mz (B) over F.
Indeed, take two elements x and y of B such that xy = —yx € B*. Then
p(zy)p(l) = d - diag[ry, y*2'] and p(z)p(y*) = d - diagzy, —y“z'], so that
p(zy)p(l) + p(x)p(y*) = diag[2dzy, 0]. In this way we can easily verify that
the whole M3(B) can be generated by p(B) over F. By (23.1) we can thus
put My(B) = A(V) with V = p(B), that is,

S B}.

(25.5b) V= { [ 0 d(ﬂ
Then A*(V) = {diaga, b] |a, b€ B} = B&® B. For o = {f q} € My(B) =

} for x € B.

x
S



25. LOWER-DIMENSIONAL CASES 137

L

A(V), we have o = [ b " Cii } , since this is so for every a € V. If we

dfl
identify AT (V) with B x B in an obvious fashion, then
(25.6a) GT(V)={(a, b) € B* x B* | aa* = bb" },
(25.6b) G' (V) ={(a, b) € BX x B*|aa" = bb* =1},

= aa* for (a,b) € G*(V), and p(x)7(a) = p(a='ad) for z € B
(a,b) € G*( ). Furthermore, G(V) = G*(V) U G*(V)n with

/(o.0)

and «
n = {(1) g} and p(z)7(n) = p(z*) for every = € V. The main involution ¢

of B belongs to O¥ and has determinant —1. Thus O¥ is generated by SO¥
and ¢.

Theorem 25.4. (i) Given a nondegenerate quadratic space (V, ) over
a field F of characteristic different from 2, suppose that dim(V) = 4 and
1 € 0o(p). Then there exists a quaternion algebra B over F such that (V, ¢)
is isomorphic to (B, df) with d € F*, where [ is the norm form of B.

(ii) Given (V, ) over a local field F, suppose dim(V) =4 and ¢ is aniso-
tropic. Then 1€0o(p) and (V, @) is isomorphic to (B, 3) with a division qua-
ternion algebra B over F, whose uniqueness is established in Theorem 21.22.

(iii) For a division quaternion algebra B over a local field F we have

{y?|0#ye B} ={secF*|s¢ F<?}

(iv) If (V, @) = (B, df3), then G¢(V') = 5°(V), where the symbols are as in
§24.10.

PRrROOF. To prove (i), take a decomposition V' = U+ Fe with an element e
such that €2 # 0 and U = (Fe)*. By Lemma 25.2(ii) there exist a quaternion
algebra B over F and an isomorphism f of (B°, d3°) onto (U, ¢) with —d €
§o(U, ¢). Since 1 € §o(V, @), we see that ¢le] = db? with b € F*. Define
a: B — Vby(a+z)a =abte+xf for a € F and 2 € B°. Then
o[(a+z)a] = a’b~?¢le] + dza* = dNp,p(a+z), and so « is an isomorphism
of (B, df3) onto (V, ¢). This proves (i).

To prove (iii), given 0 # y € B°, put J = F[y|. Since y ¢ F, J is a quadratic
extension of F, and so y? ¢ F*2. Conversely, let s € F and s ¢ F*2. By
Theorem 21.23(ii), B contains a quadratic extension F'[z] with an element x
such that 22 = s. Then z* = —x, so that = € B°. This proves (iii).

To prove (ii), take e, B, B°, d, and f as in the proof of (i), without as-
suming that 1 € dp(¢). Put ¢ = y[e]. Since ¢ is anisotropic, B is a division
algebra by (25.3). Suppose ¢/d ¢ F*?; then by (iii), B contains an element
z such that 2% = ¢/d. Then p[e + 2f] = ¢+ dzz* = 0, a contradiction, since
¢ is anisotropic. Therefore ¢/d € F*2 so that 1 € do(y). By (i), (V, ¢) is
isomorphic to (By, d11) with a quaternion algebra B; and d; € F*, where
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B4 is the norm form of B;. By Theorem 21.23(i), di = bb* with some b € B;.
Then z +— b~ 'z gives the desired isomorphism.

To prove (iv), we first note that 7(G*(V)) = S°(V) as noted in (24.7a).
Thus, from (25.6b) we obtain

S°(V)={r(a,b)|a,be B'}, B'={zeB*|az' =1}

Since O¢ (V) contains 7(a, b) for (a, b) € B* x B* and 7(a, 1)7(1, b) =
7(a, b), our assertion of (iv) follows from Lemma 20.9.

Theorem 25.5. For a nondegenerate quadratic space (V) ) over a local
field F' the following assertions hold:

(i) If dim(V') > 4, then every element of F' can be written @[] with some
zeV.

(ii) If dim(V') > 4, then ¢ is isotropic.

Proor. Take any subspace W of V' of dimension 4 on which ¢ is non-
degenerate. If ¢ is isotropic on W, then the conclusions of both (i) and (ii)
are true; so assume that ¢ is anisotropic on W. By Theorem 25.4(ii), ¢ on
W is isomorphic to the norm form on a division quaternion algebra B over
F'. Therefore, by Theorem 21.23(i), given any a € F, we can find an element
x of W such that ¢[z] = a, which proves (i). Assuming dim(V) > 4, take
a = —p[y] with any nonzero element y of W+. Then ¢z + y] = 0. Since
x +y # 0, this shows that ¢ is isotropic on V.

25.6. We have seen that
(25.7) GHV)={aecAT(V)*|aa* =1}

at least for 1 < n < 4. Indeed, this is trivial for n = 1; the case n =2 or 3 is
shown in Lemma 25.2, since GT (V) = AT(V)* then; the formula in the case
n =4 follows from (25.4¢). Actually (25.7) is true also for n =5 and 6. The
proof is given in [SO6b, (7.5a) and (7.10)].

Before proceeding further, we note easy facts. Let B and C' be quaternion
algebras over a field F' and let § and + be their norm forms. Then

(25.8) B=C = (B, f)=(C,7) < (B°, (°) =(C% ).

Here the first 2 is an isomorphism between F-algebras, and the latter two &
are isomorphisms of quadratic spaces. The first = is obvious. The next =—-
follows from the fact that B® = (Fe)* with an element ¢ such that Sle] = 1.
Finally AT(B°, 3°) & B, and so the last & implies the first = .

25.7. We now assume that F is a global field, that is, an algebraic number
field of finite degree, and use the symbols a, h, and v as in §§15.1 and 21.5.
For a nondegenerate quadratic space (V, ) over F' and v € v we define a
quadratic space (V, ¢), = (V4, @) over F, by putting V,, = V ®p F, and
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denoting by ¢, the F),-bilinear extension of ¢ to V,, x V,,. For simplicity we
will often write ¢[y] for ¢,[y] with y € V,. We will eventually show that
the structures (V, ), for all v € v determine (V, ¢). In particular, (V, ¢) is
isotropic if (V, ¢), is isotropic for every v € v. In the rest of this section we
prove the special case in which F' = Q and dim(V') = 3. For this we need an
elementary result:

Lemma 25.8. Let (V, ¢) be a nondegenerate quadratic space over Q of
dimension n andlet L =Y. | Ze; with a Q-basis {e;}I—; of V. Suppose ¢ as
a real quadratic form on V ®q R has r positive and s negative eigenvalues.
Then L has a nonzero element = such that |o[x]] < Max(r, s)|det(®)[*/™,

where & = (‘P(ez‘v ej))?j:l'

PrROOF. We have & = A - diag[l,, —1,] - *A with A € GL,(R). Then
|det(A)|? = | det(®)|. Let b = |det(A)[*/". Then by Theorem 12.5(ii) there
exists £ € Z%, # 0, such that [(£A);| < b. Then [(P - 1| = |0, (EA)? —

Z?ZTH(&A)ﬂ < Max(r, 5)b?, and so we obtain our lemma.

Theorem 25.9. Let (V, ¢) be a nondegenerate quadratic space over Q of
dimension 3 such that ¢, is isotropic for every v € v. Then ¢ is isotropic.

PRrROOF. By Lemma 25.2, (V, ¢) = (B°, ¢3°) with a quaternion algebra
B over Q and ¢ € Q*. Our condition on ¢, means that By, = M>(R)
and B, = M(Q,) for every prime number p; see (25.3). Thus our aim is to
show that B =2 M5(Q). Replacing ¢ by ¢ 1y, we may assume that ¢ = 1. Let
L = B°No with a maximal order o in B. By Lemma 21.7(ii), o, is a maximal
order in B, and so by Lemmas 21.4 and 21.9, o, = o, ' My(Z,)a, with
ap € GLy(Qp). Thus apLya, ' = {z € My(Z,) | tr(z) = 0}, and so ° on L,
0 1
1 0}’
the present L. Then det(®)Z, = 47'Z, for every p and det(®) > 0, and so
det(®) = 4~ 1. Therefore that lemma guarantees an element y € L, # 0, such
that |¢[y]| < 2-471/3 < 2. Since xa* € Z for every x € o, we have p[y] =0
or £1. The matter is settled if ¢[y] = 0. Suppose ¢[y] = —1. Since y* = —y,
we have y? = 1, and so (y — 1)(y + 1) = 0. if B is a division algebra, then
y+1+#0, a contradiction. Thus B = M>(Q) in the case ¢[y] = —1.

Suppose p[y] = 1; let W = (Qy)* and let ¢ be the restriction of ¢ to
W. Since det(®) = 47!, we see that —1 € §p(¢0). Thus, by Lemma 25.2(i),
(W, ¢) &2 (K, —d~1k) with K = Q(v/—1) and d € Q*. We see that d > 0.
Replacing d by its suitable multiple, we may assume that d is a square-
free integer. Since d can be replaced by bd with any b € Ng,q(K™), we
may assume that d =1 or d is the product of prime numbers p such that
p+1 €4Z.1f d =1, then ¥[z] = —1 for some z € W, and so ¢[y+z] = 0. Thus

can be represented by diag [21 —1} . Define @ as in Lemma 25.8 for
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 is isotropic as desired. Suppose d has a prime factor p such that p+1 € 47Z.
Then K, is unramified over Q,,, and x[z] # dc? for every x € K¢ and every
c € Q, by Theorem 9.10(ii), which means that (V, ¢), is anisotropic, a
contradiction. This completes the proof.

26. The Hilbert reciprocity law

26.1. We consider a number field F' and its completion F, at a fixed
v €v. Here v=aUh with a and h as in §21.5. Given b, ¢ € F*, we
consider a ternary form f(z, y, 2) = 22 — by? — cz%2. We call an element
(z,y, z) # (0, 0, 0) of F3 such that f(z, y, z) = 0 a nontrivial zero of f;
we use the same terminology with F' as the base field in place of F,,. We now
define a symbol (b, ¢), as follows:
(b,c)y =1 if 2% —by® — cz? has a nontrivial zero in F?,

(26.0) .
(b, ¢)y = —1 otherwise.

This is called the Hilbert symbol and satisfies

(26.1) (b, €)v = (¢, b,
(26.2) (b, €)y =1 <> c€ Ng/p,(K*), K = F,(Vb).

The first fact is trivial. If /b € F,, then b is a square in F,, and clearly
(b, ¢), = 1. Suppose K = F,(v/b) # F,. Suppose also (&, i, ¢) is a nontrivial
zero of % — by? — cz? in F3. Then ¢ # 0 as b is not a square in F,, and
c= Ngp, ((€+ n\/b)/C). Conversely, if ¢ € Nk p, (K*), then we easily see
that (b, ¢), = 1. This proves (26.2). We also have

(26.3) (b, ec')y = (b )y (b, )y,
(26.4) (BY', )y = (b, ) (b, )y.

These can be proved as follows. If v is an imaginary archimedean prime,
then F, = C and (b, ¢), is always 1. If v is a real archimedean prime or
a nonarchimedean prime, then [F,* : Ng /g, (K*)] = 2 for every quadratic
extension K of F,. This is trivial if v is real. For v nonarchimedean the
fact is given in Theorem 9.10(i). Therefore (26.3) follows from (26.2); (26.4)

follows from this and (26.1).

Theorem 26.2. Let F be a global field and let b, ¢ € F*. Then (b, ¢), =1
for almost all v € v.

PROOF. Let K = F(v/b). There is no problem if K = F, and so we assume
K # F. Let v € h. If v splits in K, then F,(vb) = F,, and so (b, ¢), = 1.
Suppose v is unramified and does not split in K; put K, = K ®@p F,. Then
K, = F,(v/b), which is an unramified quadratic extension of F,,. Suppose also
c is a v-unit; then by Theorem 9.10(ii), ¢ € Ng, /p, (K, ), and so (b, ¢), = 1.
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Since there are only finitely many v € h such that v is ramified in K or ¢
is not a wv-unit, we obtain our theorem.

Theorem 26.3. Let F' be a global field and let b, ¢ € F*; also, let K =

F(Vb) and K, = K ®p F, for v € v. Then the following assertions hold:
(i) 2% — by? — c2? has a nontrivial zero in F3 if (b, ¢), = 1 for all v € v.
(ii) If c € Ng/p(K) for all v € v, then ¢ € Ng/p(K*).

We easily see that z? — by? — cz? has a nontrivial zero in F? if and only
if ¢ € Ng/p(K*). (If the form has a nontrivial zero of the form (¢, 1, 0),
then K = F, and vice versa.) Therefore, in view of (26.2), (i) is equivalent to
(ii). In fact, let H be a cyclic extension of F of an arbitrary degree, and let
H, = H ®pF F,. Then for ¢ € F* we have

(26.5) c€ Ng/p(H*) if c€ Ny/p(H)) for every v € v.

This is called the Hasse norm theorem and (ii) is a special case of (26.5).

We have proved (i) in Theorem 25.9 when F' = Q, and consequently (ii) is
established when F' = Q. Without proving either of them in the general case,
we will derive other facts from them. Thus our book is self-contained only
when F' = Q. Also, we will eventually state a more general result in Theorem
27.2(i) below of which (i) is a special case. For a detailed discussion of the
Hasse norm theorem and the Hilbert reciprocity law stated below, the reader
is referred to any textbook on class field theory, [CF] for example.

Theorem 26.4. Let I be a global field and let b, c € F*. Then
(26.6) [1® ¢ =1

vVEV
The infinite product is meaningful because of Theorem 26.2. This formula
is called the Hilbert reciprocity law. Here we prove it only when F' = Q.

PROOF. In view of (26.3) and (26.4) it is sufficient to prove (26.6) when b
or ¢ is a prime number or —1. Also, we can exchange b and c. Thus there
are four cases to be discussed: (A) b=c=—1; (B) b= —1 and ¢ is a prime
number; (C) b is a prime number and ¢ = b; (D) b and ¢ are prime numbers
and b # c. To find (b, ¢), in each case, we check whether ¢ € Ng/q, (K*),
where K = Q,(v/b). We invoke Theorem 9.10(ii), (9.2), (9.3), and the table
below (9.3), which we will call table T.

Case (A): b = ¢ = —1. Clearly (-1, —1), = —1 for archimedean v. By
Theorem 9.10(ii), —1 € Ng/q, (K*) for K = Q,(v/—1) if p is an odd prime
number, and so (—1, —1), = 1 for such a p. Also from table T we see that
(=1, —1)2 = —1, which settles this case.

Case (B): b= —1and c is a prime number. If ¢ = 2, then 22 —by? —cz? =
22 +y? — 222, which has (1, 1, 1) as a zero. Thus we assume that ¢ # 2. By
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Theorem 9.10(ii), (=1, ¢), = 1 if p is an odd prime number and p # c. If
c—1 € 4Z, then ¢ splits in Q(v/—1), and so (—1, ¢). = 1. If ¢+ 1 € 4Z, then
Q.(v/—1) is an unramified quadratic extension of Q., and so (—1, ¢), = —1
by Theorem 9.10(ii). From table T we see that (—1, ¢)2 = —1 if and only if
¢+ 1 € 4Z. Thus we obtain the desired result.

Case (C): b is a prime number and b = ¢. In this case we have (b, b), =
(=b, b)y(—1, b)y, and (=b, b), = 1, as (0, 1, 1) is a zero of 22 + by? — bz?.
Thus [[,(b, b)y =[1,(—1, b)y, which is reduced to Case (B).

Case (D): b and ¢ are prime numbers and b # c. Clearly (b, ¢), = 1
for archimedean v. Suppose b = 2. Then ¢ # 2 and table T shows that

2
(2, ¢)2 = —1 if and ony if ¢+ 3 € 8Z, in which case <c> = —1 by (3.3),

and so ¢ remains prime in Q(v/2); thus (2, ¢). = —1. By Theorem 9.10(ii),
(2, ¢)p = 1 for an odd prime number p # ¢, and so our problem is settled when
b = 2. Finally suppose both b and ¢ are odd and b # ¢. By Theorem 9.10(ii),
(b, ¢)p =1 for an odd prime number p different from b and c. Taking b to

be p of (9.2), we see that (b, ¢)p = <Z> Similarly (b, ¢). = (¢, b)c = (b)

Thus ¢
T1®: Ao = (b, 2B, (b, ) = (b, )2 (Z) (i)

vEV

The first three lines of table T determine Ny ,q,(K*) for K = Qa(v/b). We
then find that (b, ¢)2 = —1 if and only if b = ¢ =3 (mod 4). Combining this
with the quadratic reciprocity law (3.5), we obtain the desired result. This
completes the proof.

26.5. Given a local or global field F’ and b, ¢ € F*, we define a quaternion
algebra {b, ¢} over F as follows:

(b o) = {F(Vb), ¢} if [F(Vb):F]=2,
e My (F) otherwise.

For a quaternion algebra A over a global F' and v € v we put A, = A®, F,.
Then we define ¢,(A) by

Mm—vif&g%mm

(26.7)

(26.8)

—1 otherwise.

We say that A is ramified at v if ¢,(A) = —1; otherwise we say that A
is unramified at v. By Theorem 21.22, ¢,(A) = —1 can happen exactly
in the following two cases: (a) v is real archimedean and A, = H; (b) v
is nonarchimedean and A, is the unique division quaternion algebra over F,
specified in Theorem 21.22. In all cases, €,(A) determines the isomorphism
class of A, over F,. We also say that a prime ideal p in F' is ramified in A
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if A is ramified at the prime v determined by p; otherwise we say that p is
unramified in A.

Theorem 26.6. (i) If A is a quaternion algebra over a global field F, then
eo(A) =1 for almost all v € v, and ], ., €.(A) = 1.
(ii) For A asin (i), A= M(F) if €,(A) =1 for every v € v.

PRrROOF. By Lemma 20.4 every quaternion algebra over F' can be given as
{b, ¢} with some b, ¢ € F*. We now note that

(26.9) Ev ({b, c}) = (b, ¢)y.

Indeed, let A = {b, c}.If e,(A) = 1, then Vb € F, or {F,(Vb), ¢} = My(F,),
which means that ¢ € Ng,p (K*) with K = F,(v/b); thus (b, ¢), = 1.
Conversely, following our argument in the opposite direction, we find that
ey(A) = 1if (b, ¢), = 1. This proves (26.9). Therefore (i) of our theorem
follows from Theorems 26.2 and 26.4.

As for (ii), there is no problem if A = My (F'). Otherwise by Lemma 20.4
we can put A = {K, ¢} with a quadratic extension K of F and ¢ € F*. Then
(ii) follows from Theorem 26.3 combined with Theorem 20.8(ii).

27. The Hasse principle

27.1. We now assume that F' is a global field, that is, an algebraic number
field of finite degree, and use the symbols a, h, and v as before. We consider
a nondegenerate quadratic space (V, ¢) over F'; we put n = dim(V"). For each
v € v we define a quadratic space (V, ), = (V4, @y) over F, as in §25.7

Though we state the results for an arbitrary number field, our exposition
is self-contained only when F' = Q, since we invoke Theorems 26.3 and 26.6,
which we proved only for F' = Q. There is one more basic fact:

(27.1) If an element of F is square in F, for every v € v, then it is a square
in F.

This is clearly true if F = Q. In general, let K = F(y/c) with an element ¢
of F* that is not a square in F. Then there are infinitely many prime ideals
in F' that remain prime in K. This implies (27.1), and follows from an easy
case of class field theory. Thus we employ (27.1) in addition to Theorems 26.3
and 26.4. Once we assume Theorem 26.4, then we obtain Theorem 26.6 as a
consequence.

In the rest of this section we show that the structure of (V, ¢) is completely
determined by those of (V,,, ¢,) for all v € v. We begin with

Theorem 27.2. (i) For (V, ) as above, ¢ is isotropic if and only if o,
is isotropic for every v € v.
(ii) If n > 3, then ¢, is anisotropic only for finitely many v € v.



144 V. QUADRATIC FORMS

PrOOF. (I) We naturally assume n > 1. Clearly it is sufficient to prove
the “if”-part. Thus we assume that ¢, is isotropic for every v € v. Then
our task is to show that ¢ is isotropic. Suppose n = 2; then by Lemma
22.7, —det(yp) € F)}? for every v € v, and so —det(p) € F*? by (27.1). By
Lemma 22.7, ¢ is isotropic as expected.

(IT) Suppose n = 3; take B as in Lemma 25.2(ii) for the present (V, ¢).
By (25.3), B, is not a division algebra for every v € v. By Theorem 26.6(ii),
B = Ms(F), and consequently ¢ is isotropic, which proves the desired fact.

(ITI) Clearly it is sufficient to prove (ii) when n = 3. Take B as above.
Then by Theorem 26.6(i), B, = Ma(F,) for almost all v, and ¢, is isotropic
for such a wv.

(IV) Suppose n = 4 and 1 € Jo(yp). Then by Theorem 25.4(i), we can
put (V, ¢) = (B, df) with a quaternion algebra B over F' and d € F*. For
every v € v, ¢, is isotropic, so that B, = My(F,). By Theorem 26.6(ii),
B =~ Ms(F), and so ¢ is isotropic as desired.

(V) Suppose n =4 and 1 ¢ do(p); let K be the discriminant field of .
Then K = F(§) with 62€dp(p); thus [K : F]=2.Put Y = V®p K and denote
by 1 the K-bilinear extension of ¢ to Y x Y. From our assumption on ¢,, we
see that the localizations of 1 are all isotropic. Since 1 € dg(v), we can apply
the result of (IV) to ¢ to find that ¢ is isotropic. Thus Y has an isotropic
element z + 6y with x, y € V. Then ¢[x] + §%¢[y] + 26p(z, y) = 0, so that
olz] = —6%ply] and ¢(z, y) = 0. Suppose ¢ is anisotropic. If p[x] = 0, then
x =y =0, a contradiction. Therefore @[z] # 0, and so dim(Fz + Fy) = 2.
Put U = (Fx + Fy)*. Then §*¢[y]*60(U, ¢) = —p[z]e[y]do (U, ) = do(V, ),
which contains 62, so that 1 € do(U, ¢). By Lemma 22.7, ¢ is isotropic on
U, a contradiction. This settles the case n = 4.

(VI) Let us finally prove the case n > 5 by induction on n. Assuming
n > b, take a decomposition V= X @Y, Y = X+, with a 2-dimensional
subspace X of V on which ¢ is nondegenerate. Let p be the set of all v € v
such that ¢, is anisotropic on Y. Since dim(Y) > 3, p is a finite set by
(ii). If p =0, then by induction, ¢ is isotropic on Y’; so assume that p # 0.
Since ¢, is isotropic on V,,, we can find, for each v € p, elements x € X,
and y € Y, such that 2 +y # 0 and ¢[z] + ¢[y] = 0. We may assume
that ¢[z] # 0. (This is clear if ¢ is anisotropic on X,. Otherwise take any
y €Yy, #0, and take = € X, so that ¢[z] = —ply].) Put a, = ¢[z] for any
choice of such an z. Now F*? is open in F* for every v € h by Lemma
21.12(ii), and also for every v € a, as can easily be seen. By Lemma 15.3(ii),
X is dense in ], Xy, and so we can find z € X such that ¢[2] € a, F? for
every v € p. Then —y|z] € p[F y], so that ¢, is isotropic on F,z + Y, for
every v € p, and for every v ¢ p as well, as ¢, is isotropic on Y}, for v ¢ p.
Applying our induction to F'z+Y, we find that ¢ is isotropic on Fz+Y. This
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completes the proof.

Remark. As we said at the beginning, once we assume (27.1) and Theo-
rems 26.3 and 26.6, then we obtain Theorem 27.2 and all the results stated
in this section. Though we established (27.1) and Theorems 26.3 and 26.6
for I' = Q, that is not enough for the proof of Theorem 27.2 when F = Q,
because we considered in (V) above a quadratic extension K of F. However,
we can give a proof without such an extension when F' = Q. The fact that
requires a proof is: Let (V, ¢) be a nondegenerate quadratic space over Q of
dimension 4 such that (V, @), is isotropic for every v € v. Then (V, @) itself
is isotropic. The proof of this fact will be given at the end of Section 29.
Once this is done, this book becomes self-contained when the base field is Q,
at least up to Section 32.

Theorem 27.3. Let (V, ) and (W, 1) be nondegenerate quadratic spaces
over a global field F. Then the following assertions hold:

(i) There exists an F-linear injection o« of W into V such that plxa] =
Y|z for every x € W if and only if there exists, for every v € v, an F,-linear
injection B, of W, into V,, such that ¢,[yBy] = ¥u[y| for every y € W,.

(ii) Given c € F, there exists an element z € V such that ¢[z] = ¢ if and
only if ¢ = p[w] with some w € V,, for every v € v.

Proovr. Clearly it is sufficient to prove the “if”-part of each assertion.
Suppose dim(W) = 1; take a nonzero element e of W. If there exists an F-
linear injection o of W into V such that ¢[ea] = ¢[e], then (W, —¢)®(V, ¢)
is isotropic and vice versa; the same is true with (V,, W,, F,) in place of
(V, W, F). (If ¢ is isotropic, then V has elements g, f such that ¢g> = f2 =0
and gf + fg=1, and so plcg+ f] = ¢ for every ¢ € F. Thus (W, ¢) can be
embedded in (V, ¢).) Therefore our assertion follows from Theorem 27.2.

To prove (ii), we may assume that ¢ # 0. Define (W, ¢) of dimension
1by W = Fz and ¢[z] = c. If p,Jw] = ¢ with w € V,, then we define
By : Wy =V, by 28, = w. Clearly o,[yfB,] = ¥y[y] for every y € W,. Thus
we obtain (ii) from (i) with dim(W) = 1.

We prove the general case of (i) by induction on dim(W). We assume
the existence of 3, as in our theorem for every v € v. Take w € W such
that ¢[w] # 0. Then Y[w] = @lwl,] € ¢[V,] for every v € v, and so
there exists an element z € V such that ¢[z] = ¥[w], by virtue of (ii).
Let X = {z € V]g(z,2) = 0} and Y = {y € W|¢(w, y) = 0}. Then
V=FzdX and W = Fwe®Y, so that W,8, = F,wf, & Y,5,. Since
olwBy] = Ylw] = ¢[z], Witt’s theorem says that (X, ¢), is isomorphic to the
orthogonal complement of F,w(, in V,, which contains Y,3,. This means
that for each v € v there exists an Fj-linear injection =, of Y, into X, such
that o[uy,] = ¥[u] for every u € Y,. By induction, there exists an F-linear



146 V. QUADRATIC FORMS

injection § of Y into X such that ¢[yd] = ¢[y] for every y € Y. Extending
0 to W by wé = z, we can complete the proof.

Corollary 27.4. Let (V, ¢) and (W, 1) be defined over a global field F
with nondegenerate ¢ and 1. Then (V, ) and (W, ¥) are isomorphic if and
only if (V, ©)y and (W, ¢), are isomorphic for every v € v.

This is merely a special case of Theorem 27.3(i) in which dim(V) =
dim(W).

The above theorem and corollary are due to Minkowski when F = Q, and
Hasse in the general case. For simplicity we call either of them the Hasse
principle.

Corollary 27.5. Let (V, ¢) be defined over a global field F'; suppose n > 4;
let cq resp. c— be the set of all real archimedean primes v such that ¢, is
positive resp. negative definite. Then, for a € F* there exists an element x
of V such that ¢[z] = a if and only if a is positive at every v € ¢4 (if
¢t #0) and negative at every v € c— (if c— #0).

Proor. The “only if”-part is clear. The “if”-part follows from Theo-
rem 27.3(ii), Theorem 25.5(i), and an obvious fact about the values of ¢ at
archimedean primes.

Lemma 27.6. Let B be a quaternion algebra over an algebraic number
field F, and K a quadratic extension of F. If there is an F,-linear ring-injection
of K, into B, for every v € v, then there is an F-linear ring-injection of K
into B.

PROOF. Define (B°,3°) as in §25.1. We have K = F(a), a®> = b € F*,
with a suitable b. Let f, be an F,-linear ring-injection of K, into B,. Put
& = fo(a). Then &2 =be F* and &, ¢ F,, as a ¢ F. Therefore ¢, € BS by
Lemma 20.7, and 3°[§,] = —b. By Theorem 27.3(ii) we then have an element
¢ € B° such that (3°[(] = —b. Define an F-linear map f of K into B by
f(a) = & Since €2 = —££* = b, we easily see that f is a ring-injection. This
proves our lemma.

Theorem 27.7. Two quaternion algebras A and B over a global field F
are isomorphic over F if and only if €,(A) = e,(B) for every v € v.

PROOF. Suppose €,(A) = &,(B) for every v € v. Then A, = B, for every
v € v. Now A = {K, v} with a quadratic extension K of F and v € F*.
This was shown in Lemma 20.4 for a division quaternion algebra. Also, by
(20.6), My(F) = {K, 1} with any quadratic extension K of F. Take K so
that A = {K, v}. Since A, = B, for every v € v, there is an F),-linear ring-
injection of K, into B,. By Lemma 27.6 there is an F-linear ring-injection of
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K into B. Then we can put B = {K, ¢} with § € F'*. Since 4, = B,, we
have v/0 € Ng,/p, (K,) by Theorem 20.8(i) for every v € v. By Theorem
26.3(ii), /0 € Ng/p(K*), and so A = B by Theorem 20.8(i). This proves
our theorem.

Theorem 27.8. Let {§,}vev be a set of numbers indexed by v € v with
the following properties: (1) §, = £1; (2) 6, =1 for almost all v; (3) 6, =1
for every imaginary archimedean v; (4) [[,c, 0v = 1, that is, the number of
v’s for which 6, = —1 is even. Then there exists a quaternion algebra A over
F such that ,(A) =9, for every v € v.

PrOOF. We prove this only when F' = Q. Let P be the set of prime

numbers p such that 6, = —1. If P = (), then condition (4) shows that
ds = 1. Then we can take A = M>(Q). Suppose P # (). For each odd p € P
take a, € Z so that CZ’ = —1. Then we can find a positive integer c

such that d.cc — a, € pZ for every odd p € P. We can even take ¢ so that
doc—1 € 8Z if 2 ¢ P and doc—5 € 8Z if 2 € P. Now by Dirichlet’s
theorem on prime numbers in an arithmetic progression, we can take such a
¢ to be a prime number. Put K = Q(y/dxc). Then every p € P remains
prime in K; see (10.13) and (10.14). Let m be the product of all p in P.
Then we take A = {K, m} if oo =1 and A = {K, —m} if Joc = —1. Clearly
€00(A) = boo. If p € P, then A, is of the type {J, 7} of Theorem 21.22, and
so €,(A) = —1 = 0p. Let p be a prime number for which §, =1 and p # c.
Then p is unramified in K and p does not divide m, and so ¢,(A) = 1. Thus
ey(A) = 6, for every v # ¢. From Theorem 26.6(i) and our condition (4) we
see that €.(A) = 1. This proves our theorem.

27.9. Let us illustrate the above theorem more explicitly when F' = Q. Let
B be a division quaternion algebra over Q. We call B definite or indefinite
according as its norm form is definite or indefinite as a real quadratic form.
Thus B is definite if B ®q R = H and indefinite if B ®q R = Mz(R).
The product of all prime numbers p such that ¢,(B) = —1 is called the
discriminant of B and written Dpg. The number of such p’s is even or
odd according as B is indefinite or definite. Using the notation introduced
in Theorem 21.27, we have d(B/Q) = DgZ and [0 : o] = D% for every
maximal order o in B. Let B = { K, v} with a quadratic field K and v € Q*.
Then a prime number p divides Dp only if K, = K ®q Q, is a field and
v ¢ Nk, /q,(K,). If v € Z), then such happens only when p is ramified in
K; see Theorem 9.10(ii).

Take for instance B = {Q(v/—1), —1}. Then B®qR = H. The only prime
number ramified in Q(v/—1) is 2, and so Dp = 2. Let 09 = Z + Zi+ Zj+ Zk
with the standard quaternion units i, j, k as in (20.7). We can easily verify
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that 0p = 2710, and so [0g : 0g] = 2%. Thus o is not maximal. Put o =
Zf + oo with £ =271(1 +1i+j + k). We easily see that o is an order in B.
Since [0 : 0g] = 2, we have [0g : 0] = 2, and so [0 : o] = 4 = D%. Therefore, by
Theorem 21.27, 0 is a maximal order.

Lemma 27.10. Given a finite subset x of v that contains no imaginary
archimedean prime of F, we can find a quadratic extension of F' in which every
prime of x is ramified.

PROOF. We may assume that x contains at least one nonarchimedean
prime. Let a be the product of the prime ideals in F' corresponding to the
nonarchimedean members of x. By Lemma 10.5(i) there exists an integral
ideal b prime to a such that ab = vg with v € F. Let M be a positive
integer divisible by ab and let y be the set of all real archimedean primes of
x. Then we can find an element & such that e — 1 € Mg and ey < 0 in F,,
for every v € y. Then K = F'(y/e) has the desired property.

Theorem 27.11. Let A and B be quaternion algebras over an algebraic
number field F. Then A @ B = Ms(C) with a quaternion algebra C over F
such that €,(C) = €,(A)ey(B) for every v € v.

PROOF. Let x be the set of primes v € v such that £,(A) = —1 or
€y(B) = —1. By Lemma 27.10 there exists a quadratic extension K of F' in
which every v € x is ramified. By Theorem 21.23 both A, and B, contain
isomorphic images of K, for every v € x N h. This is also true for v € x N a,
since K, 2 C for such a v, and C has an isomorphic image in H and M>(R).
If v ¢ x, then A, & B, 2 Ms(F,), which contains an isomorphic image of K.
Therefore, by Lemma 27.6, K can be F-linearly embedded in A and B. Thus,
by Lemma 20.4 we have A = {K, a} and B = {K, #} with a, 8 € F*. Then
our theorem follows from Theorem 20.8(iii), since &, ({K, af}) is determined
by the coset aBNg, /g, (K).

Theorem 27.12. Let F' be either an algebraic number field or its comple-
tion at a prime v € v, and (V, ¢) a nondegenerate quadratic space over F' of
dimension n. If 0 < n € 2Z, then A(yp) = Ms(B) with a quaternion algebra
B over F, where s = 2"=2/2 [f0 < n — 1 € 2Z, then AT(p) = M;(B)
with a quaternion algebra B over F, where t = 2("=3)/2,
isomorphism class of B over F' is determined by (V, ©).

In either case the

PRrROOF. For n < 3 our assertions follow from Lemma 25.2. We prove the
general case when F' is a number field by induction on n. Take any nonde-
generate quadratic space (V', ¢’) over F of dimension 2. Suppose 0 < n € 27Z
and A(p) =2 M,(B) as stated above. Then by Lemma 23.10(ii), A(p ® ¢') =
A(p) @p A(d¢’) with 6 € do(p). By Lemma 25.2(i), A(d¢’) is a quaternion
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algebra over F, and so by Theorem 27.11, B® A(d¢’) = Mo (D) with a quater-
nion algebra D over F, and so A(p & ¢') = Maog(D), which proves the case
of dimension n + 2. The case of odd n can be proved similarly; also the case
where F' is a completion at a prime can be handled in a similar way by means
of Theorem 20.8(iii). The last assertion follows from Theorem 18.12.

We add here some classical facts on the quaternion algebra of §27.9.

Theorem 27.13. Let B = {Q(\/—l), —1}, oo =2+ 7Zi+7Zj+ Zk, and
0o =09+ Zf asin §27.9. Then the following assertions hold:

(i) Every right or left o-ideal is principal in the sense that it is of the form
ao or oa with a € B*.

(ii) Every mazimal order in B is of the form aoa™! with a € BX.

Proor. To prove (i), take any right o-ideal a. Replacing it by its suitable
integer multiple, we may assume that a C 0. Let o be an element of a
with the smallest nonzero value of |a|, where |a| = (aat)'/?. Let € € a and
a~t¢ = p+qi+rj+sk with p, g, r, s € Q. Taking integers closest to p, g, 7, s,
we can find an element 3 of og such that [a=1¢ — 3| < 1. Put v = a1 - 3.
Then ay =¢§ —af € a. If |y] < 1, then |ay| < |a|, and so ay = 0 because
of our choice of . Then & = af3 € ao. Suppose |y| = 1. This can happen
only when v = ¢ + €11 + 2j + e3k with ¢; = £1/2. Changing ( suitably,
we may assume that a=1¢ — 3 = f. Then £ = a(f + f) € ao. This proves
that o = ao. The case of a left o-ideal can be handled in a similar way. This
proves (i).

Next, let o’ be a maximal order in B. Put a = o’0. Clearly a is a right
o-ideal, and so a = a0 with some « € B* by (i). Then

o’ C{¢eB|éaca} C{teB|lawat Cava'}=aoal.

1

Since o’ is maximal and aoa~! is an order, we obtain o/ = aoa~!. This

proves (ii).

Theorem 27.14. (i) Every natural number is the sum of four squares.

(ii) A positive integer q is the sum of three squares if and only if q¢ = r°s
with r € Z and a square-free positive integer s such that s+ 1 ¢ 8Z, which
is so if and only if the prime 2 does not split in Q(/—q).

Here a square means the square of an integer including zero.

PRrOOF. Let the notation be as in Theorem 27.13. Since Np/q restricted
to 0g is the sum of four squares and Ng,q : B* Nog — Q™ is a multiplicative
map, to prove (i), it is sufficient to show that every prime number p is of the
form p = aa* for some a € 0¢. This is so for p =2, as 2 = (1+1i)(1+i)*. Thus
we have only to consider an odd prime number p. Since p is unramified in B,
there is an isomorphism of B, onto M>(Q,) that maps o, onto Ms(Z,), as
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observed in the proof of Theorem 21.27. Thus we can find an element «; of
0p such that apa;, = p. By Lemma 21.6, there exists a Z-lattice a in B such
that a, = ap0, and a, = o4 for every prime number ¢ # p. Then a is a right
o ideal, and so by Theorem 27.13(i), a = a0 with « € B*. By Lemma 21.26,
aat =[o:a]'/2 = p. Since o = 0o + Zf, we can put o = § + cf with § € o9
and ¢ € Z. If ¢ is even, then « € 0¢, and the matter is settled. Suppose c is
odd. Then we have 2a = mg+mqi+moj+msk with odd integers m,;. We can
put m; = 4b; +¢; with b; € Z and ¢; = £1. Put 8 = bg+ b1i+ boj+ b3k and
v =(1/2)(g0 + 1i + 2j + e3k). Then a =28+, and so ay" = 207" + "
Since vy =1 and 2(7" € 0g, we have ay* € 09 and Np,q(ay") = p, Thus
p is the sum of four squares. This proves (i).

As for (i), we consider (B°, §°). We observe that o N B® = 0o N B° =
Zi+ Zj+ Zk, and p° restricted to oo N B° is the sum of three squares. Thus
our question is whether a given positive integer ¢ belongs to 3°[og N B°]. Put
K = Q(\/—q). Suppose g = yy* with v € B°; then ¢ = —v2, and so Q[y] is
isomorphic to K. Conversely, suppose K has an isomorphic image in B. Then
B contains an element ¢ such that ¢2 = —¢. By Lemma 20.7, £ € B°. We
can find an order in B containing Z[{], a fact whose proof we leave to the
reader as an easy exercise. Thus, by Lemma 21.7(i), Z[¢] is contained in a
maximal order, which, by Theorem 27.13, is of the form aoa™! with o € BX.
Put n = a '€a. Then n € 0NB° = Zi+Zj+Zk and ¢ = nn‘. Thus q is the
sum of three squares if and only if K has an isomorphic image in B, which,
by Lemma 27.6, is so if and only if K, can be embedded in B, for every prime
number p. (Notice that K ®q R = C, which is embedded in B ®q R = H.)
If p # 2, then B, = M»(Q,), and this imposes no condition on ¢. If p = 2,
however, B; is a division algebra, and K5 must be a field. If K5 is a field, it
has an isomorphic image in By by Theorem 21.23(ii). Thus the condition on
q is that 2 does not split in K = Q(y/—q). Let ¢ = r?s with r € Z and a
square-free poitive integer s. Then 2 splits in K if and only if s+ 1 € 8Z by
(10.14), since m there is —s. Thus the condition for ¢ is that s+ 1 ¢ 8Z.
This proves (ii) and completes the proof.

Corollary 27.15. FEvery positive integer is the sum of three triangular
numbers. (Here a triangular number means an integer of the form m(m +
1)/2 with 0 < m € Z.)

PROOF. Given n € Z, > 0, put 8n+3 = r?s with r € Z and a square-free
positive integer s. Then r is odd, and so s — 3 € 8Z. By Theorem 27.14(ii)
we can put 8n 4+ 3 = Zle k? with 0 < k; € Z. Then k; is odd for every i.
Indeed, suppose k3 € 2Z. Then k? + k3 — 3 € 4Z, which is impossible. Thus
ki = 2m; +1 with m; € Z for 1 < i < 3. Then n = Zle m;(my +1)/2,

which gives the desired result.
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We note that Theorem 27.14(i) is due to Lagrange; Theorem 27.14(ii) and
Corollary 27.15 were proved by Gauss. We will discuss more about the sums
of three squares in §34.3 and Theorem 37.5.

We mention here a result due to the author [SO4a, Theorem 5.4] with the
hope that future researchers will find an elementary proof. The original proof
requires a rather involved analysis.

Theorem 27.16. Every positive integer is the sum of three integers each
of which is of the form (3m?* —m)/2 with m € Z.

Traditionally a number of the form (3m? —m)/2 with 0 < m € Z is called a
pentagonal number, but the case m < 0 is included in the above theorem.






CHAPTER VI

DEEPER ARITHMETIC OF QUADRATIC FORMS

28. Classification of quadratic spaces over local and global fields

28.1. Let F be either an algebraic number field or its completion at a prime
v € v, and (V, ¢) a nondegenerate quadratic space over F' of dimension n. We
then define the characteristic (quaternion) algebra of (V, ¢) as follows.
This is a quaternion algebra Q(¢) over F such that

(28.1a) A(p) = M(Q(p)) if 0<ne?22Z,
(28.1D) A* () = M (Q(p)) if 1<n¢?22Z,

with 0 < s € Z. The existence and uniqueness of such a Q(y) were proved in
Theorem 27.12. We put Q(¢) = M>(F) if n = 1. In view of Theorem 23.6,
Q(p) depends only on the isomorphism class of core subspaces of (V, ).

If we start from (V, ¢) over a global field and define (V, @), = (V4, o)
for each v € v as in §§25.7 and 27.1, then clearly A(p,) = A(y), and
At (py) = AT(p)y, and s0 Q(py) = Q(p)y, Where we put R, = R ®F F,
for any F-algebra R. Also, if K is the discriminant algebra of (V) ¢), then K,
is the discriminant algebra of (V, ¢),.

To simplify our notation, given a field F' and a symmetric element ¢ €
GL,(F), we denote by (F, @) the quadratic space (F}, p) with ¢ defined by
olz] = 2@ -tz for x € F}. We then put Q(®) = Q(p).

28.2. Let us now determine the discriminant algebra and characteristic
algebra when F' is a local field in the sense of §21.1, that is, the completion of
an algebraic number field at a nonarchimedean prime. Given (V, ¢) over such
an F, denote by t its core dimension, and by K resp. K its discriminant field
resp. algebra. By Theorem 25.5(ii) we have t < 4. Also, by Theorem 21.22,
there is only one isomorphism class of division quaternion algebras over a fixed
F. Thus Q(¢) is either this unique division quaternion algebra, or My (F).

We have n = 2r +¢ with 0 < r € Z and (V, p) = (F, 27n,) & (Z, ()
with 7, as in (22.6) and a core subspace Z of dimension ¢. Then K is the
discriminant algebra of (Z, ¢), and Q(¢) = Q({).

G. Shimura, Arithmetic of Quadratic Forms, Springer Monographs in Mathematics, 153
DOI 10.1007/978-1-4419-1732-4 6, © Springer Science+Business Media, LLC 2010
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Let us now determine Q(¢p) for a given (V, o) of dimension n < 4, without
assuming that ¢ is anisotropic. We first consider the case of even n. If n =0,
then A(p) = F; thus we have Q(¢) = Ma(F) and K = F @ F.

If n = 2, then by Lemma 25.2(i), (V, ¢) & (K, sk) with s € F*; also,
A(p) 2 {K, s}. Thus Q(¢) = {K, s}; ¢ is anisotropic if and only if K is a
field. If K = F @ F, then Q(p) = My(F); if K is a field, then by Theorem
20.8(ii), {K, s} = M>(F) if and only if s € Ng/p(K*). Thus, for n =2 we
have

(282) Qo) = Ma(F) <= L€ g[V]
— (V, ¢) = (F, diag[a, 1]) with a € F*.

Suppose n = 4; then t =0, 2, or 4. The case t = 0 or 2 can be reduced to
the case n =0 or 2 we already discussed. Let us now assume that 1 € dg(¢p),
with no condition on ¢. This is the case if ¢ = 4, in view of Theorem 25.4(ii).
By Theorem 25.4(i), (V, ¢) = (B, dB) with d € F* and a quaternion algebra
B over F. By Theorem 21.23(i) we can find an element « € B such that
aa' = d. Then the map z +— xa~! gives an isomorphism of (B, 3) onto
(B, dp). Thus (V, ¢) = (B, ) if 1 € dp(¢). As shown in §25.3 (B), A(p) =
M5(B). Thus Q(¢) = B.

Next suppose n ¢ 2Z. If n =1, then (V, ) & (F, ¢) with ¢ € F*, and
At (p) = F. Thus Q(p) = Mo(F) and Ko = F(c'/?).

If n = 3, then by Lemma 25.2(ii), AT () is a quaternion algebra B over F,
and (V, ) = (B°, —6(°) with & € do(y). Thus Q(¢) = B and Ky = F(5'/?);
@ is anisotropic if and only if B is a division algebra.

Theorem 28.3. (i) The isomorphism class of a nondegenerate quadratic
space (V, ) over a nonarchimedean local field F is completely determined by
Ko, Q(p), and n.

(ii) Suppose m > 2; then for each § € F* and a quaternion algebra B
over F, there exists a quadratic space (V, @) of dimension n over F' such that
d € do(p) and Q(p) = B. The same holds for n = 2 under the assumption
that B = Ms(F) if § € F*2.

PROOF. Let (Z, ¢) be a core subspace of (V, ¢) and ¢t = dim(Z) as in §28.2.
Since the isomorphism class of (V, ¢) is determined by (Z, ¢) and n, it is suf-
ficient to show that (Z, ¢) is determined by Ky, Q(¢), and ¢ (mod 2). Suppose
t € 2Z. Then Ky # F if and only if ¢ = 2, in which case (Z, () = (K, sk)
as in §28.2. The isomorphism class of (K, sx) is determined by sNg/p(K™).
Now Q(¢) = {K, s}, whose isomorphism class is determined by sNg /p(K*).
Thus, if Ky = K, then Q(¢) determines (Z, (), and vice versa. Suppose
Ko = F still with ¢t € 2Z. Then ¢t =0 or ¢ =4 according as Q(¢) = My (F')
or Q(¢) 2 My(F). In the latter case, (Z, () = (B, ) with B = Q(() as
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explained in §28.2. Thus (Z, ¢) is determined by Q(¢) and Ky if t € 2Z.
Next suppose t ¢ 2Z. Then ¢t =1 or t = 3 according as Q(¢) = My(F) or
Q(¢) 2 Ma(F). Then (Z, () is determined by Ky as explained in §28.2. Thus
we obtain (i).

To prove (ii), let a quaternion algebra B over F and § € F'* be given. First
suppose n is odd; put n—3 = 2r and (V, ¢) = (F, n,) ®(Z, ¢) with (Z, ¢) =
(B°, —§/3°). As shown in §28.2, § € §p(¢) and B = Q((), which settles the
question, as d0(¢) = do(p) and Q(p) = Q(¢). Next, suppose 0 < n € 2Z. For
a given ¢ define Ky and K by (22.8) and (22.9). If K is a field, then put
(V, ) = (F, n,) & (K, ck) with r = (n—2)/2 and the norm form x of K; we
take ¢ € F* so that B = {K, c}, which is feasible. Then ¢ € dp(ck) = do()
and Q(¢) = Q(ck) = {K, ¢} = B. Suppose K = F @ F. If n = 2, then
(F, m) gives the desired space. If n > 2, put (V, ) = (F, n,)® (B, (), where
s=(n—4)/2. Then 1 € §y(3) = do(¢) and Q(p) = Q(B) = B as expected.
This completes the proof.

28.4. The isomorphism class of nondegenerate quadratic spaces over C is
completely determined by the dimension, and the characteristic quaternion
algebra is always My(C).

The problem with R as the base field is not so trivial. Let (V, ¢) be a
nondegenerate quadratic space over R of dimension n. Then (V| ¢) is iso-
morphic to (R, diag[l,, —1,]) with two nonnegative integers p and ¢ such
that p + ¢ = n; we naturally ignore 1p. We then put s(p) = p — ¢. Clearly
|s(p)| < n and n—s(p) € 2Z, and so §/|6| for 6 € do(p) equals (—1)°(#)/2 if
n € 2Z, and (—1)@)=D/2 if pn ¢ 27. The isomorphism class of (V, ) over
R is completely determined by n and s(y).

There are exactly two isomorphism classes of quaternion algebras over R,
represented by Ms(R) and the division ring H of Hamilton quaternions.

Theorem 28.5. For (V, ) over R as above, we have

My (R) if n €2Z and s(¢) =0 or 2 (mod 8),
(28:3a)  Qle) = {H if n€2Z and s(¢) =4 or 6 (mod 8),

My (R) if n ¢ 27Z and s(p) ==+1 (mod 8),
(28:3b)  Qlp) = {H if n ¢ 27 and s(¢) = +3 (mod 8).

Proor. The structure of Q(¢) can be reduced to the case of anisotropic
¢. Indeed, Q(¢) = Q(1y(p)) if s(p) >0 and Q(p) = Q(—1j5p))) if s(p) <0;
Q) = My(R) if s(¢) = 0. Therefore it is sufficient to determine Q(¢p)
for ¢ = x1,,. For (V, ¢) = (Q, €1,) with ¢ = £1 let K be its discriminant
algebra. Our task is to determine Q(¢)a. We do this by investigating Q(¢), =
Q(p) ®q Q) for each prime number p. Then from Theorem 26.6(i) we obtain
Q(p)a. We first observe that K = Q@ Q if n € 4Z or n — e € 4Z, and
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K = Q(v/—1) otherwise. Let ¢, be the core dimension of (V, ¢),. Clearly ¢,
depends only on n and p, and not on e. There are several easy facts.
(Q, 12) = (K, k) with K = Q(v/—1) and its norm form k; (K, k), is
split if and only if p—1 € 4Z.
(Qp, Lu) = (B, B)p =(Qy, cla) for every c € Q) , where B is the quater-
nion algebra over Q whose norm form 3 is the sum of four squares; see
§27.9 and Theorem 21.23(1).
As noted in §27.9, Dp = 2 for the above B, and so B, is a division algebra
if and only if p = 2. Clearly (Q, 13) = (B°, 3°) with the same B. Thus the
core dimension of (Q,, clz) is 1 for every ¢ € Q) if p # 2; (Qq, cl3) is
anisotropic for every ¢ € Q* if p =2.

If n=4s+r with 0 <r <3 and p # 2, then Q(1,), = Q(1,),. We also
observe that (Q,, 14) = (Q,, —14), and so (Q,, 1s) = (Q,, diag[ls, —14]),
which is split for every p. For 4 <a <8 and a —4 =b we have

<Qp7 1a> = <Qp7 diag[lba _14]> = <Q;Da diag[lbv _1b]> 2] <Q;D7 _18—a>a
and so Q(1,), = Q(—1s—,) for 4 < a < 8 and every p.
From these observations we can easily derive that

1 if n¢2Z,

(28.4a) p#2: tp, =1 2 if n—2€4Z and p—3 €4Z,
0 otherwise,

(28.4b) p=2: tp=a ifntae8Z, 0<a<4.

If n—2 € 4Z and p # 2, then (V, ¢), can be reduced to (K, ex),
with K = Q(\/—l), and so Q(p)y = Qler)p, = {Kpﬂ e} = M>(Qp), as
e € Nk, /q,(K)). Similarly if p = 2 and n —2 € 8Z, then K = Q(v/-1)
and Q(p)2 = Q(ela)2 = {K, €}, which is M»(Q2) if and only if £ = 1. Sup-
pose p =2 and n — 6 € 8Z. We have seen that Q(clg) = Q(—¢ls), and so
Qp)2 = {K, —5}2, which is M(Qz2) if and only if ¢ = —1.

To sum up, Q(¢), is a division algebra exactly when p =2 and n = £3, 4,
or —2¢ (mod 8). Thus Q(¢) is unramified at every p # 2, and so by Theorem
26.8(i) (or as explained in §27.9) Q(p)a = H if and only if Q(p)2 is a division
algebra, that is, if and only if n = £3, 4, or —2¢ (mod 8). From this we obtain
(28.3a, b) when |s(p)| = n, from which we can easily derive the general case
as we said at the beginning. This completes the proof.

We can also give a proof more directly and inductively by means of Lemma
23.10. There is one more type of proof given in [S04b, Section A3].

28.6. We now consider a nondegenerate quadratic space (V, ¢) over a
global field F. We denote by r the subset of a consisting of all the real
archimedean primes. For each v € r we put s,(¢) = s(p,), where s(p,) is
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determined as in §28.4. Namely, s,(¢) = p, — ¢, when (V, ¢), is isomorphic
to (R, diag[l,,, —14,]). We call s,(¢) the index of ¢ at wv.

Theorem 28.7. (i) Two nondegenerate quadratic spaces over F of dimen-
sion n and n’' have isomorphic core subspaces if and only if n—n' € 2Z and
they have the same discriminant field, the same characteristic algebra, and
the same index at every v € r.

(ii) The isomorphism class of a nondegenerate quadratic space (V, ) over
F is determined by its dimension, discriminant field, characteristic algebra

Q(p), and s,(p) for all v e r.

PROOF. Once the dimension, the discriminant field, and Q(p) are given,
then by Theorem 28.3, the isomorphism class of (V;,, ¢,) for every v € h is
determined. This together with the index at each v € r determines (V, )
over I by the Hasse principle, which proves (ii). Next, the “only if”-part
of (i) is obvious. Let (V, ¢) and (V', ¢’) be nondegenerate quadratic spaces
over F of dimension n and n’ with the same set of data as in (i); suppose
0<n' —ne€2Z Let (V", ¢")=(V, ¢)®(F, n,) with r = (n’ —n)/2. Then,
by (ii), (V" ¢”) must be isomorphic to (V’, ¢’). This proves the “if”-part of

(i)-

28.8. We are going to show the existence of (V, ¢) with a given set of data
(n, Ko, B, {0y }ver) consisting of the following objects:

(28.5a) 0 < n € Z; an extension Ky = F(6'/?) of F with § € F*; a quaternion
algebra B over F'; an integer o, such that |o,] <n and o, —n € 2Z
for each v €r.

We also put
(285b) K:KO if [KQF]:2, K:F@F if KQZF,

and K, = K ®p F, for v € v.

Our task is to find a quadratic space (V, ¢) over F' of dimension n such
that K is its discriminant algebra, B = Q(¢), and o, = s,(¢). These data
cannot be arbitrary. Indeed, let B = Q(¢) and o, = s,(¢) for v € r. In view
of Theorem 28.5, we have to asssume:

(28.62) B {MQ(R) it 0, =0 or 2 (mod 8),
ba n even: Yy =

H if o, =4 or 6 (mod 8),
28 61, . B M>(R) if 0, =41 (mod 8),
(28.6b)  noodd: By =9 4 if o, =+3 (mod 8).

If n=p,+q and o, = p, — q, then (—1)("/2+e0 = (—1)72/2, Therefore,
for 0 asin (28.5a), we have obvious conditions:
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(28.7a) n even: (—1)7/2§>0 ateach ver,
(28.7b) n odd: (=1)("N/2§>0 ateach wver.

Now the main theorem of the existence of a quadratic space with a given
set of data can be stated as follows.

Theorem 28.9. Given a set of data as in (28.5a, b) with n > 2, there
exists a quadratic space (V, @) over F of dimension n such that K is the
discriminant algebra of ¢, B = Q(p), and o, = s,(¢) for every v € r, if
and only if (28.6a, b) and (28.7a, b) are satisfied. Such a (V, @) exists even
for n=1 or 2 if and only if condition (28.8a) or (28.8b) below is satisfied in
addition to (28.6a, b) and (28.7a, b):

(28.8a) B=DMyF) if n=1,
(28.8b) if n=2, v € h, and B, is a division algebra, then K, is a field.

We have to prove only the “if”-part. We devote §§28.11 and 28.12 to the
proof. We first insert here an auxiliary result.

Lemma 28.10. Given a quaternion algebra B over an arbitrary field F
of characteristic different from 2, h € F*, and § € F*, put Ko = F(5'/?)
and define (V, o) so that (V, he) = (F, 1)@ (B°, 63°). Then the discriminant
field of ¢ is Ko and A(p) = B ®p {K, h}, where K is as in (28.5D).

PRrROOF. We easily see that Ky is the discriminant field of ¢ and K is the
discriminant algebra of ¢. Let f be the element 1 in (F, 1) viewed as an
element of V. Put e = hf. Since hy|[f] = 1, we have ple] = h. Also, since
¢(e, B°) =0, e commutes with every element of A" (6B°). Put w = g19293
and z = ew with an orthogonal basis {g;}5_, of (B°, §3°). Then we can take
z to be the element z of Lemma 23.7 for (V| ¢). Taking 64° and 1 to be ¢
and ¢ of Lemma 23.10, we obtain AT (hy) = AT(68°)®C with C = F + Fz.
(Observe that AT (¢') = F and A= (¢') = Fe, and w here gives z there.)
We have ez = —ze and z* = —z. Thus C'+ Ce = {C, h}. Put D = A*(63°).
By Lemma 24.9 we have A1 (hp) =2 At (p), and so A(p)=AT(¢)=AT(p)e
D®(C+Ce) =D ®{C, h}. Since D = B and C 2 K, we obtain our lemma.

28.11. We first prove Theorem 28.9 for n < 4. If n = 1, we have (V, ¢) =
(F, ¢) and Q(¢) = Ma(F). Clearly (28.6b), (28.7b), and (28.8a) are necessary
and sufficient.

Suppose n = 2; then the discussion of §28.2 shows that K must be em-
beddable in Q(y), and so (28.8b) is necessary. Conversely, suppose (28.6a),
(28.7a), and (28.8b) are satisfied; suppose also that K¢y = F. Then o, = 0
for v € r by (28.7a), and so B, = M3(R) for v € r by (28.6a). Also, (28.8b)
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implies that B, = Ma(F,) for every v € h. Therefore B = M5(F') by Theo-
rem 26.8(ii). We take (V, ¢) to be the split space (F, 1;). Clearly this gives
the desired space.

Next suppose Ko # F. If v € r and B, = H, then (28.6a) shows that
o, = —2, and so K, = C by (28.7a). This combined with (28.8b) and Lemma
27.6 means that K can be F-linearly embedded into B. Thus, by Lemma 20.4,
B = {K, r} with some r € F*. Take (V, ¢) = (K, rx). Then, as shown in
§28.2, K is the discriminant algebra and Q(¢) = B. Comparing conditions
(28.6a) and (28.7a) with (28.3a),we see that o, = s,(¢) for every v € r as
expected.

If n =3, we take (V, p) = (B°, —63°). Then, as shown in Lemma 25.2(ii),
At (p) & B and Kj is its discriminant field. From (28.6b), (28.7b), and
(28.3b) we see that s,(¢) = o, for every v € r. This settles the case n = 3.

In the case n =4 we determine (V, ¢) by

(28.9) (V. hp) = (F, 1) & (B°,63°).

Here we take h € Ng,p(K*)sothat h <0 atevery v € r such that o, = —4
and h > 0 at all other v € r. Such an h exists, because K, = R & R if
o, = —4 and K is dense in K ®q R. We can easily verify that s,(¢) = o, for
every v € r. Moreover, K is the discriminant algebra of ¢ and A(p) = M (B)
by Lemma 28.10.

28.12. Let us now prove the case 6 < n € 2Z by induction on n. Take
a quadratic extension K; = F(¢!/?) of F, different from K, with ¢ € F*
such that € < 0 at every v € r. Take also r € F* so that » > 0 or r <0
at v € r according as o, > 4—n or o, < 4—mn. (If r = (), we take K;
to be a quadratic extension F(c'/2) of F different from Ky, and r = 1.) Put
Tw=2—0, if o, >4—n and 7, = -2 —0, if 0, <4 —n. Then 7, € 2Z
and |1,] < n — 2. By Theorem 27.11 there exists a quaternion algebra D
over F such that e,(D) = ,({K1, r})e,(B) for every v € v. By the same
theorem, D®{ K1, r} = My(B’) with a quaternion algebra B’ over F' such that
eo(B') = e, ({K1, 7})ey(D) for every v € v. Then &,(B) = &,(B’) for every
v € v, and so B 2 B’ by Theorem 27.7. Thus D® { K71, r} = My(B). Now we
observe that the set (n — 2, F((¢6)'/2), D, {r,}) satisfies conditions (28.6a)
and (28.7a). By the induction assumption we can find a quadratic space
(W, 9) over F' corresponding to this set. Put (V, ¢) = (K1, r1) & (W, €9),
where k1 is the norm form of K;. Clearly K is the discriminant algebra of
v, and we easily see that s,(p) = o, for every v € r. By Lemma 23.10(ii),
A(p) 2 {K1, r} ® A(y), and so Q(¢) = B as expected.

It remains to prove the case 4 < n —1 € 2Z. By Lemma 24.9, A" (cyp) =
AT (p) for every ¢ € F*; also, conditions (28.6b) and (28.7b) are consistent
with the change of ¢ for cp. Therefore it is sufficient to prove the existence
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of ¢ when o, # —n for every v € r. Put 7, = 1— o, for every v € r
and observe that 7, € 2Z, |r,| < n — 1, and the set (n — 1, Ko, B, {7,})
satisfies conditions (28.6a) and (28.7a). Since we have proved the case of
even n, there exists a quadratic space (W, 1) corresponding to that set.
Put (V, ¢) = (F, 1) ® (W, —¢). Then K is the discriminant field of ¢ and
su(p) = oy for every v € r. Taking (F, 1) as ¢ of Lemma 23.10(ii), we find
that A% (p) @ F ®@p A(1)), and so Q(p) = Q(+) = B. This proves the case of
odd n and completes the proof of Theorem 28.9.

28.13. Let us now present a short history of classification of quadratic
forms over an algebraic number field F), or rather, of the question of how one
can associate some invariants to a given form ¢ so that ¢ can be determined
by those invariants. The dimension, discriminant, and indices (signatures) of
@ at real archimedean primes v € r as defined above are obvious invariants.
In addition, to a form ¢ =>"" | a;2? and a prime v € v Hasse associated a
number «a,(p), which is either 1 or —1, and defined by

() = H(Um aj)v,
1<j
where (a, b), is the Hilbert symbol defined in §26.1. He then showed in [Has]
that the equivalence class of ¢ over F' corresponds to the set consisting of
these numbers {a,(¢)} and the above “obvious invariants” satisfying certain
conditions, and the correspondence is one-to-one; namely he constructed a
unique quadratic form for a given set of such data.

This was followed by a work of Witt [W]. Given a form ¢ of n variables,
he considered the form ¢* of 2n variables which is the direct sum of ¢ and
the form — """, y?, and denoted by S(p) the Clifford algebra of ¢*. Now
S(¢) is a central simple algebra over F. He showed that «a, () is actually the
invariant of S(¢) at v in the standard sense.

Some later authors chose oy, (¢) = [[,;(ai, a;), instead of (i), but this
together with the discriminant gives an equivalent set of invariants. Though
we can develop a reasonable theory of classification of quadratic forms with
these invariants «,(¢) and o/ (¢), it must be pointed out that they have
some features which do not look so natural. Indeed, if ¢ is the hyperbolic
form xyx9 + 2324 of four variables {x;}%_, over Q, then both a,(y) and

"(p) are —1 for v = 2. On the other hand, they are 1 for every prime v

v
if ¢ is the sum of n squares over any number field F. This is a matter of

(07

perspective, but it is more natural to assign a trivial quantity to a hyperbolic
form. Besides, one might say, it is too pedestrian to define invariants in terms
of a diagonal matrix that represents the form.

In fact, better invariants were introduced by Eichler in [E52b]. He associ-
ated with ¢ a set of invariants {x,(¢)} different from {a,(¢)} and { (¢)},



29. LATTICES IN A QUADRATIC SPACE 161

and proved a result of the same type as what Hasse proved. This set {x,(¢)}
is conceptually more natural than {e,(¢)}, as x. () is more closely connected
with the structure of ¢ at wv.

In fact, it can be shown that x,(¢) = ,(Q(p)) with the symbol &, of
(26.8); namely x,(¢) =1 or —1 according as Q(¢), is isomorphic to Ms(F,)
or is a division algebra. However, this is not the way Eichler defined x,(¢)
in [E52b]. He defined the invariant in each case according to the type of ¢,
without using Clifford algebras. The fact that it is the invariant of Q(¢) at v
can easily be seen for v € h. The fact for v € a follows from formulas (28.3a,
b), which is nontrivial. In Satz 23.2 of [E52b] he constructed a space (V', ¢’)
corresponding to (m, Ko, B, {0,}) with some m such that m —n € 2Z, and
proved the product formula [], ., xv(») = 1 at the end of the proof. Then
he derived a theorem equivalent to Theorem 28.9 in Satz 23.3 of [E52b] by
establishing the desired (V, ¢) as a subspace of (V’, ¢').

In the present book we employed Q(¢p) instead of {x, ()}, as we think this
approach is clearer and easier. In fact, it allows us to present the desired (V, ¢)
more directly without using an auxiliary space of an unspecified dimension.
In addition, our methods enable us to classify integer-valued quadratic forms
to the extent we will discuss in Section 31.

29. Lattices in a quadratic space

29.1. Our next problem is to investigate quadratic forms over the ring of
integers. We do this by considering lattices in a given quadratic space. We
take our setting to be that of §21.1. We use the symbols F, g, and the same
terminology. Thus F' is either a global field, which means an algebraic number
field of finite degree, or a local field, which means the completion of a global
field at a nonarchimedean prime. In this section we will often call a g-lattice
in a vector space over F' simply a lattice.

Let (V, ) be a nondegenerate quadratic space over a local or global field
F. Given a g-lattice L in V, we denote by u(L) the g-ideal generated by
the elements p[x] for all z € L, and by uo(L) the g-ideal generated by the
elements ¢(z, y) for all =, y € L. We call L p-integral, or simply integral,
if u(L) C g. We call an integral lattice L ¢-maximal, or simply maximal,
if L is the only integral lattice containing L. Similarly we call L ¢*-integral
if po(L) C g, and call a p*-integral lattice L ¢*-maximal if it is the only
p*-integral lattice containing it. If a € O%, we have clearly u(La) = pu(L)
and po(La) = po(L); if L is maximal, so is La. Since 2¢(z, y) = ¢z + y] —
olz] — ¢ly], we have

(20.1) 2010(L) € u(L) C po(L).

For a g-lattice L in V' we put
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(29:2) L] = {pla] |z € L},
(29.3a) L? ={zeV|p(z, L) C g},
(29.3b) L=L"={yeV|20(y L) C g},
(29.3c) d(L) = [L¥?/L],

where the symbol [ / ]is as in §21.25. Then L = L2¢ and L¥ = 2L. Clearly
L¥ is a g-lattice in V, and L C L if w(L) C g. Also, LcMifMc L,
(cL)” = ¢ 'L for every ¢ € F*; (Ly)” = Ly and d(Lvy) = d(L) for every
v € O?(V). We call d(L) the discriminant ideal of L. In the simplest case
in which F=Q, g=12, (V, ¢) =(Q, &) with & ='® € GL,(Q) (see §28.1),
and L = Z., we have L¥ = L&~ ! and d(L) = det(d)Z.

If L is defined in the global case, for every v € h we have

(204) (L) =p(L)s po(Lo)=pio(Le, (Lu)” =(L)u, and d(L,)=d(L)..
where L, is the g,-linear span of L in V,; see §21.5. The latter three equalities
are easy. As for the first one, we have clearly wu(L), C p(Ly). If a; € gy
and x; € L, then @[}, aiz] = 32, afplai] + 30, 2a;a50(x;, 25), which
is contained in p(L), by virtue of (29.1). Thus p(L,) C p(L),, and so

Now (L) = L for any g-lattice L. To prove this, first assume F' to be local,
take a g-basis {z;} of L, and take also a basis {y;} of V so that 2¢(z;, y,;) =
dij. Then L= > gyi, from which we can derive (Z)N = L. The global case
follows from this combined with Lemma 21.6(i).

Lemma 29.2. Let (V, ¢) be a nondegenerate quadratic space over a local
or global field F. Then the following assertions hold.

(1) Given an integral resp. ©*-integral lattice M in a subspace X of V on
which ¢ is nondegenerate, there exists a mazimal resp. p*-mazximal lattice in
V' containing M.

(2) Let L and M be lattices in V. If M is mazimal, M C L, and cu(L) C
w(M) with ¢ € g, then ¢L C M.

(3) If L is mazimal, h € L, and @[h] € g, then h € L.

(4) Let h be an element of V such that ¢[h] # 0 and L a lattice in V; let
a be a g-ideal such that 2aL C L. Then @[h)p(h, L) 2a is an integral g-ideal
that depends only on L, a, and F*h.

(5) Suppose F is global; let L be a lattice in V. Then L is mazximal resp.
w*-mazximal if and only if L, is maximal resp. ©*-mazimal for every v € h.

Proor. To prove (i), put ¥ = X+. We can easily find an integral lattice
N in Y. Then M + N is an integral lattice in V. Therefore we may assume
that X =V and M is a lattice in V. Take an F-basis {e;}?_; of V contained
in M;let H = (Z?:l gei)N. Then H is a lattice in V. Let L be an integral
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lattice in V' containing M. By (29.1) we have 2¢(L, ¢;) C g, so that L C
H. Since [H : M] < oo by (21.3¢), we can find a maximal one among the
integral lattices L containing M. The same type of argument is applicable
to *-integral lattices. This proves (1). Given L, M, and ¢ as in (2), put
N = M + cL and take u = 24+ cy € N with € M and y € L. Then
olu] = ¢la] + 2cp(z, y) + Zoly] € p(M) by our assumption and (29.1).
Therefore p(N) = p(M). Since M is maximal, we have N = M, so that
cL C M. This proves (2). Let h and L be as in (3). Then we easily see that
plx] € g for every x € L + gh. Since L is maximal, h must be contained in
L. This proves (3). As for (4), that ¢[h]p(h, L)~2a depends only on L, a,
and F'*h is obvious. To show that it is integral, put ¢ = @(h, L). Then
2-1y-1p L. By our choice of a, we have ax™'h C L, and so p[hlax=2 =
o(h, ax™2h) C rYp(h, L) = g, which proves (4). The “if”-part of (5) is
obvious, since if L g M, then L, ; M, for some v € h. Conversely, suppose
L is maximal and L, is not maximal for some u € h. Take a maximal lattice
M’ in V,, containing L,. By Lemma 21.6(i) there exists a lattice M in V
such that M, = M’ and M, = L, for every v € h, # u. Then L ; M and
w(M), C g, for every v € h, and so M is integral, a contradiction, since L
is maximal. This proves the “only if”-part of (5) for maximal lattices. The
case of p*-maximal lattices can be proved in the same way. This completes
the proof.

Lemma 29.3. Let (V, ¢) be a nondegenerate quadratic space over a local
or global field F, and L a mazimal lattice in V. Suppose V' has a weak Witt
decomposition V- = Fax + Fy + W with x, y, and W such that ¢[z] = ¢[y] =
0, 2p(z, y) =1, and W = (Fax + Fy)*. Then there exists a g-ideal a such
that L = ax +a ty + (LNW).

PRrROOF. Let a = {a € F|ax € L} and b = {a € F|ax € E} Then
2¢(ax, L) C 2u0(L) C u(L) C g. Thus az C L, and so a C b. Since bz C L,
we have 2p(bx, L) C g, and so we have ¢[bx + z] C g for every z € L. Then
the maximality of L shows that bz 4+ L = L, and so b = a. Take an F-basis
{ei}f;f of W and put e,—1 = y and e, = x. By Theorem 10.19(i) there
exists an F-basis {g;}/; of V such that g; € S.p_, Fep and L = Y7 cigi
with g-ideals ¢;. Then ¢, = a and L N Fx = az. Since o(y, W) = o(y, y) =
0, we have o(y, L) = o (v, LN (Fz+ Fy)) = ¢y, LN Fz) = oy, az).
Therefore 2¢0(a~ty, L) = 2¢0(a~ty, az) = g, and so a~'y c (L)” = L. Thus
ar +a 'y CL. Let h€ Land h=axz+by+w with a, b€ F and w € W.
Then aa~! = 2p(h, a~ly) C g, and so a € a, and similarly b € a=!. Thus
w = h —ax — by € LN W, which leads to the desired conclusion.

29.4. Let (V, ¢) be a nondegenerate quadratic space over a local or global
field F. Given an integral lattice A in V, we denote by A(A) the subring of A(V)



164 VI. DEEPER ARITHMETIC OF QUADRATIC FORMS

generated by g and A, and put AT(A) = A(A)NA(V). If {¢;}7, is a g-basis
of A, then A(A) is spanned over g by the products ¢;, -+ £4;,, i1 < --- < ig for
0 < s < n, as considered in §23.3. This can easily be verified because z2 € g
and xy +yx € g for every z, y € A. Similarly AT(A) is spanned over g by
such products with even s. Therefore A(A) and AT(A) are orders in A(V)
and AT (V), respectively, which are stable under the canonical automorphism
and involution of A(V).

Lemma 29.5. In the setting of §29.4 let L be an integral lattice in V.
Then L7(z) = L for every x € L such that 2? € g*. Moreover, A(L)NV = L
if L is maximal.

PROOF. Suppose z € L and 2?2 = ¢ € g*; let y € L. Then yr(z) =
clayr = c‘l(a:y +yx)r —y € L, since zy +yx € g. Thus L7(x) C L,
and so L7(x) = L, since 7(x)? = 1. Next, assuming L to be maximal, put

AL)NV. Thlb is a lattice in V' containing L. For ¢ € M we have
x2 € A( )N F = g, and so M is integral. Since L is maximal, we have
L = M. This completes the proof.

Hereafter in this section, until Lemma 29.12, we assume that F' is local.
We let p denote the maximal ideal of g and 7 an unspecified prime element
of F. We fix a nondegenerate quadratic space (V, ¢) over F, put n = dim(V),
and denote by K its discriminant algebra. We denote by t the maximal order
of K, which is g@ g if K = '@ F. We also denote by 0 the different of K
relative to F, which we define to be v if K = F'© F. We define Ng,p(0) to
be gif K=F&F.

Lemma 29.6. For every lattice L in V, there exists an element o of O(p)
such that det(c) = —1 and Lo = L.

PrROOF. Take y € L so that u(L) = ¢[y|g. Define o € GL(V) so that
yo = —y and zo = z for every z € (Fy)*. Then o € O¥ and det(o) = 1
(Actually o = —7(y); see §24.4.) Given x € L, put a = p(z, y)/¢ly] a
z=x—ay. Then ¢(z, y) = 0and 2a € g, since by (29.1), 2p(z, y) € p(L )
©lylg. Therefore zoc = z0 + ayoc = z —ay = x — 2ay € L, so that Lo C L.
Then Lo = L since det(o) = —1.

Lemma 29.7. Suppose that ¢ is anisotropic. Let
(29.5) L={zeV|yplz] €g}

Then L is a mazximal lattice, Lo = L for every o € O%, and there is no other
mazimal lattice in V.

Proovr. Clearly gz C L if x € L. To show that L is closed under addition,
suppose that z, y € L and x+y ¢ L;put W = Fz+Fy. Then plz+y] ¢ g and
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we easily see that dim(W) = 2. Put b = ¢z], ¢ = ¢[y], and d = p(z, y).
Then 2d = plz +y] —b—c ¢ g, and so d # 0 and (2d)"! € p. Now
be —d*> = —d*(1 — d~2bc). Since b, ¢ € g, we have d~2bc € 4p?, and so,
by Lemma 21.12(i), 1 — d~2bc is a square in F. This means that if ¢ is the
restriction of ¢ to W, then 1 € dp(¢), and so % is isotropic by Lemma 22.7, a
contradiction. Thus L is a g-module. Clearly L contains every integral lattice
in V, and so L is maximal. The remaining points of our lemma are obvious.

Lemma 29.8. Let L be a mazximal lattice in V. Then there exists a Witt
decomposition V.=, (Fx;+ Fy;)+ Z such that L =3\ (gz; +gy;) + M
with M = {u ez | plu] € g}. Conversely, given a Witt decomposition V =
Y1 (Ffi+ Fey) + Z, put

L=321_(afi +gei) + N, N={veZ|p ecg}.
Then L is mazximal; moreover, u(L) =g if r > 0.

PROOF. We prove the direct part by induction on n. If ¢ is anisotropic,
it is included in Lemma 29.7; so we assume that ¢ is isotropic. Then V'
has a weak Witt decomposition V = Fx + Fy + W with z, y, and W such
that ¢[z] = ¢[y] =0, 2¢(z, y) = 1, and W = (Fz + Fy)*. By Lemma 29.3
we have L = ar + a 'y + L' with L' = LN W and a g-ideal a. Replacing
x and y by their suitable scalar multiples, we may assume that a = g.
Clearly L’ is maximal. Applying our induction to L', we obtain the desired
expression for L. Next, define L as in the converse part. Clearly L is integral.
If » = 0, then L is maximal by Lemma 29.7. Assuming that r > 0, take
an integral lattice H containing L; let w = >\, (a;f; + be;) + z € H with
aj, by € F and z € Z. Then a; = 2p(w, e;) € 2u0(H) C g, and similarly
b; € g. Consequently > (a;f; +bie;) € L, and so z € H and ¢[z] € g. Thus
z € N, and consequently w € L, which shows that L is maximal as expected.
That u(L) =g if » > 0 is obvious. This completes the proof.

Lemma 29.9. Let L and L' be maximal lattices in V. Then Lo = L' with
some a € SO(yp).

PROOF. If ¢ is anisotropic, then L = L’ by Lemma 29.7. If ¢ is isotropic,
then by Lemma 29.8, there exists a Witt decomposition V=>""_, (Fz;+Fy;)
+Z such that L = > (gz; + gys) + M with M = {u € Z|¢[u] € g}.
Similarly we have a Witt decomposition V. = Y7_ (Fa} + Fy}) + Z' such
that L' = Y7 (g} + gy}) + M’ with M’ = {u € Z'| ¢[u] € g}. By Witt’s
theorem, there exists an isomorphism v of (Z, ¢) onto (Z’, ¢). Then clearly
M~ = M'. Extend v to an element 3 of GLr(V) by putting ;8 = x} and
yi3 = y.. Then 8 € O(p) and LB = L’'. This combined with Lemma 29.6
proves our lemma.
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29.10. Let us now determine u(L), (L), and [L/L] for a maximal lattice
L in V. These do not depend on the choice of L in view of Lemma 29.9.
Since L¥ = 2L, we have [L/L] = 2"d(L), and so we will eventually determine
d(L). We take a Witt decomposition V = Y'_ (Fz; + Fy;) + Z and put
t = dim(Z). Then dp(¢) = 00(¢), and so K is the discriminant algebra of
both ¢ and (. By Lemma 29.8, we can put L = >\, (gz; + gy;) + M with
M = {ue Z|plu] € g}. We easily sec that

(29.6) L= (gui +oy:) + M,

i=1
and so [L/L] = [M/M], thus 227d(L) = d(M). Therefore the problem can be
reduced to the investigation of a maximal lattice M in Z.

If t =1, then (Z, () = (F, §) with 6 € 00(¢). We may assume that p C
g C g. Then clearly M = g, u(M) = ég, M = (26)"1M, u(M) = (45) g,
M is (*-maximal, and [M//M] = 24g.

If ¢ = 2, then (Z, () = (K, sk) with s € F*; K must be a field, as ¢
is anisotropic. If K is ramified over F, then Ng,p(K*) contains a prime
element of F, and so choosing s suitably, we can assume that se& g~. Then
M =, (M) =g, M=0"1, u(M)=Npe/(2)~1, and [M/M] = Nic/p(2).

If ¢t = 2 and K is unramified, then we may assume that p C sg C g.
We have M = v, p(M) = sg, M = s~tv = p(M)~'r, u(M) = s~'g, and
[M/M] = u(M)2. Since Q(¢) = Q(¢) = {K, s}, we have sg = p if and only
if Q(y) is a division algebra.

Suppose t = 4. By Theorem 25.4(ii), 1 € do(p) and (Z, ¢) = (B, B) with a
division quaternion algebra B over I; 2(3(z, y) = Trp,p(zy"). Let o be the
maximal order in B which is uniquely determined by o = {a eB ’ aat € g};
see Theorem 21.21. Therefore M = o, u(M) = g, and M = ¢ 1o with an
element £ of o such that ££'g = p, as can be seen from the same theorem.
Thus u(M) =p~' and [M/M] = p2.

Finally suppose ¢t = 3. Let B and o be as in the case ¢ = 4. By Theorem
25.2(ii), (Z,¢) = (B°, —=60°) with § € o((). Replacing ¢ by a suitable
element of §F*2, we may assume that p C dg C g. By Theorem 21.21 we
can put B = J + Jw with an unramified quadratic extension J of F' and an
element w such that wa = a‘'w for every a € J and w? is a prime element
of F; o = v+ tww, where t is the maximal order of J. Take u € v so that
t=g+gu and put y = u —u*. Then y € ¢* by (14.9), B® = Fy + Jw, and
M = {z € B°|6Trp,p(zM) C g}. If 6g =g, then M = gy +ww, pu(M) =g,
and M = 2 1gy +w~t. If 6g = p, then M = gy + w~!, p(M) = g, and
M = (2p)~'y+rtw'. Thus [M/M] =26"'p2 and pu(M)~' = 45gNp in both
cases.

To sum up, for a maximal lattice L we obtain
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209 if t=1,

_ 20 p?  if t=3,

@07 IL/LI=1 o if t€2Z, d=r, and Q(p) Z My(F),
Nk r(0) otherwise,

where t is the maximal order in K, 0 is the different of K relative to F, and
d is an element of dy(p) such that p C dg C g.
As for p(L) and u(L), we have

og if n=1,
(29.8) u(L)=<» if n=t=2, 0=-r, and Q(p) Z Ma(F),

g otherwise,
469 if t=1,
(20.9) u(f)*l _ 46gnyp if t=3,
p if te2Z,0=r and Q(p) 2 Ma(F),

Nk r(0) otherwise.

We have already determined pu(M) and p(M). Thus (29.8) is easy. As for
(29.9), we see that g C u(M), and so (29.6) shows that (L) = u(M). There-
fore we obtain (29.9).

Lemma 29.11. Let L be a maximal lattice in V. If ¢ is isotropic, L has
a g-basis {u;} such that plu;] =0 for every i.

PROOF. Take an expression L =Y., (gz; + gy;) + M as in Lemma 29.8.
Let A be a g-basis of M and let z € A; put ¢ = ¢[z] and w =21 — cy; + 2.
Then @[w] = 0. Since ¢ € g, we have w € L. Replacing z by w, we obtain
our lemma.

Theorem 29.12. Let L and M be maximal lattices in V. Then there exist
a Witt decomposition V = Z:ZI(FJH + Fy;) + W and elements a;, b; of F
such that

L=%"(gz; +gy:) + N, M =3 (ga;x; + gbiy;) + N,
N ={we W|eluw] € g},
arby =---=ab. =1, gar D---Dgar DgDgh DD gby.

ProoOF. We prove this by induction on n. For anisotropic ¢ our assertion
follows immediately from Lemma 29.7. Suppose that ¢ is isotropic. By
Lemma 29.11 we can find a g-basis {u;} of L such that ¢[u;] =0 for every .
Put ¢; = {a eF | au; € M} We arrange the wu; so that ¢; C ¢; for every 1,
write y; for w1, and put ¢; = gby with b; € F. Then {a eF | al C M} = gb
and {a er ‘ ayy € L} = g. Since pu(L) = u(M) = g, we see that by € g. By
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Lemma 22.3 we have a weak Witt decomposition V' = Fx1 4+ Fy; + U, and so,
by Lemma 29.3, L = az; +a 'y; + (LNU) and M = bzy + b~y + (M NU)
with g-ideals a and b. Clearly a =g and b~! = gb;; also LNU and M NU
are maximal. If ¢ is anisotropic on U, our question is settled. Otherwise,
applying our induction to L N U and M N U, we find a Witt decomposition
U= ,(Fz; + Fy;) + W and elements a;, b; of F such that a;b; = 1,
gbo C---Cgb. Cg, LNU =31 _,(gz;+gy:)+ N, and MNU = Y. _,(ga;z;+
gbiy;) + N, with N as in our theorem. Since b1 L C M, we have biys € M,
and so by € gby. Therefore we obtain our theorem.

Lemma 29.13. Let (V, ) be defined over a global field F. Let L be a
mazimal lattice L in V; define A(L) as in §29.4 and put

Cy={a€eSO¢|Lya=L,} and X,=AL)NGHV),

for v eh. Then 7(X,) C C, for every v € h and 7(X,) = C, for almost all
v € h.

PROOF. Let x € X, with any v € h. Then L,7(z) = 7' L,x C A(L), N
V, = L, by Lemma 29.5. Since det (7(z)) = 1, we have L,7(z) = L,, and so
7(X,) € C,. Thus we have to prove that C, C 7(X,) for almost all v € h.
Suppose n is even; then for almost all v € h, A(L), is a maximal order
in A(V), and Q(p), = My(F,). Thus A(V), = M.(F,) with r = 2"/2 for
such a v. Let a € C,. Then «a = 7(z) with z € GT(V),, and so 27 'L,z =
L,a = L,. We have therefore z='A(L),z = A(L),, and so zA(L), is a two-
side ideal of A(L),. By Lemma 21.4, M,(g,) is a maximal order in A(V),,
and by Lemma 21.19, A(L), is conjugate to M,(g,). Therefore, by Lemma
21.20, zA(L), = cA(L), with ¢ € F. Put w = ¢ 'z. Then w € X,, and
7(w) = a, which proves the case of even n. Suppose n is odd; then for almost
all v € h, AT (L), is a maximal order in A (V), and Q(¢), = Ms(F),), and so
AT (V), =2 My(F,) with s = 20071/2 Let 7(2) = a € C, with 2z € GT(V),.
Then we have 2~ *A*(L),z = AT(L),, and so looking at zA* (L), instead of
zA(L),, we obtain our assertion for odd n.

The rest of this section is devoted to the proof of the fact stated in the
remark after Theorem 27.2. We first prove two theorems that are special cases
of Theorems 27.7 and 27.3(ii), in order to make our exposition self-contained
when the base field is Q.

Theorem 29.14. Let B and C be quaternion algebras over Q. If B, = C,
for every v € v, then B = C.

Proor. Put (V, ¢) = (B°, B°) @ (C°, —v°), assuming that B, = C, for
every v € v. By (25.8), (B°, 8°), = (C°, ~°), for every v € v, and so we
see that (V, ¢), has a split Witt decomposition for every v € v. Let L be a
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maximal lattice in V' and @ the matrix representing ¢ with respect to a Z-
basis of L. Then Lf = 2Zp = 2L, for every prime number p; see (29.6). Thus
det(®)Z = [L¥ /L] = 275Z. Since ® has 3 positive and 3 negative eigenvalues,
we have det(®) = —276.

Suppose we could prove that ¢ is isotropic. Then we have a weak Witt
decomposition V = Qe + Qf + Y. If n is the restriction of ¢ to Y, then we
easily see that 1 € dg(n), and so by Theorem 25.4, (Y, n) = (A, da) with
d € Q* and a quaternion algebra A over Q, where « is the norm form of A.
Since V,, has a split Witt decomposition for every v € v. The same is true
for Y, in view of Witt’s theorem. Thus &,(A4) = 1 for every v € v, and so
A = M>(Q) by Theorem 26.6(ii). Therefore V has a split Witt decomposition
over Q. This means that

(Bov ﬂo) D (Cov _70) = (Vv QO) = (Oov 70) D (Oov _’Yo)v

and so by Witt’s theorem, (B°, 8°) = (C°, v°). Thus by (25.8), B = C as
desired. Therefore our aim is to show that ¢ is isotropic.

Now applying Lemma 25.8 to L and &, we find a nonzero element y of L
such that |¢[y]| < 3/2. Since ¢[L] C Z, we have ¢[y] =0 or £1. The matter
is settled if @[y] = 0, and so we assume that [y] = £1. Let U = (Qy)* and
let 9 be the restriction of ¢ to U. Clearly —¢[y] € dp(¢)). By Lemma 22.5(iii),
U, has core dimension 1 for every p. Let M be a maximal lattice in U. By
(29.7), [M}/M,] = [QMP/MP] = 274Z, for every p. Thus if ¥ is the matrix
representing ¢ on M, then |det(¥)| = 27*. By Lemma 25.8, M contains a
nonzero element z such that |¢[z]| < 3-274/% < 2. Therefore ¥[z] =0 or +1.
So we assume that [z] = £1 for the ame reason as before. If ¥[z] = —¢[y],
then ¢y + 2] = 0 and y+ z # 0, and so ¢ is isotropic. Thus we consider
only the case ply] = ¢[z] =1 or ply] = ¢[z] = —1.

Let X = (Qy + Qz)* and let N be a maximal lattice in X; let = be the
matrix representing ¢ on N. Then = as a real symmetric matrix is equivalent
to +diag[ls, —1] and —1 € §y(Z), and so Q(v/—1) is the discriminant field of
Z. By Lemma 22.5(iii) the core dimension of X, is 0 or 2 for every p. For p
odd and z € L, we have p(x,L,) C Z,, and so we see that = —p[ylp(z, y)y—
plz]p(w, 2)z € LyNUy. This shows that L, = Zyy+Z,z+ N, with N, = L,N
Up. Clearly N/ is maximal, and so det(Z)Z, = [2N,/N,] = 2N//N!| = Z,
for odd p. If p =2, from (29.7) we see that det(Z)Zy = [2No/Ny] = 272Z,.
Thus det(Z) = —272. By Lemma 25.8, N has a nonzero element w such
that |¢[w]| < 32712 < 3. Thus |p[w]| is 0, 1, or 2. We are interested
only in nonzero values of p[w]. Also, replacing ¢ by —¢ if necessary, we
may assume that ¢[y] = ¢[z] = 1. If ¢[w] = —1, then ¢y + w] = 0; if
plw] = =2, then @[y + z + w] = 0. Thus we may assume that [w] is 1 or 2.
Let S = Qy+ Qz+ Qw and T = S*. Let H be a maximal lattice in T" and
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let 7 be the matrix representing ¢ on H.

First suppose @w] = 1;then 1 € §o(7). From (29.7) we see that [H™ /H], =
Z, for odd p and [HT/H]s is Zy or 27%Zy. Thus |det(r)| < 1. By Lemma
25.8, H has a nonzero element x such that |<p[x]| < 3. Since ¢ is negative
definite on T, we have 0 < —¢p[z] < 3. The case ¢[z] = 0 gives the desired
conclusion, and so we assume 1 < —p[x] < 3. We can easily find an element
u € S such that ¢[u] = —¢[z]. Then [u+ x] = 0, which settles the problem.

Next suppose @[w] = 2; then 2 € §o(7). From (29.7) we see that [H™/H], =
2717, for every p. Thus |det(r)| = 271. By Lemma 25.8, H has a nonzero
element z such that |¢[z]| < 3-271/% < 3. Thus 0 < —¢[z] < 2 and we can
settle the matter in the same manner as in the case p[w] = 1. This completes
the proof.

Theorem 29.15. Let B be a quaternion algebra over Q and P = {v €
h ‘ ey(B) = —1}. Given ¢ € Q*, equation —[(°[x] = ¢ has a solution in B° if
it has a solution in B, for every v € P.

PRrOOF. Clearly we may assume that ¢ is a square-free positive or negative

integer. Since the problem is trivial if B = M5(Q), we assume that B is
a division algebra, and so P # () by Theorem 26.6. Put d.c = eo(B).

We assume that —(3°[z] = ¢ has a solution in BY for every v € P. Since
—f°[x] = 22, from Theorem 25.4(iii) we obtain
(%) cg Qr? for every ve P.
In particular, ¢ < 0if do = —1; also, c—1 ¢ 8Z if 2 € P.

Now, we have prime numbers pi, ..., p, such that P = {p1, ..., p.} if
do =1 and P = {p1, ..., pr, o0} if 0o = —1. Put py---p, = de with

square-free positive integers d and e such that d|c¢ and e is prime to ¢. Put
also K = Q(v/dxeq) and C = {K, ¢} with a prime number ¢ that does not
divide 2ce. We easily see that Co, = H if and only if 6o, = —1. We choose ¢
so that &,(C},) = —1 for a prime number p if and only if p € P. We do this
by imposing the following conditions on ¢ :

(5‘7?6") =1 if p|d and p# 2,

dsoeq —5 € 8Z if 2|d,

doq — 1 € pZ if plc and pf2de,
dootq — 1 €8Z if 24de,

dooq+2 € 16Z if 2|e and ¢+ 1 € 8Z,
doeq—2 € 16Z if 2|e and ¢+ 3 € 8Z.

Such a ¢ exists by virtue of Dirichlet’s theorem concering the prime numbers
in an arithmetic progression. From the first two conditions we see that K, is
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an unramified quadratic extension of Q, and c is a prime element of Q, if
pld, and so €,(C) = —1. If ple and p # 2, then from (9.2), (9.3), and (*) we
see that ¢ ¢ Nk, q, (K, ). The same is true for p = 2 if 2|e, as can be seen
from the last two conditions and the fact about Q2(v/£2) stated in the table
below (9.3). (As already noted, ¢—1 ¢ 8Z if 2 € P.) Thus ¢,(C) = —1if ple.
Let p be a prime number that does not divide 2qde. Then p is unramified
in K, and p splits in K if plc. Thus ¢,(C) =1 if p{2qde. If 2tde, from the
fourth condition we see that e2(C) = 1. We thus find that ¢,(C) = &,(B)
for every v # g. Then by Theorem 26.6(i) we obtain ¢,(C) = ¢4(B). By
Theorem 29.14, we have B = C. Since C = {K, ¢}, we have ¢ = z? with
z € C°. Therefore ¢ = w? = —fy[w] with w € B°. This proves our theorem.

29.16. Returning to the question stated in the remark after Theorem 27.2,
we take a nondegenerate quadratic space (V, ¢) over Q of dimension 4 such
that (V, ¢), is isotropic for every v € v. Our task is to show that (V, ) itself
is isotropic. Take any & € V such that ¢[¢] # 0, put W = (Q¢)*, and denote
by 1 the restriction of ¢ to W. By Lemma 25.2(ii), (W, ¢) = (B°, ¢8°) with
c € Q* and a quaternion algebra B over Q. Put P = {’U ev ’ gy(B) = —1}.
If v ¢ P, then (B°, 3°), is isotropic and we can find y, € By such that
cf3°lys] = —¢l€]. Suppose v € P; since (V, ¢), is isotropic, we can find a, €
Q, and z, € B? such that a,& + z, # 0 and p[a,§ + 2z,] = 0. If a, = 0,
then z, # 0 and °[z,] = 0, a contradiction, since &,(B) = —1. Thus a, # 0
and c¢f°[a;'z,] = —¢[€]. This means that the equation c¢f°[x] = —p[¢] has
a solution z in B; for every v € v. Therefore by Theorem 29.15 it has a
solution in B°, which means that (V, ¢) is isotropic as expected.

30. The genus and class of a lattice and a matrix

30.1. Let (V, ¢) be a nondegenerate quadratic space over a global field F.
Then we can define the orthogonal and special orthogonal groups O(y) and
SO(p), and also O(p,) and SO(p,) for each v € v. The latter groups act on
Vi. To simplify our exposition, we let G' denote either O(y¢) or SO(y), and
G, the group O(p,) or SO(p,). Given a g-lattice L in V, by the class of L
with respect to G (or the G-class of L) we mean the set of all lattices of the
form La with a € G. Next, by the genus of L with respect to G (or the
G-genus of L) we mean the set of all lattices M in V such that M, = L,a,
with some «a, € G, for every v € h. These definitions of G-class and G-genus
are applicable to any algebraic subgroup G of GLg (V) for which G, is well
defined. For instance, if G = GLp(V), then G, = GLF, (V).

In view of Lemma 29.6 we see that the O(p)-genus of a lattice L is the
SO(p)-genus of L. Therefore we call it the (p-genus of L. Also, Lemmas
29.2(5) and 29.9 show that all the maximal lattices in V' form a single -
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genus. The principal purpose of this section is to prove that the -genus of
any fixed g-lattice consists of a finite number of classes with respect to SO(yp).
We first note a few formulas about the discriminant ideal of a lattice L
defined in (29.3c). If F is local, we have clearly d(L) = det [¢(z;, ;)] ?jzlg
for every g-basis {z;}, of L. If F is global, then by Theorem 10.19, we carn
find an F-basis {e;}; of V and g-ideals ay, ..., a, suchthat L = Y7, a;e;.
Then we have
(30.1) d(L) = det [¢(e;, ej)}n a?---a2.

ij=1
Indeed, if we take this to be a new definition of d(L), then clearly d(L), =

d(L,) for every v € h, and so it must coincide with the previous d(L). We
note two more easy facts on d(L):

(30.2) d(L) C po(L)" if n = dim(V),
(30.3) d(M) = [L/M]*d(L),

where [L/M] is as in §21.25. The first fact is obvious. As for (30.3), it is
sufficient to prove it in the local case. If F' is local, we can take o € GLp(V)
so that M = La. Then d(M) = det(a)?d(L) and [L/M] = det(a)g, from
which we obtain (30.3).

Lemma 30.2. Given a global field F, there is a constant B depending only
on F with the following property: given o € GL,,(F) such that det(a) € g*,
there exists a nonzero vector £ € gl such that |(£a);|, < B for every i <m
and every v € a, where (£x); is the i-th coordinate of au.

PROOF. Let X = (F,)., and d = [F : Q]. For a positive number b let
Y, denote the set of all x € X such that |[(xa);|, < b for every i and every
v € a. Since det(a) € g*, we have [Np/q(det(a))| = 1, and so vol(V}) =
2mrpmspymd where 1 resp. s is the number of real resp. imaginary primes of
F. By Theorem 12.5(i), if vol(Y;) > 2™dvol(X/gl), then Y; N gl contains
a nonzero element. Taking B so that 2"7*B? > 29vol(F,/g), we obtain our

lemma.

Lemma 30.3. Let (V, ¢) be a nondegenerate quadratic space over a global
field F, and ¢ an integral ideal in F. Then there exists a finite subset S of
F* such that @[L] NS # O for every g-lattice L such that po(L) C g and
rCd(L).

PRrOOF. By (30.2) we have ¢ C d(L) C uo(L) C g for such an L. There are
only finitely many ideals a such that ¢ C a C g, and so we can replace the
condition ¢ C d(L) by ¢ = d(L). Suppose d(L) = and po(L) C g; then we
can find a maximal lattice Ly containing L. By (30.3), r = [L1/L]?d(L1).
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We first assume that ¢ is isotropic. Since d(L) depends only on the ¢-
genus of L and all the maximal lattices form a single @-genus, we see that
d(Ly) is determined independently of the choice of L;. We are going to prove:

(30.4) There is an element of F* that is contained in p[M)] for every mazimal
lattice M in V.

Suppose this is so; let z be that element of F*. In the above setting d(L;) !¢
is the square of an integral ideal [L;/L]. Pick and fix a nonzero element ¢ in
[L1/L]. By (21.3f), cLy C L, and so ¢*z € ¢[L]. Since [Ly/L] is determined
by r, our problem can be reduced to (30.4).

Since ¢ is isotropic, by Lemma 22.3 we can find a weak Witt decomposition
V = Fz + Fy + W with elements x, y such that ¢[x] = ¢[y] = 0 and
2¢(x, y) = 1. Let M be a maximal lattice in V. By Lemma 29.3, M = ax +
aly+ (M NW) with a g-ideal a. Let {ay, ..., an} be a set of ideals that
represents the ideal class group of F. Replacing = and y by their suitable
scalar multiples, we may assume that a = a; for some 4. Take a nonzero
element ¢ in ﬂle(ai Na; ). Then g2 = plgz + gy] € ¢[M], which proves
(30.4).

Next we assume that ¢ is anisotropic. Let L be a lattice in V' such that
d(L) = and po(L) C g. By Theorem 10.19 we can put L = bz +gzg+-- -+
gx, with an F-basis {z;}7, of V and a g-ideal b. Replacing z1 by its suitable
scalar multiple, we may assume that g C b, and b belongs to a fixed finite
set B of ideals that represents the ideal class group of F. Let #(b) denote
the set of all lattices L of this type such that d(L) = and po(L) C g. For
each b € B we take and fix a member Ly of £(b), written Lo = bys + gya +
-+ + gy, with an F-basis {y;}_, of V. For L as above define o € GLp(V)
by y;a =z; for 1 <i <n. Then Loja = L. Put y,a = Z;—;l a;;y;. By (30.3),
r = d(L) = det(a)?d(Lo) = det(a)?r, and so det(a;;) = det(a) € g*. By
Lemma 30.2 there exists a nonzero element ¢ = (&1, ..., &,) of gl such that
| >0 &agjlo < B for every j and every v € a with a constant B depending
only on F. Put w = > &y and n; = Y i &aij. Then w € Ly and
wa =375 ny; € L, 0 # plwa] € po(L) C g, and [n;], < B for every j
and every v € a. Now plwa] = o( X2, 055 2op Meyr) = D55 M P(Yjs Yr),
and so |p[wal|, < 2" n2B2E for every v € a, where E = Max; &|2(y;, yk)|o-
(The factor 27" is necessary only if v is imaginary.) Take z € F so that
xg =g and |z|, = 2"°n2B2E for every v € a. Then p[wa] belongs to the set
S(x) defined in (15.10). The set S(x) depends on the choice of Ly € .Z(b).
Put Sy = S(z) with any fixed choice of L. Since ¢lwa] € p[L] NSy, we can
take (Jycgs So as S of our lemma. Our proof is now complete.

Theorem 30.4. Let (V, @) be a nondegenerate quadratic space over a
global field F. Given an integral g-ideal t, let Ay (r) denote the set of all
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g-lattices L in'V such that ¢ C d(L) and po(L) C g. Then there exists a finite
number of g-lattices Ly, ..., Ly, in'V such that every member of Ay (x) is the
image of L; for some i under an element of SO(p).

PROOF. Since [O? : SO?] = 2, it is sufficient to prove our theorem with O¢
in place of SO¥. Let n = dim(V). If n = 1, then we can put (V, ¢) = (F, ¢)
with ¢ € F*. Thus L is a g-ideal and d(L) = cL?, and so Ay (x) consists of
the g-ideals L such that ¢ C ¢L? C g, and so the finiteness is obvious. Let
us therefore prove the case m > 1 by induction on n. Fixing £ € F* N g,
denote by Ay (z, ) the subset of Ay () consisting of all L € Ay (x) such that
¢ € p[L]. In view of Lemma 30.3 it is sufficient to prove the finiteness of
Ay (x, £) modulo O(yp). (Replacing ¢ by c¢2¢ with a suitable ¢ € FX, we may
assume that ¢ € g.) We may of course assume that £ = ¢[z] for some z € V.
Fixing such a z, put U = (Fz)*. By the induction assumption, there exist
lattices My, ..., My, in U such that Ay (£2"r) consists of the images of the
M; under O#(U).

Let L € Ay (z, §). Then £ = p[w] with some w € L. By Lemma 22.5(ii),
z = wy with some v € O¥(V). Then z € Lv. Replacing L by Lv, we may
assume that z € L. Put N = {x—¢(z, 2)z|z € L} and L' = gz+N. Then N
is alattice in U and L' is a lattice in V. For x € L we see that £&x € N4gz = L.
Thus EL C L' C L, and so &*"yr C d(€L) C d(L') = &d(N) C d(N), Also,
po(N) C po(L) C g. Therefore N € Ay(£2"r), and so Na = M; for some
a € O?(U) and some i. Extend « to an element 8 of O%(V) by putting
208 = z; put also L; = gz + M; for 1 <i < k. Then L; = L'8 C Lf3, and so
(LB, L;) € o(LB, L3) C po(L) C g. Thus L; C LB C 2L;. There are only a
finite number of lattices between L; and 2Zi. We have proved that L is the
image of one of them under an element of O% (V). This completes the proof.

Corollary 30.5. With (V, ) as in Theorem 30.4, let L be a g-lattice in
V. Then the @-genus of L consists of a finite number of SO(p)-classes.

PROOF. As we already noted, d(L) and po(L) depend only on the ¢-genus
of L. Replacing L by cL with a suitable element ¢ of F'*, we may assume
that po(L) C g. Then our assertion immediately follows from Theorem 30.4.

30.6. We now define the adelization of the orthogonal and special orthog-
onal groups. We begin with a finite-dimensional vector space V over I’ and
GL(V'). We define the adelizations of V and GL(V'), written Va and GL(V)a,
by

(30.5) Va = {x e[ x

vEV

xy € L, for almost all v € h },

(30.6) GL(V)a = {ae [1cLve)

vEV

L,o, =1L, for almost all v € h}.
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Here L is an arbitrarily fixed g-lattice in V. In view of Lemma 21.6(i) these
do not depend on the choice of L. Also V4 is an additive group with respect
to componentwise addition, and similarly GL(V)a is a group with respect
to componentwise multiplication. We can view V (resp. GL(V')) as a subset
of Va (resp. GL(V)a) by identifying each « € V resp. @ € GL(V') with the
element of Va resp. GL(V)a whose v-component is « for every v. If V = F|
then GL(V') = F*, and we see that Fo and GL(V')a are exactly the adele-ring
and the idele-group of F' defined in (15.2) and (15.3).

We easily see that Vs has a natural structure of an Fa-module. If V has a
structure of an F-algebra, then Vo becomes an associative ring with respect
to componentwise multiplication. It is also easy to see that GL(V)a can be
identified with all the Fa-linear automorphisms of Va. If we identify V with
Fl and GL(V) with GL,,(F), then we naturally obtain GL, (F)a, which can
be identified with GL,,(Fa). We put

(30.7) Va=][Ve: Va={2€Va|x,=0 forevery vea},
vea
(30.8) GLn(F)a=]] GLn(F.),
vea
(30.9) GLn(F)n = {0 €GL,(F)a |y =1 for every vea}.

To make our formulas short, for a g-ideal a and an element z = (z,) €
[Ley (Fy)y we write

(30.10) z<a if =z, € (a,)] forevery v e h.

30.7. Given a g-lattice L in V and an element o € GL(V)a, we denote
by La the g-lattice such that (La), = Ly« for every v € h. Such a g-lattice
is guaranteed by Lemma 21.6(ii). In particular, for a g-ideal ¢ and t € Fy
we can define a g-ideal r so that (fr), = t,r, for every v € h. (This was
already defined in §15.5.) When a € GL(V) and t € F*, these symbols La
and tr are consistent with what we already have.

Now, given an algebraic subgroup G of GL(V) (or GL,(F)) for which G,
is defined, we define the adelization Ga of G by

(30.11)  Ga=GL(V)an]] G

vEV

= {x S H Gy | Lyx, = L, for almost all v € h},

vEV

where L is an arbitrarily fixed g-lattice in V. An algebraic subgroup G of
GL,(F), roughly speaking, is a subgroup of GL, (F') that is defined by poly-
nomial equations for the matrix entries, but there is a technical problem of
how to define G, for each v € v, which is nontrivial. Therefore in this book
we consider only the cases in which G, can be defined in an obvious way.
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In fact, we consider Ga only for G = SL(V), O¢(V), SO¥(V), GT(V), and
GY(V), and a few more groups such as the subgroup of GL,,(F) consisting of
the upper triangular matrices. For more on this point, the reader is referred
to [S97, Section 8].

Restricting the injection of GL(V) into GL(V)a to G, we can view G as a
subgroup of Ga. Also, for each v € v we can view G, as a subgroup of Ga

by means of the standard injection G — [],c, G- We put
(30.12) Ga = {x € Ga ‘ x, =1 for every v € h}7
(30.13) Gn={z€Gal|z, =1 forevery v e a}.

Then Gao = GaGn and G, = HUEa G,. For every © € Ga we can define
uniquely x, € G, and xp € Gp by = xa2n.

To define a topology on Ga, we first observe that M, (F,) for each v € v
has a natural topology. Since F, is locally compact, M, (F,) is a locally
compact additive group, and its subset GL,,(F,) has a natural structure of a
locally compact topological group. Now x +— det(x) is a continuous map of
M, (g,) into g,, and GL,(g,) is the inverse image of g.*. Since g* is open and
compact in g,, GL,(g,) must be open and compact. Thus, for a g-lattice L
in V and v € h the group {y € GL(V), | Lyy = L, } is an open and compact
subgroup of GL(V),. If G is as above, then G, is clearly a closed subgroup of
GL(V),, and so it has a natural structure of a locally compact group. Now
put

(30.14) U=Ga[[Us, Us={yeGy|Ly=Ly}
vEh

with a fixed g-lattice L. (If L = g%, then U, = G, N GL,(g,).) Clearly U =
{x € Ga |Lx = L}, where Lz is defined at the beginning of this subsection;
also U, is an open compact subgroup of G,. We then make U a topological
group with respect to the product topology. Since [], ., U, is compact and
(G is a locally compact group, U becomes a locally compact group. Now we
define a topology on G o by taking U to be its open subgroup. In other words,
a subset of G is defined to be open if it is a union of sets of the form =B
with « € Ga and open subsets B of U. We easily see that this topology does
not depend on the choice of L, and Ga becomes a locally compact topological
group.

Let (V, ¢) be a nondegenerate quadratic space over F' and L a g-lattice
in V. Then the @-genus of L is the set of all lattices of the form Lz with
z € O(p)a. Therefore, if U = {y € O(p)a | Ly = L}, then the map z +— Lx
gives a bijection of U\O(¢)a onto the set of all lattices in the ¢-genus of L,
and consequently each double coset of the double orbit space U\O(p)a /O(y)
determines an O(p)-class in the p-genus of L. Therefore the number of O(yp)-
classes in the ¢-genus of L is exactly #(U\O(p)a/O(p)); similarly the num-
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ber of SO(¢p)-classes in the @-genus of L is exactly #(U'\SO(¢)a/SO(p)),
where U' =U N SO(p)a.

Theorem 30.8. Given (V) ¢) as above, let X be an open subgroup of
SO(¢)a containing SO(p)a. Then X\SO(p)a/SO(p) is a finite set.

PRrROOF. Put G = SO(p) and D = {2 € Ga| Lz = L} with a lattice L
inV.PutalsoY =XnNnD,Y, =YnNG,, and D, = DNG, for v € h.
Then Y is an open subgroup of Ga, and so D, =Y, for almost all v. Thus
[D: Y] = [[,ep[Dv : Yo] with a finite subset p of h. Since D, and Y, are
open and compact, we see that [D, : Y,] < oo, and so [D : Y] < oco. By
Corollary 30.5 and the statement at the end of §30.7, D\Ga /G is a finite set,
and consequently X\Ga /G is finite. This proves our theorem.

Theorem 30.9. (i) Put G' = SL,(F). Then we have Gy = G'Y for
every open subgroup Y of GY containing G.

(ii) If G = GL,(F) and D is an open subgroup of Ga containing Ga, then
GD is a normal subgroup of Ga, and for every y € Ga we have

GyD = {x € G | det(y~'z) € F* det(D)}.

PROOF. Put L = g} and U = {y € G4 |Ly = L}. Then U = Gy
[loen SLn(gy). Let M = L¢ with ¢ € GY. Then [L/M], = [L,/M,] =
det(&,)gy = go for every v € h, and so [L/M] = g. By Theorem 10.19 we
can put L=ae; + Y., ,ge; and M =bf + > i, gf; with g-ideals a, b, and
F-bases {e;}*_; and {f;}", of F!. Define a € GL,(F) by e;a= f; for every
i. Then g = [L/M] = [L/La][La/M] = det(a)a=tb, and so b = det(a) La.
Define 3 € GL,(F) by fi8 = det(a)"'f; and f;3 = f; for i > 1. Then
det(aB)=1, Laf=M=L¢, and so &(aB)~! €U. This proves that G4 =UG".
Given an integral ideal a, put A= {;v eU | r—1< a}, using the notation of
(30.10). Given an open subgroup Y of Gk, we can take a so that A C Y.
Since G} =G'U, it is sufficient to show that U C G'A. Let a €U. Then we
can find an element 8 of M, (g) such that 8 —a«a < a. Then det(8) —1€a. By
Theorem 10.21, there exists an element «y of SL,(g) such that v—( < a. Then
v—a<a,and so vy 'a € A. Thus a € G'A, which shows that U ¢ G' A,
and we obtain (i).

To prove (ii), suppose det(y~'z) = c-det(d) with ¢ € F* and d € D.
We can find o € G such that det(a) = ¢. Then y~la~lzd™! € GY. Taking
GL NyDy~! as Y in (i), we obtain G} C G'yDy~! C GyDy~!. Therefore
r € ayGhL D = aGYyD C GyD. This proves the last equality of (ii). Taking
y = 1, we easily see that GD is a normal subgroup of Ga. This completes the
proof.

In general we say that strong approximation holds in an algebraic group
G of Ga if GaA = GX for every open subgroup X of Ga containing G. Thus



178 VI. DEEPER ARITHMETIC OF QUADRATIC FORMS

the above theorem says that strong approximation holds in SL,(F). This
result is included in the theorem of Eichler in [E38] similar to Theorem 10.21
concerning A* for a central simple algebra over an algebraic number field,
which is the origin of strong approximation.

30.10. We defined the genus and class of a lattice with respect to an
orthogonal group. Since the genus and class of a quadratic form were tra-
ditionally defined in terms of matrices, let us now explain the relationship
between these two kinds of definitions.

Given an integral domain R, we denote by S,(R) the set of all sym-
metric elements of M, (R) with nonzero determinant. We fix a nondegen-
erate quadratic space (V, @) over a global field F, isomorphic to (F, ¢g) with
wo € Sp(F), so that O¥(V) can be identified with O(pg) of (22.5). Put
L=gl and define several local and global groups as follows:

(30.15) A={y€GL,(g)| det(y)==1}, A'=SL,(g),
(30.16)  Ay={vEGLn(gy)| det(y)=%1}, Al=SL,(g,) (veh),
(30.17) A, =GL,(Fy) (v €a).

Now we consider the set @ of all ¢ € S, (F) such that ¢ = y,¢0 - 'y, with
Yo € A, for every v € v. This @ is called the genus of ¢y. Here we can take
Al in place of 4, if v € h without changing ®, because A, N O(pp), has
an element of determinant —1; see Lemma 29.6. For ¢ € @, by the O-class
resp. the SO-class of 1 we understand the set of 6 -t for all § € A
resp. § € A, Given ¢ € &, we have an element v of [], ., A, such that
1 = vpg - ty. Then by Corollary 27.4, ¥ = aypg -‘a with a € GL(V). Clearly
det(y)) = det(yp), and so det(a) = £1. Thus we can take such an « from
SL(V), as O(pp) has an element of determinant —1. We assign the lattice Lo
to 1. Then La belongs to the (-genus of L. Indeed, put ¢ = v 'o; then
€ € O(po)a and Lo = Le, which shows the desired fact.

Let v’ € &; then ¢/ = Byo - t3 with 8 € GL(V). Suppose ¢/ = o - tor
with o € A; put 7 = B~ 'oa. Then 7 € O(po) and (LB)T = La, that is,
Lj3 belongs to the O(pp)-class of La. This means that the O(pg)-class of La
depends only on the O-class of 1. We can take «, 8 € SL(V), so that if
o € Al then 7 € SO(pp), and so the SO(pp)-class of Lo depends only on
the SO-class of .

Conversely, let M be a lattice belonging to the ¢-genus of L. Then M = L¢
with £ € SO(po)a. By Theorem 30.9 we can find an element o € SL(V) such
that ((a ' )n € [[,en Ab- Put v = a&™! and ¢ = agp - ‘a. Then ¢ € &,
since ¥ = .0 * 1y, for every v € v, and M = La, which corresponds to .
Thus the correspondence 1 — La gives a surjection of @ onto the p-genus
of L.
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Finally, given ¢ = apg -t € @ and ¢/ = Bpg-t3 € & with a, 3 € SL(V),
suppose L3 = Lan with n € O(go); put ¢ = anB~t. Then ¢ € A and
1 = (' - ¥, so that ¢’ belongs to the O-class of . If n € SO(pg), then
¢ € A, and so v belongs to the SO-class of 1. In this way we find a bijection
of the set of O-classes of matrices onto the set of O(pg)-classes of lattices, and
also a bijection with SO-classes instead of O-classes.

It should be noted that we can take GL,(g) and GL,(g,) in place of A and
A,. Indeed, define @' to be the set of all 1 € S, (F) such that ¥ = v,00 - ‘v,
with v, € GL,(g,) for v € h and v, € GL,(F,) for v € a. For such a ¢
we have 1) = aypg - ‘o with o € GL(V). Then det(a) = +det(y,) for every
v € h, so that det(a) € g*. Put ¢ = diag[det(a)™!, 1,_1] and ¢/ = ¢ Te.
Then ¢ € GL,(g), vy € A, for every v € h and so ¥’ € ®. From this we see
that

(30.18) @&'={0v-'0|v €D, 6€GL,(g)}, P={ved | det(y)=det(yp)}.

Then we find that the set of O-classes in @ is a complete set of representatives
for @ modulo the equivalence under GL,,(g).

What we explained here is applicable only to the lattices L that are iso-
morphic to gl. In general each isomorphism class of g-lattices as g-modules
is determined by an ideal class of F' as described in Theorem 10.19. Therefore
the genus and class of a matrix must be formulated according to the choice
of that ideal class. We can give a clear-cut formulation, but it is somewhat
involved, and so for a detailed exposition, we refer the reader to Section 4 of
[S06¢].

31. Integer-valued quadratic forms

31.1. Let F be a local or global field and g its maximal order as in §§21.1
and 29.1, and (V, ¢) a nondegenerate quadratic space over F. We put

(31.1) Tw(g) = {(cij) € Su(g) | cii € 2g for every i},

where S, (g) is the set of symmetric elements of M,,(g) NG L, (F), as defined in
§30.10. Assuming for the moment g to be a principal ideal domain (which is
so if F'is local), take a g-lattice L in V. Let ¢ be the matrix representing ¢
with respect to a g-basis of L. Then po(L) C g if and only if ¢g € S,,(g), and
u(L) C g if and only if 2¢g € T,(g). Thus the discussion of integral lattices is
essentially the discussion of 2717, (g). An element of S, (g) defines a g-valued
symmetric form on a lattice, and is different from a g-valued quadratic form,
which is represented by an element of 2717}, (g). The distinction between these
two kinds of g-valued forms is nontrivial. In this section we classify g-valued
quadratic forms; the classification of g-valued symmetric forms will be done
in Section 33.
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Now p1ck and fix @g € 27 1Tn( ) in the global case; let (V, ¢) = (F, o)
and L = gL. Then L = L(2¢0) !, [L/L] = det(2p0)g, and d(L) = det(0)g.
Let 1 be an element of S, (F) belongmg to the genus of ¢( in the sense of
§30.10. Then (F, ) is isomorphic to (F, @), but the isomorphism-class of
(F, po) does not necessarily determine the genus of ¢g. However, as noted
in §30.1, all the maximal lattices in V form a single ¢-genus, and so the
genus of a matrix corresponding to a maximal lattice is determined by the
isomorphism-class of quadratic spaces. This point becomes clearer if F' = Q,
as will be explained in §31.3. We first state a global result concerning [Z/ L]
and (L) with no condition on F.

Theorem 31.2. Given (V, @) over a global field F, let Ko = F(6/?) be
the discriminant field of (V, ¢), and L a mazimal lattice in V. Let e be the
product of the prime ideals ramified in Q(p), and ey the product of the prime
factors of e that do not ramify in Ko; also let 99 = Ng,/p (d(Ko/F)), where
d(Ko/F) is the different of Ky relative to F. Then the following assertions
hold:

() p(L) =g if n>2.

(ii) If n is even, then [L/L] = dge? and (L)™' = dge;.

(iii) Suppose n is odd; let 6g = ab? with a square- f?"ee integral ideal a and
a fractional ideal b. Then [L/L] = 2a~¢*N2a and p(L)~" =4ane.

PRrOOF. We gave formulas for [L/L], (L), and (L)~ for a local lattice
L in (29.7), (29.8), and (29.9). For a global lattice L we have u(L), = pu(Ly).
Thus (i) follows from (29.8). Similarly (ii) and (iii) follow from (29.7) and
(29.9).

We will comment on u(L)~! in §31.11.

31.3. By Theorems 28.7 and 28.9 we can enumerate all the isomorphism
classes of (V, ¢) with given n, K, B, and {o,}. We can express the results in
connection with [L/L] and (L) by virtue of Theorem 31.2. For simplicity
we do so in this book only when F' = Q, in which case we can give a list
according to the nature of a symmetric matrix representing ¢ with respect
to a Z-basis of L.

We first consider more generally a local or global field F' and its maximal
order g, and note that both S,(g) and T,,(g) are stable under the map ¢ —
agp-ta for every o € GL,(g). We call an element ¢ of 2717,,(g) g-reduced
(that is, reduced as a quadratic form) if it satisfies the following condition:

(31.2)  ¢=ay-ta, a € M,(g), and ¥ € 27T, (g) = a € GL,(g).

Similarly we call an element ¢ of S, (g) s-reduced (reduced as a symmetric
form) if it satisfies
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(31.3) o=ay- -ta, ac M,(g), and 1 € Sp(g) = o € GL,(g).

If an element of Sy, (g) is g-reduced, then it is s-reduced, but the converse is
false. For example, 7, of (22.6) is s-reduced, but not g-reduced if 2 ¢ g*,
as . = a(271n,) - ta with a = diag[l, 2-1,]; 277, is g-reduced.

Let (V, @) be a quadratic space over F. Suppose g is a principal ideal
domain; let ¥ be the matrix representing ¢ with respect to a g-basis of a
lattice L in V. Then we see that 1 is g-reduced resp. s-reduced if and only
if L is p-maximal resp. p*-maximal in the sense of §29.1. Indeed, let L = g
and ¢ € 2717,,(g); suppose L is p-maximal and ¢ = ai)-ta with a € M, (g)
and ¢ € 27T}, (g). Then L C La~! and La~! is p-integral, and so the -
maximality of L implies that L = La~!. Thus a € GL,(g), which means that
@ is g-reduced. The converse and the statement about the s-reducibility can
be verified in a similar way.

31.4. Now, instead of trying to classify all Z-valued quadratic forms or
symmetric forms, we restrict ourselves to the g-reduced or s-reduced elements.
This idea seems perfectly reasonable for the following reason. In algebraic
number theory, without considering an arbitrary ring of algebraic integers,
we take the maximal order, and discuss everything in relation with it. For
instance, the class number of an algebraic number field is the number of ideal
classes with respect to the maximal order. Likewise, it is natural to define
the class number of a quadratic space to be the number of classes in the
genus of maximal lattices, which amounts to the number of classes in the genus
of a g-reduced matrix. It should also be noted that there are few previous
investigations on classification for an arbitrary value of the discriminant of
the form beyond the unimodular case. It can easily be seen that if ¢ €
27T, (g) resp. S, (g) and det(2¢p) resp. det(y) is square-free, then ¢ is g-
reduced resp. s-reduced. Therefore we will eventually classify all Z-valued
quadratic and symmetric forms with square-free determinant.

Before proceeding further, let us introduce a generalization of a traditional
terminology. We say that an element ¢ of S,(g) is of Type 1 if zp-tx ¢ 2g
for some z € g, and of Type 2 if xp -z € 2g for every x € gL. Clearly ¢
is of Type 2 if and only if ¢ € T,,(g). Given ¢ and ¥ of S, (F) let us write

(31.4) o~y if o=y -ta with a € GL,(F),
(31.5) o~ if p=ay-ta with o€ GL,(g).
If o~ for ¢, ¥ € S,(g), then clearly ¢ and 1 are of the same type.

31.5. Let us again take F' = Q and g = Z. Given ¢ € 27'T},(Z), let N be
the smallest positive integer such that N(2¢p)~! € T,,(Z). We put N = (T
and call it the level of T. We let G denote the subset of 2717},(Z) consisting
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of the g-reduced elements of 27T}, (Z). Clearly if T € 271T,,(Z) and det(2T)
is square-free, then T € &Y.

Given (V, @) over Q, take a maximal lattice L in V and let @ be the
matrix that represents ¢ with respect to a Z-basis of L. Then L= L(2®)71,
det(20)Z = [L/L], € 62, and every matrix in 6% can be obtained in this
fashion from a maximal lattice. Since all the maximal lattices form one genus,
we see that the genus of @ in the sense explained in §30.10 is determined by
the isomorphism class of (V, ¢), and vice versa. Also, we can easily verify
that p(L)™' = ((®)Z. If n > 2, then u(L) = Z by Theorem 31.2(i), and
hence the greatest common divisor of 2¢;; and ¢;; for all 4, j is 1.

Now the classification of all @ in &2 can be stated in the following two
theorems.

Theorem 31.6 (The case of even n). Let three integers n, o, §, and two
square-free positive integers eg, ex be given as follows: 4 < n € 2Z, |o| <
n,o € 2Z; § =1 or § is the discriminant of a quadratic extension Ky of Q;
eo divides § and ey is prime to 6. Let r be the number of prime factors of
eoer, and let B be the quaternion algebra over Q such that Dp = ege; (see
§27.9). Suppose that (—1)°/26 > 0 and o —4r =0 or 2 (mod 8). Then there
exists an element ® of &Y such that

|det(20)] = [3]e2, (&) =0, Q@) =B, (&)= dler.

Moreover, Ky is the discriminant field of @, every element of &% is of this
type, and its genus is determined by (o, 0, g, e1), where we put Ky = Q
if 6 = 1. These statements are true even for n = 2 wunder the following
additional condition on ey : if e # 1, then § # 1 and every prime factor of
e1 remains prime in K.

Proor. Take F' = Q in Theorems 28.9 and 31.2; put ¢ = ege;Z. We have
09 = 0Z. As observed in §27.9, B, = M(R) if and only if r € 2Z. Therefore
from (28.6a) we see that ¢ — 4r =0 or 2 (mod 8). Since B is determined by
e, and (V, ) by (n, o, §, B), we obtain our theorem.

Theorem 31.7 (The case of odd n). Let two integers n and o be given
as follows: 0 <n—1¢€2Z, |o| <n, and 0 —1 € 2Z; also let m and e be
square-free positive integers. Further let r be the number of prime factors of
e, and let B be the quaternion algebra over Q such that Dp = e (see §27.9).
Suppose that o = 4r+1 (mod 8). Then there exists an element ® of &° such
that

|det(2®)| =2(mnNe)?/m, s(®)=o0, Q(P)=DB, ((P)=4mnNe,
where x Ny denotes the least common multiple of x and y. Moreover, the
discriminant field of @ is Q(0'/?) with § = (—1)~V/2m, every element of
&Y is of this type, and its genus is determined by (o, m, e).
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PROOF. For the same reason as in the proof of Theorem 31.6, we see that
(28.6b) holds if and only if ¢ = 4r £ 1 (mod 8). Given m and e, take
§=(=1)""1/2m and e = eZ in Theorems 28.9 and 31.2(iii). Then a = mZ,
and we immediately obtain the desired results.

31.8. As one of the easiest special cases let us now discuss @ € 2717,,(Z)
such that det(29) is square-free. Though we will state results in more gen-
eral cases in Theorem 31.9 below, we first treat this simpler case, since the
arguments in the general case are complicated and it may not be so easy to
understand what the main points of the proof are.

Thus we take a square-free positive integer f with exactly v prime factors;
the case f =1 is included. We also take an integer o such that |o| <n and
o —n € 2Z. We look for an element & of 2717,(Z) such that

(31.6) |det(20)] = f and  s(®) = 0.

Since f is square-free, such a @ is g-reduced. Before discussing this problem,
we note an easy fact. For a positive square-free integer m let x(m) denote
the number of prime factors of m. Then we have:

(31.7) Given such an m >1 and € =0 or 1, the number of positive divisors
e of m such that k(e) —e € 2Z is 27(m) 1,

This is because ZE’;/OQ] <§z> = ZE(:O*UN] (2211 1) = 2k1,

Now take @ as in (31.6).

(I) Suppose n € 2Z. Let the symbols be as in Theorem 31.6. Then |§]e? =
fyand so e; = 1, 0] = f, eolf, and r < v. The nature of ¢ can be seen
from (10.11); namely, 4|5 or 6 — 1 € 4Z. If § > 0, then o € 4Z, and § =1
or 1<d=f=1(mod4);if § <0, then 0 —2 € 4Z and —6 = f = 3
(mod 4). Therefore we see that o — f 4+ 1 € 4Z in both cases. Now there are
2" factors eg of f, but the number of prime factors r of ey must be taken so
that 0 —4r € 8Zif f—1€4Z and 0 —4r—2 € 8Zif f -3 € 4Z

Therefore if 6 = 1, then v = 0, and r = 0 is the only choice, so that
we must have o € 8Z. If § # 1, then v > 0 and we have to assume that
o — f+ 1 € 4Z. Once this is satisfied, we can find r, and r (mod 2) is
determined. Thus by (31.7) there are 2~ ! choices of eg. Notice that the case
n = 2 can be included.

(IT) Suppose 0 < n—1 € 2Z; let the symbols be as in Theorem 31.7. Then
we easily see that elm, f =2m, m ¢ 2Z,and r <v—1.1f v =1, then f =2
and o+ 1 € 8Z. Otherwise m > 1, and we have to take r so that o =4r+1
(mod 8), which is feasible and there exist 2“2 choices of e.

To sum up, given a square-free positive integer f and an integer o such
that |o| < n and o —n € 27Z, there exists an element @ of 27T, (g) satisfying
(31.6) if and only if one of the following conditions is satisfied:
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(31.8a) f=1 and o €8Z,

(31.8b) f=2 and o=+1c8Z,

(31.8¢) 0<f—-1€2Z, ne?2Z, and o— f+1¢€4Z,
(31.8d) f=2m, 1<n—1€2Z with 0<m—1¢ 2Z.

The genus of such a @ is unique in the first two cases, and there are exactly
2v~1 genera of such @ in case (31.8c) and 22 genera in case (31.8d), where
v is the number of prime factors of f.

It should be noted that case (31.8a) is well known. Namely, there exists
U e T,(Z) (that is, ¥ of Type 2) such that |det(¥)| = 1 if and only if
s(¥) € 8Z. For the original proof of this classical result, the reader is referred
to van der Blij [V]. Let us now state more general results derived from the
above two theorems.

Theorem 31.9. In the following statements o is an integer such that
lo| <n and o —n € 2Z.

(i) Let f and g be square-free positive integers whose greatest common
divisor is 2 if both n and f are even, and 1 otherwise. Let ® € &°. Then
|det(2®)| = fg? with such f and g if n is even, and |det(2®)| = 2fg? with
such f and g if n is odd.

(ii) There is no ® € 271T,,(Z) for even n such that 2~* det(2®) is an odd
integer.

(iii) Let g be the product of t (> 0) different prime numbers and let 2 <
n € 2Z. Then &Y contains an element ® such that |det(2®)] = ¢*> and
s(®) = o if and only if o — g € 4Z or o — 4t € 8Z, and the genus of such a
b is determined by (o, g).

(iv) For g as in (iii) and 0 < n — 1 € 27Z the set G contains an element
& such that | det(2®)|= 2¢° and s(®) = o if and only if o =4t+1 (mod 8),
and the genus of such a ® is determined by (o, g).

(v) Let f and g be as in (i) and let s be the number of prime factors of
f; suppose that s >0 and 2 < n € 2Z. Then the number of genera of & € &2
such that |det(2®)| = fg* and s(®) = o is 2° if f—o+1 € 4Z and 257!
otherwise. Moreover, g € 2Z if f —o+1 € 4Z.

(vi) Let f, g, and s be as in (v). Then for 1 < n — 1 € 2Z the number of
genera of ¢ € &Y such that |det(20)| = 2fg? and s(®) = o is 2571

(vii) There exists ® € 27T, (Z) such that |det(2®)| = 2 and s(®) = o
if and only if 0 = +£1 (mod 8), and such a ¢ determines a unique genus for
each (n, o).

PrROOF. We can derive (i) from Theorems 31.6 and 31.7 in the same manner
as in §31.8, using (10.11); (ii) follows easily from (i). Suppose 2 < n € 2Z and
| det(29)| = g with g as in (iii). Then in Theorem 31.6 we have (d, e;) =
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(1, g) or (—4, g/2), which is so according as 0 € 4Z or 0 —2 € 4Z. If 0 € 4Z,
then ¢ = r, and so 0 — 4t € 8Z; if 0 — 2 € 4Z, then e; is odd, and so
0 — g € 47Z. In the latter case we take e = e; or 2e; according to the parity
of ¢t and o (mod 8). Thus we obtain (iii). The proof of (iv) is similar and
simpler.

As for (v), we have |§| = f or 4f, and (o, §) determines (o, f) and vice
versa. Now § has exactly s+ 1 prime factors if and only if f is odd and
|0] = 4f, which can happen if and only if f — o+ 1 € 4Z. Otherwise § has
exactly s prime factors. Once (o, d, e1) is fixed, the genus of @ is determined
by a factor ey of 9§, and the number of the prime factors of ey must have the
parity determined by r and e;. Since o determines r (mod 2), we obtain
(v) in view of (31.7). The proof of (vi) is similar and simpler. Finally, (vii) is
trivially true if n = 1. For n > 1, it follows immediately from (ii) and (iv).

31.10. Remark. (A) If n = 2, we can easily classify all ® € 271T5(Z)
without assuming @ to be reduced. In the higher-dimensional case, however,
no clear-cut results seem obtainable without the assumption that @ is reduced,
and therefore we believe that our restriction of @ to &% is more than natural.

(B) When F # Q, analogues of the statements of Theorem 31.9 are not so
simple. See [SO6b, p. 1540, Remark (B)] and [S06¢].

(C) We can state results about s-reduced elements of S,,(Z) similar to the
above theorems as we will indeed do in Section 3Z. However, before doing so
we investigate various things such as strong approximation.

(D) We have so far considered the genus of @, not the class of @, since the
nature of the latter is completely different from and far more complex than
the former. However, we can make a clear-cut statement about the class,
provided ¢ is indefinite and dim (V) > 3, as will be shown in Theorem 32.19
and §32.20.

31.11. Let us now explain the meaning of ¢(®) in terms of the theta series
associated with @, which is given by

(31.9) 0(z, &) = Y _ exp(2miz - g - 'g).

g
Here & is a positive definite element of 2717},(Z), g runs over the elements of
Z., and z is a variable on the complex half plane H = {z € C |Im(z) > 0}.
This is a modular form of weight n/2 and of level ¢(®), which is why we
call £(®) the level of @. To be precise, put N = ¢(®). Then for every ~ =

[Z Z} € SLy(Z) such that ¢ € NZ we have

(31.10a) 0(7(z), @) = (?) (cz + d)"?60(z, D) if n € 2Z,
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(31.10b)  O(v(2), @) = <§)h7(z)(02 +d) V292, @) if n ¢ 2Z.

Here v(z) = (az +b)(cz +d)~t, A = (—=1)"/?det(29) if n € 2Z, and A =
(=1)"=D/22 det(29) if n ¢ 2Z; h,(2) is the standard factor of automorphy
of weight 1/2, which was written j(v, z) in [S73]. Clearly A can be replaced
by the discriminant of the discriminant field of the quadratic form represented
by &.

To obtain (31.10a, b), we consider the theta series 6(z; h, A, N, P) of [S73,
(2.0)] with h =0, A=2®, and P = 1. Then it gives our series of (31.9), and
so we obtain (31.10a, b) as special cases of Proposition 2.1 of [S73].

We can similarly associate a theta series in the Hilbert modular case with
an integral lattice L in (V, ¢) when F' is totally real and ¢ is totally positive.
Then we can derive transformation formulas similar to (31.10a, b) from [S93,
Theorem 3.5, Proposition 3b.2]. The ideal u(L)~! is the level of the series in
the same sense.

32. Strong approximation in the indefinite case

32.1. The principal purpose of this section is to prove a kind of strong
approximation on an indefinite orthogonal group. As a preliminary step we
take a nondegenerate quadratic space (V, ) over a local field F' and prove
several lemmas concerning lattices in V' and symmetric matrices. We use
symbols g, p as before and also S,,( ) and =~ as in §30.10 and (31.5). From
§32.7 on, however, we consider objects over a global field.

Lemma 32.2. Let L be a lattice in V. If L(cw — ) C pLa for a, f €
GL(V), then La = L.

Proor. Put La = M and LB = N. For = € L we have za — 2 € pM
and xa € M, and so N C M, Similarly M C N + pM, and we can show
inductively that M C N +p*M for every k € Z, > 0. We have p*M c N for
some k, and so M C N. Thus M = N as expected.

Lemma 32.3. Suppose (V, ) = (F, po) with @o € Sy(F); let L = gt
Then LY = L if and only if vo € GLy,(g) and L = L if and only if 2¢¢ €
GLn(g)-

PROOF. This is because 2L = L¥ = Ly ", as observed in §29.1.

Lemma 32.4. (i) Let ¢ € S,(g) and € € S,(g) N GL.(g),r < n. If

e [i ﬂ , then ¢ ~ diagle, &] with € € S,_.(g).
(ii) Let L be a lattice in 'V such that po(L) C g; let M be a g-submodule
of L and X the F-linear span of M. Suppose ¢ is nondegenerate on X and

M={z€X|p, M)Cg}. Then L=Ma& (LNX").
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ProoOF. Given v as in (i), we can put ¢ =

€ tﬂ 3 n—r
3 w} with € gr™" and

ﬂls_l (1)] . Then yi-ty = diagle, £] with € € S,,_,(g).
This proves (i). In the setting of (ii) we easily see that M = L N X. Take
a g-basis {e;}7_, of M. Then (p(e;, ej)):7j:1 € GL,(g) by Lemma 32.3.
Therefore, given z € L, we can take ¢; € g sothat >\, c;p(e;, €j) = (2, €;)
for every j. Then z — Y ._, c;e; € LN X+, which proves (ii). In fact, (i) is
merely a reformulation of (i).

weg . Put y= [_

Lemma 32.5. Given o = 'c € M,(F), we have o = diag[oy, ..., o,]
b

with o; of size 1 or 2, where each o; of size 2 is of the form o; = {Z d] , ag+

dg G bg # {0}, and is necessary only if 2 € p.

Proor. We prove this by induction on n. Multiplying ¢ by a suitable
element of g, we may assume that o € M,(g); we may also assume that
0 # 0. Put 0 = (s;5). Let a be the g-ideal generated by the s;;. Suppose
that a = s;g for some i; we may then assume that ¢ = 1, and we can put
b 1 —a'b
d 0 171_1
gL .. Thus v € GL,(g), and 'yovy = diag[a, d — *ba~1b]. Applying induction
to d — 'ba~'b, we obtain the desired conclusion. Next suppose a = S5t
with i # j and a # spit for every k; we may assume that a = sjot. Put

a:{su 512 anda:[% b

o = % } with @ = s11. Put v = } and observe that a=1b €

. Then det(a)t = a® and a~! has entries
S21 S22 d

1y —a~1b
0 1,

tyoy = diagla, d — 'ba~'b]. Thus again induction gives the desired fact. To
see when o; of size 2 is necessary, suppose 2 € g*; take the above a of size

2; put e = [é ” . Then ea -te = [g g with f = s11 + s22 + 2512, and

in a~!. Therefore, putting v = [ } , we see that v € GL,(g), and

h

so fg = a. Therefore we can reduce our problem to the case of a of size 1.
This completes the proof.

Lemma 32.6. (i) If L is an integral lattice in V and L = L, then L is
mazximal.

(ii) If in addition n > 3 or ¢ is isotropic, then p[L] = g; if n = 2, then
g% C o[L].

(iii) Let M be a mazimal lattice in V. If n > 4, then o[M]| =g. If n =3,
then there is a nonzero element ¢ of g such that cg™ C o[M].

PROOF. In the setting of (i) if L C M and M is integral, then L C M C
M C L, and so L = M. Thus L is maximal and its nature was studied in
Lemma 29.8 and §29.10. Clearly g = ¢[L] if ¢ is isotropic. Suppose ¢ is
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anisotropic. Then n < 4. If n =4, then (V, ¢) = (B, ) and L = o with a
quaternion algebra B over F' and the maximal order o in B. From Theorems
21.21 and 21.23 we see that ¢[L] = g. Suppose n = 3. By (29.7) we have
2p? = §g, which is impossible, as p C §g C g. Thus we obtain the first part of
(ii). Suppose n =2 and ¢ is anisotropic. By (29.7) we have (V, ¢) = (K, k)
with an unramified quadratic extension K of F' and L is the maximal order
of K, and so g* C ¢[L] by Theorem 9.10(ii). As for (iii), if ¢ is isotropic,
then p[M] = g. Suppose ¢ is anisotropic. If n = 4, then p[M] = g as already
seen in the proof of (ii). Suppose n = 3; then we can put ¢[z] = —dza* for
x € M as in the case t = 3 in §29.10, where dg is g or p. If dg = g, then
M = gy + rw with the symbols in that subsection. Let x = aw with a € .
Then ¢[z] = dw?Ng/r(a). By Theorem 9.10(ii) we have g* = Ny, p(t*),
and so cg* C @[M] with ¢ = dw?. If dg = p, then M = gy + tw™!, and we
similarly obtain g* C ¢[M]. This completes the proof.

32.7. Until the end of this section we assume F' to be a global field and
take (V, @) = (F, ¢) with ¢ € S, (F). Thus SO(¢) C SL,(F). We will be
considering the group SO(p)a defined in §30.7. We denote by r (as we did
in §28.6) the set of all real archimedean primes of F.

Lemma 32.8. Let a be an integral g-ideal and let © € SO(p)a. Then
there exists an element o of SO(p) such that o —x < a. (See (30.10) for the
symbol < .)

PRrROOF. Let p be the set of all prime factors of a. For each v € p, we
have, by Theorem 24.6, z, = T(uy1 - Uy,) with invertible u,; € V, and
r € 27Z. The integer r may depend on v, but we can take the same r for
all v € h, since 7(w?) = 1 for every invertible w € V. Put L = g}. Then
for k € Z, > 0, we can find invertible y; € V such that y; — u,; < aﬁLU for
every v € p. Since the map 7 : G(V), — O(y), is continuous, by taking a
sufficiently large k, we find that 7(y; ---y,) — 2 < a. This proves our lemma.

Lemma 32.9. Given lattices L and M belonging to the same p-genus and
a finite subset p of h, we can find a lattice N belonging to the SO(p)-class
of M such that N, = L, for every v € p.

PrOOF. We can put L = Mz with z € SO(¢)a. By Lemma 32.8 we can
find an element a of SO(y) such that M,(« — z,) C 7L, for every v € p,
where m, is a prime element of F,. Then M,a = M,x, by Lemma 32.2, and
so (Ma), = L, for every v € p. Thus M« gives the desired N.

Lemma 32.10. Let {L;}}_, be a complete set of representatives for the
SO(p)-classes in the @-genus of a lattice L in V. If a € ¢[V] and a € ¢[L,]
for every v € h, then a € p[L;] for some i.
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PROOF. Suppose 0 # a = ¢[z] with = € V and a € ¢[L,] for every
veh. Let p= {11 c€h | x ¢ Lv}. Then p is a finite set. Since a € ¢[L,], by
Lemma 22.5(ii) we can find, for each v € p, an element «, of O(y,) such that
2 € Lyay,. By Lemma 21.6(ii) we can define a lattice M so that M, = L,
for every v € p and M, = L, for v ¢ p. Then M belongs to the ¢-genus of
L, and so M = L;$ for some i and some 5 € SO(p). We see that = € M, for
every v € h, and so © € M by Lemma 21.6(iv). Thus ¢[x] € p[M] = ¢[L;],
which proves our lemma.

Lemma 32.11. Suppose n > 3; let p be a finite subset of h and L a
lattice in V. Then there exists an element X\ of g such that A\ € g for every
vEpP and

(%) a € oVINAg and a € p[L,] for every v e h = a € ¢[L].

ProoOF. If this holds for p’ in place of p and p C p’, then it holds for
p- Thus we may assume that L, = L, for every v ¢ p and p contains every
prime factor of 2. Then for v ¢ p, L, is integral and maximal, and ¢[L,] = g,
by Lemma 32.6. Take {L;}" ;| as in Lemma 32.10. By Lemma 32.9 we may
assume that (L;), = L, for every ¢ and for every v € p. Let q = {v €
h|(L;)y # Ly for some i}. Then q is finite and pnq = 0. Take ¢ € g, # 0,
so that cL; C L for every i. By Theorem 1.3 we can find d € g such that
d € gX for every v € p and d € cg, for every v € q. Then (dL;), = L, for
every v € p and (dL;), C L, for every v € q. For v ¢ pUq we have (dL;), C
(Li)y = Ly. Thus dL; C L for every i. Let a be as in the left-hand side of (x)
with A = d%. Then a = d?b with b € g. For v ¢ p we have b € g, = ¢[L,]. If
v € p, then a € ¢[L,] and d € g}, and so b € ¢[L,]. Therefore, by Lemma
32.10, b € p[L;] for some i. Thus a = d?b € @[dL;] C ¢[L]. This proves our
lemma.

Theorem 32.12. Suppose n > 4 and there is a prime u € a such that
o 18 indefinite (that is, |su(p)| # n); let L be a lattice in V. Let a be
an integral g-ideal and p a finite subset of h. Further let a be a nonzero
element of ¢[V] and = an element of Va such that a = ¢[z] and z, € L,
for every v € h, ¢ p. Then there exists an element y of V such that a = ¢[y],
Yy — &, € ayL, for every v € p, and y € L, for every v € h, ¢ p. (Notice
that y € L if x, € L, for every v € p.)

PROOF. Suppose our lemma holds for L. Given a lattice M in V and a
finite subset p of h, put p’=pU{veh ’ L, # M,}. Let 0+#a € ¢[V] and
let « € Va; assume that a = p[z] and z, € M, for every v € h, ¢ p. Then
Xy € Ly for every v € h, ¢ p’. There exists an element y of V such that
y € L, for every v € h, ¢ p’, a = ¢y, and y — z, € a, L, for every v € p/,
where we take a’ so that a’L C aM. Then for v € p we have y — x, € aM,;
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for v ¢ p we have v € p’ or v ¢ p’. In the former case y — z, € aM, and
r, € M, and so y € M,; in the latter case y € L, = M,. Thus our lemma
holds for M.

Therefore we can change L. Thus we may assume that L = gl and x, € L,
for every v € h. Also, replacing ¢ by a 'y, we may assume that a = 1.
Replacing p by a larger set, we may assume that p contains every prime
factor of 2 and L, = L, for v € h, ¢ p. Further replacing a by its suitable
multiple, we may assume that a, # g, for v € p. Take an element z of V'
such that ¢[z] = 1. By Lemma 22.5(ii), SO(¢,) has an element «, such that
Zy = za,. By Lemma 32.8, SO(p) has an element ( such that z8 —z, =
2(B—ay) € aL, for every v € p. Put f = z03. Then ¢[f] =1and f—z, € aL,
for every v € p. Take ¢ € g, # 0 so that ¢f € L. We can find p € g such that
w—1€a, for vep and p € cg, for v ¢ p. Put w = pf. Then for every
v EP, w—x, €al,, and so w € L,, since z, € L,. We have also w € L,
for v ¢ p, since cf € L. Thus w € L, ¢[w] = p?, and p € gX for v € p.

Put g = {v € h|p ¢ g7} and U = (Fw)*. Then q1 Np =  and
V = Fw @ U. By Lemma 21.6(iii), (LNU), = L, NU, for every v € h. Also,
by Lemma 21.6(ii) there exists a lattice M in U such that M,, = L, N U, for
v¢p and M, =a,L,NU, for v € p. Then M C LNU. Since p[w] € g* if
v ¢ q1, by Lemma 32.4(ii), L, = gow ® M, for v ¢ pUqy. We have L, = L,
for v ¢ p, and so M, = M, for v ¢ pUq. Since dim(U) > 3, we have
gv = p[M,] for v ¢ pUq; by Lemma 32.6(ii).

Let v € qi. Then v ¢ p, and so v{2, L, = Ly, and pu(L,) = g,. We
can find a g,-basis {e;}"; of L, such that Fe; = Fw by the local version
of Theorem 10.19. Then w € gye; and U, = (Fye1)*. Since L, = L, and
2 € g, we see that (¢p(e;, ej))::jzl € GL,(gy), and so ¢(es, e;) € gX for
some j. If plei] € g, then L, = gye1 @ M, by Lemma 32.4, and ]va = M,.
Thus g, C ¢[M,] by Lemma 32.6(ii). If ¢le1] ¢ g5, then ¢(eq, ;) € g
for some j > 1, and wlen, e1) - gler, e5) € GLs(gy). By Lemma 32.4 we

ple1, e5)  plej, €5)
have L, = S, ® T, with S, = gye1 + goe; and T, orthogonal to S,. Then
ﬁ, =T, w €S, and T,, C M,, since p(w, T,,) = 0. By Lemma 32.6(ii),
95 C ¢[Ty] C ¢[M,]. Thus g C ¢[M,] for every v € qi.

Next, let v € p. Let N be a maximal lattice in U,. Then ¢N C M, for
some ¢ € gy, # 0. By Lemma 32.6(iii), ¢'g} C @[N] for some ¢ € g,, # 0.
Then c*c'g} C ¢[M,]. Therefore, multiplying this by a suitable square, we
can find an element e, of g, such that

(1) ey C o[M,] and 0 # e, € 4a,.

This is for every v € p.
By Lemma 32.11 there exists an element A of g such that A € g for
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every v € pUq; and
(2) a€plUNAg and a € ¢[M,] for every v € h = a € p[M].

Put g2 = {v e h})\ ¢ 9X}. Then q2N(pUqi) = 0. By Lemma 15.10 we can
find an element d of F' such that:

(3) d € g, for v € hy¢ pUqg; d— p (1 —e,/2) € ea, for v € p;
1 —d?u? € \g, for v € qo; |d|y, > 1/g; |d]y < e if u#ver and 1 € p[U,);
|dl, > 1/e if u#ver and 1 ¢ p[U,].

Here ¢ is a small positive number. Since ¢, is indefinite and ¢[w] = p?,
@ cannot be positive definite on U,. With a sufficiently small ¢ we see that
1 —d?u? € p[U,] for every v € a. Also 1 — d?*u? € g, = p[M,] for v € h, ¢
pUqi; 1—d?u? € gX C ¢[M,] for v € q;. For v € p we have u—1 € a,, and so
pwegr. Thus d—1 € a, and 1—d?*p?—e, € eya,, so that (1—d?u?)g, = €.,
We easily see that d € g. Therefore we can take 1 — d?u? as a of (2) to find
that 1 — d?u? = @lk] with k¥ € M. Put y = dw + k. Then y € L and
¢ly] = 1. For v € p we have k € M,, C a,L,, w € Ly, and d—1 € a,, and
SO Yy — Ty € ayL,. Thus y gives the desired element of our theorem.

Corollary 32.13. Let B be a quaternion algebra over a global field F' such
that B, = My(F,) for some u € a, and (3 the norm form on B. Then the
following assertions hold.

(i) Let o be an order in B, a an integral g-ideal, and p the set of the
prime factors of a; let a be an element of F* N B[B] such that a € (o)
for every v € h, ¢ p. Given (&) € [, Bv such that B[&u] = a, there exists
an element o of B such that (la] = a, o € 0, for every v € h, ¢ p, and
a— &, € a,0, for every v € p.

(i) Let B* = {7 € B* |7’yb = 1}. Then BY = DB?! for every open
subgroup of By containing BL. (See §30.7 for the notation.)

Proor. Take (V, ¢) of Theorem 32.12 to be (B, (). Then we immediately
obtain (i). To prove (ii), put U={y€ B} | oy=o} and W={weU | w, —1€
ao, for every v € h}. Given D as in (ii), we can take a so that W C D, and
so it is sufficient to prove that By = WBL. Let ¢ € U. By (i), we can find
« € B! such that « € o, for every v € h, ¢ p, and o — (, € ao, for every
v € p. Then « € o, for every v € h, and so « € 0. Since aa* = 1, we have
a € 0. Put n = Ca~t. Then n € W. Thus ¢ = na € WB*. This shows that
U C WB!. Therefore we have only to prove that By C UB!. Given ¢ € B},
take an integral ideal a such that ao, C 0,&, for every v € h, and let p
be the set of the prime factors of a. If v ¢ p, we have o0, C 0,§,, and so
& € 0,8, C 0y, which means that &, € o,. Thus o, = 0,&, for v ¢ p. By (i)
there exists an element v € B! such that v — &, € a%o0, if v € p and v € o,
if v ¢ p. By Lemma 32.2, we have 0,7y = 0,&, if v €p and v € 0 if v ¢ p.
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Thus 0,7 = 0,&, for every v € h, and so &y~! € U. Therefore, ¢ € U~,
which shows that By C UB! as expected. This completes the proof.

32.14. Notice that (i) of the above corollary is similar to Theorem 10.21,
and (ii) to Theorem 30.9. Thus the above corollary shows that strong ap-
proximation holds for B' with a quaternion algebra B over F such that B, =
My (F,) for some u € a. We now prove strong approximation for S°(V, ¢)
with an indefinite ¢ in the sense stated in the following theorem, where S°
is defined in (24.8). The theorem as well as the above corollary are due to
Eichler.

Before stating the result, we note that the map 7: G*(V) — SO?(V) is
defined by rational expressions in matrix entries, and so defines a continuous
map of GT(V), to SO¥(V), for every v € v. This is so for every homomor-
phism of an algebraic group into another defined by rational expressions. To
be explicit, fix v € h and a lattice L in V. Let R be an order in A(V). Then
the continuity of 7 : GT(V), — SO¥(V), can be stated as follows: Given
a, B € GT(V), and an integral g-ideal a such that a, # g,, there exists a
positive integer v such that

(32.1) a—pB€a’R, = Ly(r(a) —7(8)) C aL,.

The following theorem and Theorem 32.17 below are called strong ap-
proximation in S°(V) and SO¥(V); they are due to Eichler; see [E52a] and
K.

Theorem 32.15. Let (V, ) be a nondegenerate quadratic space of dimen-
sion n > 3 over a global field F such that ¢, is indefinite for some u € a.
Let L be a lattice in V, a an integral g-ideal, and p the set of the prime
factors of a. Given (&) € [],¢p, S°(Va), there exists an element o of S°(V)
such that L,a = L, for every v € h, ¢ p, and L,(a — &,) C aL, for every
v E Pp.

ProOF. We first note that G¢(V,)) = S°(V,) for every v € h, where G¢( )
is defined in §24.10. Indeed, if ¢, is isotropic or n = 3, the fact is proved
in Lemma 24.13. If n > 3 and ¢, is anisotropic, then by Theorem 25.4(ii),
(V, ©), is isomorphic to (B, ) with a division quaternion algebra B over F,,,
and so (iv) of the same theorem gives the equality.

To prove our theorem, we naturally assume that a # g and denote by
aj, ag, ..., etc., sufficiently high powers of a chosen suitably in each instance
so that the continuity property similar to (32.1) holds, so that we will even-
tually obtain the desired result at the end. We may also assume that L is
maximal.

We first assume that n > 4 and consider ¢, = 7(2, Yy TyYyy) With invertible
Ty, Yo € V4 given for each v € h. We can find invertible z, y € V such that



32. STRONG APPROXIMATION 193

xr—x, €a1L, and y—y, € a;L, for every v € p. (Since V = F!| this follows
from Lemma 15.3(ii), or even from Theorem 1.3.) Put w = z7(y). Then
m(z)r(w) = 7(2)7(y)7(2)7(y), ¢lz] = plw], and L, (r(zw) — ) C asL, for
every v € p. We are going to find « € S°(V) such that

(1) Lya=Lyif veh, ¢p,and L,(a—7(()) C azL, if v € p.

Replacing  and w by their suitable scalar multiples, we may assume that
z, w € L, and still with ¢[z] = ¢[w]. Put p’ = {veh|v & p, p[z] ¢ g} }. By
Theorem 32.12, there exists an element z of V such that ¢[z] = ¢[z], z € L,
for veh, ¢ puUp’,z—w € azL, for v € p, and z —x € azL, for v € p'.
Then z € L, L,(7(z) — 7(w)) C asL, for v € p and L, (7(z) — 7(z)) C asL,
for v € p’. Put a = 7(2)7(2). Then o(a) = p[z]?, and so « € S°(V). Also,
L, (a—T(xw)) C agL, for v € pand L,(a—1) C asL, for v € p’ (if we choose
as and a4 so that agsL7(x) C agL). Then L, (a — T(CU)) C asLyfor v € p.
By Lemma 32.2, L, = L,, for v € p’. For v ¢ pUp’ we have ¢[z] € g,
and so L,7(z) = L,7(w) = L, by Lemma 29.5. Thus L, = L, for every
veh, ¢ p,and « asin (1) has been obtained.

Now, given &, as in our theorem, we express &, for each v € p as a prod-
uct Cp1 -+ Cur of commutators (,;, each of which is of the type 7(z,y,2yys)
discussed above, since S°(V,) = G°(V,); see Lemma 24.11. The number r
may depend on v, but we may assume that r is the same for all v € p, since
we can insert 1 = 7(zzzx) as many as we like. Then by (1), for 1 <i <r
we can find «; € S°(V) such that L,a; = L, for every v € h, ¢ p, and
Ly(a; — (i) C azLy, for every v € p. Then g - -, gives the element « of
S° (V) with the required properties of our theorem. This completes the proof
in the case n > 4.

Let us finally consider the case n = 3. By lemma 25.2(ii), there is a
quaternion algebra B over F' such that (V, ¢) = (B°, ¢4°) with ¢ € F*.
Then GT(V) = BX, x7(b) = b~ lab for * € V = B° and b € B*, and
5°(V) = 7(B') with B! = {y € B* |yy* = 1}, as noted in (25.3b). Given
(&) € [lyep S°(V), take v, € By so that &, = 7(v,). Take a maximal or-
der o in B and put L = o N B°. By Corollary 32.13 we can find y € B!
such that y — v, € a0, for every v € p and y € 0, for v € h, ¢ p.
Since yy* = 1, we have y € o) for v € h, ¢ p. Put @ = 7(y). Then
a € S°(B°) and Lya =y Y(oNnB°),y = (eNB°), = L, for v € h, ¢ p. Also,
Ly(o— &) = Ly (7(y) = 7(7)) C aL, for every v € p if as is taken suitably.
This settles the case n = 3, and completes the proof of our theorem.

32.16. Still with (V, ) over a global field F| following the general princi-
ple of §30.7, we can define Va, A(V)a, and A(V)x. Then G(V)a, GT(V)a,
and G'(V)a can be defined as subgroups of A(V)x. To be explicit, take an
arbitrary order R in A(V'). Then
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2, € R} for almost all v € h}.

6+ ()a = {(@e € LGV

vev
The topology is defined so that G*(V)a[],cn [GT (Vo) N RY] is an open
(locally compact) subgroup, whose topology is the product topology; here
GT(V)a = Ilyea GT(V4). All these are valid with G(V) or G*(V) in place of
GH(V).
We can extend 7:GT(V) — SO? and v : GT(V) — F* to the maps
(32.2) 7:GH(V)a — SO% and v:GT(V)a — Fy.

Indeed, for z = (z4)vev € GT(V)a we put formally 7(z) = (T(xv))vev and

v(z) = (V(xv))vev. The notation being as in Lemma 29.13, we have z, € X,
and 7(z,) € C, for almost all v € h, and so 7(z) € SO%. Also, since A(L)
is stable under the canonical involution, we see that z} € A(L)X, and so
v(zy) = zpa € A(L)Y NF, = g, which shows that v(z) € Fy.

We now define a homomorphism

(32.3) o SO% — FX/Ff?

as follows. Since 7 : GT(V), — SO¢ is surjective for every v € v, we see
from Lemma 29.13 that 7 of (32.2) is surjective. Therefore, given a € SOY,
we can find an element & € GT(V)a such that 7(¢) = a. Then we define
o(a) to be the element of F/FX? represented by v/(€). Clearly this is well
defined. For expediency, we will often denote by o («) any element of F5 that
represents it. We can view this map as an extension of the homomorphism
0:SO¥ — F*|F*2 of (24.7). (Since F*? = FXNF?, we can view F* /F*?
as a subgroup of F/FX?.) Restricting the map of (32.3) to SO, we obtain
a map SOY — F)X/F*2 for each v € v. We put

(32.4) S°(V)a = {a € SO |o(a) =1}.

Here we are abusing the notation, since S°(V)a is not the adelization of the
group S°(V) of (24.8); it is merely defined as a subgroup of SO% by the last
equality.

We will be considering the image (X)) of a subgroup X of SO¥. To simplify
our notation, we will denote by o(X) the subgroup of F'* containing F'*?2 such
that o(X)/F>*? is the image of X in the strict sense. We understand o(X)
for a subgroup X of SO¢ or SOY in a similar way.

Theorem 32.17. Suppose that n > 3 and Of is not compact. Let D be an
open subgroup of SO% containing SOE. Then S°(V)a C S°(V)D. Moreover,
for every y € SO% we have
(32.4a) S0¢yD = {x € SOR |o(y~'z) € F*o(D)}.

Proor. For simplicity put G = SO¥ and S° = S°(V). Clearly it is suffi-
cient to prove the case in which D is given in the form
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D = {ye GA|Ay:A, Ay(yp, — 1) C aA, for every v Eh}

with a g-lattice A in V and an integral ideal a. Given z € S}, put p = {v €
h | Xy & Dy } This is a finite set. By Theorem 32.15 we can find an element
a € 5° such that Aya = A, if v ¢ p and Ay(a — x,) C mal,z, if v € p,
where 7, is a prime element of F,. Then A,a = A,z, by Lemma 32.2 for
v € p, and consequently for every v € h. Thus ax~! € D, which proves that
Sa C S°D.

Next, taking yDy~! in place of D, we have S§ C S°yDy~! C GyDy~'.
Suppose o(y~'z) € F*o(D); then o(y~'zd™') = aFy? with a € F and
d € D. We see that a € o(G,) for every v € a. The set o(G,), viewed as a
subset of F, consists of the nonzero products ¢[z1] -+« plzam] with z; € V,,,
and so coincides with {t € R |t > 0} if v is real and ¢, is definite. Otherwise
o(Gy) = FX. Let us now show that a = v(v) for some v € GV (p). If n =3,
then by Lemma 25.2(ii), G*(p) = B* with a quaternion algebra B over F
such that B, = H for v € a if and only if v is real and ¢, is definite.
Applying Corollary 27.5 to (B, (), we find an element v € B* such that
v(y) = a. Next suppose n > 3. Take any ¢ € V such that ¢[¢] # 0. By
Corollary 27.5 there is an element n € V such that ¢[n] = ap[¢]~!. Then
a = v(y) with v = &n. Thus for n > 3 we can put a = v(y) with v € GT ().
Put @ = 7(y). Then a € G, o(a) = a, and o(a"tzd 'y~!) = 1. Thus
a~lzd=ly=1 € 84 € GyDy~!, and so = € GyD. This proves (32.4a), since
o(y~'GyD) C F*a(D).

Lemma 32.18. (i) Given (V, @) over a global field F' as before, let C =
{z € SO} ‘ Lz = L} with a mazimal lattice L in V. Then [[,cp 95 C o(C),
provided n > 3.

(ii) With (V, ) as above, suppose F' = Q, ¢ is indefinite, and n > 3.
Then o(SO%) = Q* and o(SO¢%) = R*.

Proor. To prove (i), take v € h and assume that ¢, is isotropic. Then
from Lemma 29.8 we see that ¢[L,] = g,. Thus for every a € g there exists
an element = € L, such that ¢[z] = a, and also y € L, such that ¢[y] = 1.
Then J(T(xy)) = a. Suppose ¢ is anisotropic and n = 4. Then by Theorem
25.4(ii), (V, ¢)» = (B, §) with a division quaternion algebra B over F,, and
L, = o with the maximal order o in B as shown in §29.10. By Theorems
21.21 and 21.23(i) we have g, = ¢[L,] in this case, and so the argument in
the isotropic case is applicable. Suppose ¢ is anisotropic and n = 3. By
Theorem 25.2(ii), (V, ¢), = (B°, df°) with d € F* and B as in the case
n=4,and G*(V) = B*. Given any c¢ € g, by Theorem 21.23(i) there exists
an element z € B* such that zz* = ¢; similarly ww* =1 for some w € B*.
Then L,7(z) = L,7(w) = L, by Lemma 29.7. Since o (7(zw)) = ¢, we obtain
the desired result. This proves (i).
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The proof of (ii) is similar. Suppose n > 4. By Corollary 27.5, for every
a € Q* there exist elements z, y € V such that ¢[z] = a and ¢[y] = 1.
Then o(7(zy)) = a. Suppose n = 3. By Lemma 25.2(ii) we can put (V, ¢) =
(B°, —0/3°) with a quaternion algebra B over Q, and G (V) = B*. Since ¢
is indefinite, B, = M2(R). Therefore, for every ¢ € Q* the Hasse principle
(combined with Theorem 21.23(i)) guarantees an element z of B such that
zz* = c. Then o(7(2)) = 22" = ¢, and so ¢(SO?) = Q*. That ¢(50¢) = R*
can be proved in a similar way.

Theorem 32.19. (i) Let (V, ) be a nondegenerate quadratic space over
Q of dimension n > 3 such that ¢ is indefinite. Given a lattice L in V, let
D = {33 e SO% ‘ Lx = L}. If Z; C o(D) for every prime number p, then
the w-genus of L consists of a single SO?-class. In particular, the genus of
mazimal lattices in V' consists of a single SO¥-class.

(ii) Let @ be a g-reduced element of 27T, (Z) such that |s(®)| # n > 3. If
Ve 27 T,(Z) and ¥ = ad - ‘o with o € GL,(Q), then such an o can be
taken from o € SL,(Z).

Proor. To prove (i), put G = SO¥. Suppose Z,5 C (D) for every p. Then
by Lemma 32.18(ii) we have o(DG) > Q*R* [[, Z, = Qj; see (15.6a). Let
y € Ga. Then o(y) = o(za) with o € G and z € D. Thus 2z~ 'ya™! €
S°(V)a € DS°(V) by Theorem 32.17, and so y € xDS°(V)a C DG, which
means that Ga = DG, that is, #(D\Ga/G) = 1. This proves the first part
of (i) for the reason explained at the end of §30.7. In view of Lemma 32.18(i),
our result is applicable to a maximal lattice, and so we obtain the latter part
of (i).

As for (ii), the isomorphism class of (Q, @) with a g-reduced @ determines
the genus of @ as explained in the second paragraph of §31.1, and so if ¥ is
g-reduced and ¥ = o - ta with « € GL,(Q), then ¥ belongs to the genus
of @. Therefore, by (i), ¥ belongs to the SO-class of @. This proves (ii).

32.20. As a consequence of the above theorem we see that if |o| #n > 3,
then the number of genera in Theorem 31.9 is actually the number of SO-
classes of the matrices @ € &Y in question. For instance, we obtain the
following results, in which a class means an SO-class and we asssume that
n>3, |o| <n,and o —n € 2Z:

(32.5a) If o € 8Z, then there exists a unique class of symmelric matrices
Y € T,(Z) such that det(yp) =1 and s(¢p) = o.

(32.5b) If 0 £ 1 € 8Z, then there exists a unique class of symmetric matrices
Y € T,(Z) such that det(yp) =2 and s(¢p) = o.

(32.5¢) If [ is an odd prime number, n € 2Z, and o — f + 1 € 4Z, then
there exists a unique class of symmetric matrices ¥ € T,(Z) such
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that det(v) = f and s(v) = o.

(32.5d) If m is an odd prime number and n — 1 € 2Z, then there exists
a unique class of symmetric matrices ¢ € T,,(Z) such that det(y)) =
2m and s(v) = o.

More generally, the number of genera mentioned after (31.8¢, d) is actually the
number of classes, and the genus of @ in Theorem 31.9 becomes the SO-class
of @, provided |o| # n > 3.

In fact we can state a result about #(D\SO% /SO¥) for (V, ¢) over an
arbitrary global field F' such that SOZ is not compact and n > 3. We refer
the reader to Theorem 9.26 of [S04b]. In that theorem a certain condition
(9.2) is assumed in the last statement of the theorem, but that is actually
unnecessary, as explained in [S06¢c, Remark 2.4, (5)].

33. Integer-valued symmetric forms

33.1. As we said in §31.1, there is a great difference between quadratic
forms and symmetric forms when they are discussed over the ring of integers.
We have treated ¢-reduced quadratic forms in previous sections, and our next
task is the discussion of s-reduced symmetric forms in the sense of (31.3).

Thus we take a local or global field F' and its maximal order g. We consider
Sn(g), that is, the set of all symmetric elements of M, (g) NGL,(F). In §31.4
we divided the elements of S, (g) into two types, that is, Type 1 and Type
2. For A =1 or 2 we denote by S} (g) the set of all s-reduced elements of
Sn(g) of Type . If F is local and 2 € g*, then clearly S}(g) =0 and S2(g)
consists of all the g-reduced elements of T}, (g), which correspond to maximal
lattices. Therefore the problem about s-reduced matrices over a local field
with 2 € g* is already settled by what we have done in Sections 29 through
32. If 2 € p, however, the matter is far more complicated. Indeed, we easily
see that

(33.1) Y€ S%(g) = 2714 is g-reduced.

But the converse is false if 2 € p. Take for example g = Zs (or even g =
Z), and ¢ = 2 - 15. Clearly 15 is the matrix representing the norm form of
Q2(v/—1) with respect to the basis {1, /—1}, and Zy + Z2y/—1 is a maximal
lattice, and so 15 is ¢-reduced. However, we have

2 0 (1 02 1|1 -1
0 2| |—-1 2|1 1]]0 2|
which shows that 2 -1, is not s-reduced. It should also be noted that ¢ =
1

o ="tala with £ € 271Ty(Z2) and o € Ma(Z2), ¢ GLa(Zs2), then det(2€) €
Z3, which contradicts (29.7).

[2 ” is s-reduced and belongs to Si(Zs); also, ¢ is g-reduced. Indeed, if
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Let us now state more general results in the local case.

Lemma 33.2. Suppose F' is local and 2 € p; then the following assertions
hold:

(i) Let o = diag[on, ..., or] € Sp(g) with o; as in Lemma 32.5. Suppose
o is s-reduced. Then every o; of size 2 belongs to GL2(g) and there is at
most one o; of size 1 not contained in g*; such a o; not contained in g* is
a prime element of F. Moreover, every o; of size 2 belongs to Tx(g) if p = 2g.

(ii) An element o of S,(g) is s-reduced if and only if o € GLy(g) or

det(o)g = p.

PROOF. Suppose o; = [ b] and ag +dg & bg # {0}. If b € p, then

a
b d
ao; - ta € S,(g) for a = diag[l, 771] with a prime element m, and so o
cannot be s-reduced. Therefore if o is s-reduced, then b € g*, and so
0; € GLa(g); clearly o; € Th(g) if p = 2g. Similarly ¢ cannot be s-reduced
if o; € p? for some i. Thus every o; of size 1 belongs to g* or is a prime
element of F. Suppose o7 and o9 are prime elements. By Lemma 21.12(iii)

1 O] and
—u 01

2

we have —o9/01 = u* — o1a with some u, a € g. Put a = [

P = {C;l Z] . Then a1 - 'a = diag[oy, 03], which cannot happen if o is

s-reduced. Thus we obtain (i), which immediately implies the “only if”-part
of (ii). The “if”-part of (ii) follows from (31.3).

33.3. Let (V, ) be a nondegenerate quadratic space over Q, L a lattice
in V, and @ an element of S,,(Q) that represents ¢ with respect to a Z-basis
of L. Then @ € S,,(Z) if and only if po(L) C Z, and @ is s-reduced if and
only if L is p*-maximal, as observed in §31.3. Also, by Lemma 29.2(5), L
is y*-maximal if and only if L, is ¢*-maximal for every prime number p.
Therefore @ is s-reduced if and only if it is an s-reduced element of S,,(Z,)
for every p. For p # 2 it must be a g¢-reduced element of T}, (Z,).

Theorem 33.4. The set S2(Z) consists of the elements T of T,,(Z) such
that 2717 is q-reduced and det(7) ¢ 4Z.

PROOF. Take 7 € S2(Z). By Lemma 33.2(ii), det(r) ¢ 4Z. From (31.2)
and (31.3) we easily see that 2717 is g-reduced. Conversely, suppose T €
T.(Z) and 2717 is g-reduced. Put L = Z.. Then L is (27!7)-maximal, and
so L, is 7*-maximal for every p # 2. Suppose now det(r) ¢ 4Z. Then by
Lemma 33.2(ii), 7 is s-reduced at the prime 2. Thus Ly is 7*-maximal, and
so L is 7*-maximal. Consequently 7 is s-reduced. This proves our theorem.

33.5. By means of this theorem, the classification of the elements of S2(Z)
and their genera can be reduced to the classification of the reduced Z-valued



33. INTEGER-VALUED SYMMETRIC FORMS 199

quadratic forms represented by the elements @ of 27'T),, which was settled in
Theorems 31.6, 31.7, and 31.9; see also §31.8. We obtain the desired results
on S%(Z) by simply imposing an additional condition that det(2®) ¢ 4Z. For
this reason, we restrict our results on the classification of s-reduced elements
to those of Type 1.

In the discussion of ¢-reduced matrices, the crucial fact is that all the
maximal lattices form a single genus. Thus the main question in the case
of s-reduced matrices is whether all the ¢*-maximal lattices form a single
genus. The answer in general is no, but we can give a satisfactory answer if
the prime 2 is unramified in the global field F’ that is the base field. If F' = Q
in particular, we have a clear-cut answer.

Before stating it, we first make some easy observations. Let (V, @) be a
nondegenerate quadratic space over a local field F' in which p = 2g, and L a
p*-maximal lattice in V. Then

(33.2a) [L?/L] =g <= do(p) Ng* #0,
(33.2b) [L#/L]=p <= do(p)Ng* = 0.

Indeed, let o be the element of S, (g) that represents ¢ with respect to a
g-basis of L. Clearly [L¥ /L] = det(o)g. By Lemma 33.2, this is p or g. Since
do(p) is represented by +det(o), we obtain (33.2a, b). We also see that
o € Sl(g) if and only if u(L) = g, and o € S%(g) if and only if u(L) C 2g.
We say that L is of Type A if o € S} (g). Now we have

Theorem 33.6. Let (V, ) be a nondegenerate quadratic space over a local
field F' in which p = 2g, and let L and M be ¢*-mazximal lattices in V' of the
same type. Then L = M~ for some ~ € SO?(V).

This was given as Theorem 2.4(iii) in [SO8]. Unfortunately the proof is
long and involved, and therefore we refer the reader to that paper for details.

Theorem 33.7. Let ¢ € S,(Q) with n > 2. Then there exists an element
Y of SL(Z) such that ¢ = ap-ta with o € GL,(Q). Moreover, the genus of
such a Y is uniquely determined by .

Proor. Let (V, ¢) = (Q, ¢). By Lemma 29.2(1) we can find a maximal
lattice L in V = QL. Then u(La) = Zs by (29.8), since n > 2. By Lemma
29.2(1) there is a @*-maximal lattice L’ in V5 containing L,. By Lemma
21.6(ii) there exists a lattice M in V such that M, = L, for every p # 2 and
My = L'. Then M is p*-maximal. Let 1 be the matrix that represents
with respect to a Z-basis of M. Since p(Msy) = Za, we see that ¢ € S1(Z)
and 1 ~ . By Theorem 33.6 the genus of M is determined by . This proves
our theorem.
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Theorem 33.8. Let two integers n and o be given as follows: 3 < n €
Z,n—o €27, |o| <n;also let m and e be square-free positive integers. Let
r be the number of prime factors of e, and f the product of the prime factors
of e prime to 2m. Suppose that o —4r =0 or 2 (mod 8) if n is even and
o —4r = £1 (mod 8) if n is odd. Then there exists an element 1) of S}(Z)
such that

[det(y)| =mf?,  s(¥)=o0,

and Q(v) is ramified at a prime number p if and only if ple. Moreover, every
element of SL(Z) is of this type, and its genus is determined by (n, o, m, e).

Proor. Let 6 = (=1)l?/2lm and let B be a quaternion algebra over Q
that is ramified exactly at the prime factors of e, and also at the archimedean
prime if r is odd. By Theorem 28.9 we can find a quadratic space (V, )
over Q such that Q(p) = B, 0 = s(p), and § € Jo(p). Indeed, (28.7a) or
(28.7b) is satisfied; the condition on o — 47 implies (28.6a, b). Thus the
desired (V, ¢) exists. By Theorem 33.7 we can find ¢ € S}(Z) such that
Y ~ ¢. Now for L = Z" we have det())Z = [L¥/L]. From (33.2a, b) we
obtain [L¥/L]y = mZsy. If p # 2, then [L¥/L], coincides with [L/L],, which
can be given by (29.7). Combining all these, we obtain

(33.3) [LY/L] = mf*Z,

and so | det(1))| = mf2. This proves the first part of our theorem. Next, given
7 € SL(Z), let e be the product of the prime numbers ramified in Q(7); take
a square-free positive integer m so that £m € (7). Then we find that 7 is
of the type described in our theorem. Now the genus of 7 is determined by
n, s(7), do(7), and Q(7); also, Q(7) is determined by e. Therefore we obtain
our assertion about the genus. This proves our theorem.

Theorem 33.9. Let n € Z, > 2, and let o be an integer such that |o| < n
and o —n € 2Z. Let m and f be two square-free positive integers such that
f is prime to 2m, and let v be the number of different prime factors of 2m.
Then there exist ezactly 2V~ genera of 1 € SE(Z) such that | det(v)| = mf?
and s(¢) = o.

PROOF. Since the genus of 1 is determined by (n, o, m, e) as stated in
Theorem 33.8, our task is to count the number of possible e’s. Clearly e = fg
with a square-free factor g of 2m. Thus we have to count the number of
possible g¢’s. Let p be the number of prime factors of g. Then p < v and
o — 4r modulo 8 must be determined as in Theorem 33.8. We easily see that
each (o, f) determines p modulo 2, and so by (31.7) we have exactly 2¥~!
choices for g. This proves our theorem.
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Lemma 33.10. Let F be a local field in which p = 2g. Given o € St(g),
put C(p) = GL,(9)NSO(p) and X(¢) = o(C(p)). Let o : SO(p) — F* /F*?
be the spinor norm map of (24.7). Then g* C X(p) provided n > 2.

PRrOOF. This was given as Lemma 2.16 in [S08]. Here we merely explain
the basic ideas of the proof in the case in which F' = Qq, g = Zs, and ¢ =
diag[1, 1, 5]. Let L = (Z2)}. Then [L] consists of the number a? + b* + 5¢2
with a, b, ¢ € Zo. If [z] € Z5 and ¢[y] € ZJ with z, y € L, then 7(xy) €
C(y) by Lemma 29.5 and ¢[z]ely] = o(7(zy)) € X(p). We can certainly find
y € L such that ¢[y] = 1. From the fact in the table below (9.3) concerning
Q2(v/—1) we see that every element of 1+ 4Zy can be expressed as a? + b?
with a, b € Zy. Clearly 7 € ¢[L]. Thus X(¢p) contains 7 and 1+ 4Zs, and so
Z; C X(p), which proves our lemma in this special case. The general case
can be handled more or less in a similar way.

Theorem 33.11. Let ¢ and ¢ be indefinite elements of Sy (Z) with n >
3. Then the following assertions hold:

() If ¢ = arp-ta with a € GL,(Q), then such an « can be taken from
GL,(Z).

(i) If X =1, s(p) = s(1), and |det(p)| = |det(y))| = f2 or = 2% with
a square-free odd integer f, then ¢ = atp - ‘o with o € GL,(Z). Such a
exists for both values f? and 2f% and also for a given value of s(y), provided
ls(p)| <n and s(p) —n € 27Z.

PROOF. For A = 2, (i) follows from Theorems 33.4 and 32.19(ii). Thus we
have only to consider the case X\ = 1. Let (V, ¢) = (Q, ¢) with an indefinite
¢ € SY(Z),n > 3. By Theorem 33.7, if ¢y € SL(Z) and ¢ ~ 1, then ¢
belongs to the genus of . Combining Lemma 33.10 and Theorem 32.19(i),
we see that the genus of ¢ consists of a single SO-class, and so we obtain (i).
Next, if ¢ € S}(Z) and det(y) is as in (ii), then the genus of ¢ is determined
by det(¢) and s(p), by virtue of Theorem 33.9. Therefore (ii) follows from
(i).

It should be noted that the case | det(p)| =1 of (ii) was proved by Milnor
in [M].

33.12. The case where det(yp) is square-free is different from the situation
of Theorem 33.11(ii). For example, take a prime number m such that m+1 €
47Z. Put ¢ = diag[ls, —m] and v = diag[ls, m, —1]. Clearly these belong
to S}H(Z), det(p) = det(y)) = —m, and s(p) = s(¢) = 2. However, they
define nonisomorphic quadratic spaces. Indeed, suppose (Q, ¢) = (Q, ).
Then by Witt’s theorem, diag[l, —m| ~ diag[—1, m]. Put K = Q(y/m) and
K=K ®qQ Qum. Then —1 =22 — my? with z, y € Q, and z + y/m must
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be an integer of K,,, and so z, y € Z,,, which means that z? +1 € mZ,,.
This is impossible, since m + 1 € 4Z. Therefore ¢ ~ .

Viewing ¢ and v in the setting of Theorem 33.9, we have v = 2, and so
there exist exactly two genera of the matrices & € S}(Z) such that det(¢) =
—m and s(§) = 2. By Theorem 33.11(i) each genus consists of a single SO-
class. Thus ¢ and 1 represent these two different classes of such &.



CHAPTER VII

QUADRATIC DIOPHANTINE EQUATIONS

34. A historical perspective

34.1. We take a nondegenerate quadratic space (V, ¢) of dimension n over
a local or global field F' in the sense of §21.1. By a quadratic Diophantine
equation we mean an equation of the type

(34.1) plz] =q

with a given ¢ € F*. Let g denote the maximal order of F' as before. Given
a g-lattice L in V, put

(34.2a) Llg] = {x € L|¢[z] = q},
(34.2b) I'(L)={a € SO?(V)|La=L}.

In particular, in the classical case with F' = Q and V = Q}, we usually take
L = Z! and assume that ¢ is Z-valued on L and ¢ € Z. A quadratic form
with n = 2 is called a binary form. It was an old problem studied by many
mathematicians, Fermat and Euler in particular, to find integer solutions x
for a given binary form ¢ and ¢, that is, the elements of L[g]. They were
successful in some special cases, but the case of an arbitrary binary form ¢
was settled by Lagrange and later reformulated by Gauss.

In this book, however, we do not discuss this problem of finding x for
equation (34.1). To explain what kind of problems we will discuss, we first
introduce the notion of primitive solution. Still with Z-valued ¢, ¢ € Z, and
L =17}, we put

(34.3) Lq)={x e Llgl| Y, x:Z = Z},

and call the elements of L[q] primitive solutions of (34.1). This condition
of primitivity is fundamental in our theory as will be explained later. For
the moment, let us just say that the nature of the question about L°[q] is
quite different from that about L[g]; roughly speaking, the former is more
conceptual, and the latter more computational. We will eventually explain
this difference and present a new interpretation of L°[q], which leads to certain
class number formulas for orthogonal groups.

G. Shimura, Arithmetic of Quadratic Forms, Springer Monographs in Mathematics, 203
DOI 10.1007/978-1-4419-1732-4 7, © Springer Science+Business Media, LLC 2010
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34.2. Before proceeding further, let us look more closely at binary forms.
A binary form in two variables x and y over F' can be given in the form
ar® + bxy + cy? with a, b, ¢ € F. This is represented by the matrix h =

[b72 bé 2} . Employing the notation of §28.1, our two-dimensional quadratic

space can be written (F, h). We have det(2h) = 4ac— b?, and call the number
b? — 4ac the discriminant of the binary form represented by h.

We say that another form represented by a similar matrix A’ belongs to
the same class as h if

(34.4) h' =det(a)™!-ah-ta with o€ GLy(Z).

Here we deviate from the traditional definition b’ = ah-'a with o € SLo(Z),
because (34.4) with GL2(g) in place of GL2(Z) is the best definition in the
case of an arbitrary number field.

Now Lagrange showed that when F' = Q and g = Z, the number of classes
of the forms with a given discriminant is finite, which is the easiest case of
Theorem 30.4. For an obvious technical reason, it is natural to assume, as
Lagrange and later researchers did, that the binary form is primitive, which
means that the integers a, b, ¢ have no common divisors other than =+1.

In order to interprete the notion of class in a different way, we consider a
ternary form ¢ defined on Q} by

(34.5) ol(z, y, 2)] = 4oy — 22

If we fix ¢, then a primitive binary form of discriminat —q corresponds to
a primitive solution h = (a, b, ¢) € Z} of the equation @[h] = ¢ with ¢ of
(34.5), that is, an element of L°[q] with L = Z].

This much is trivial, but here is a nontrivial fact: I'(L) defined by (34.2b)
in the present case consists of all the maps h — h' of (34.4). (It seems
that the previous researchers did not connect SO(p) for ¢ of (34.5) with
binary forms, and the last fact on I'(L), proved in §36.14 below, is not a well-
known old result. Indeed, the corresponding fact in the case of an arbitrary
number field ' depends on the nature of the ideal class group of F'; see the
comments at the end of §36.14 below.) Therefore the classes of binary forms
of discriminant —¢q correspond bijectively to L°[q]/I"(L) defined with respect
to ¢ of (34.5). Denoting by ¢(q) the number of classes of primitive binary
forms of discriminant —q, we thus obtain

(34.6) #{L%q)/T(L)} = c(q)-

Before discussing another ternary form, let us quote here a basic result
of Dedekind. Assuming that —g is not a square in Q, define a quadratic
extension K of Q by K = Q(y/—¢). Since ¢ € 4Z or —q— 1 € 4Z, we can put
—q = f?d with 0 < f € Z and the discriminant d of K. Denote by t the ring
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of algebraic integers in K and define a subring §f of v by f = Z 4 fr. Then
Dedekind [DD, §187] showed that there is a bijection from the set of all ideal
classes of proper f-ideals (whose definition will be given in §36.1 below) onto
the set of all classes of primitive binary forms of discriminat —q. If —¢ =d,
then f =1, f=r, and a proper f{-ideal is a fractional ideal in K. By virtue of
this result, ¢(q) is the class number of such an f, and in particular, the class
number of K if —q = d. We naturally ask whether we can state a theorem that
extends this result of Dedekind to the case of an arbitrary algebraic number
field. We will give an answer in Theorem 36.13.

34.3. Next we turn to a more difficult problem concerning
(34.7) elz, y, 2)] = 2° + > + 22

We naturally look for primitive solutions h of the equation ¢[h] = ¢ for a
given ¢ € Z, > 0. In this case, the permutations of (x, y, z) and the diago-
nal elements of GL3(Z) generate a group of order 48 which has I'(Z?) as a
subgroup of index 2. In the celebrated book [G] Gauss showed that such a
primitive solution exists if and only if ¢ = b*m with an odd positive integer
b and a square-free positive integer m such that m # 7 (mod 8). This is
a stronger result than Theorem 27.14(ii). Moreover, he proved a far deeper
result on L%[g] for such a ¢, which can be reformulated as follows:

1 if m=3 (mod4) or ¢ <2,
Bas0)  #{IW/T(D)} = cla)- { e

From this we can easily derive a formula valid for ¢ = b?m > 3 :

34.8b L o hm = fmedd)
(34.8b) #L%(q] = c(q) - 12 otherwise.

In fact, Gauss stated something equivalent to (34.8b), but did not give a
clear-cut statement in the form (34.8a). It should be added that Legendre
was the first person who had the insight that binary forms were involved,
and Gauss owed much to that idea. The argument of Gauss was long and
roundabout. Later Eisenstein and Minkowski investigated the case of five
squares, but they never explained why class numbers were involved. Weil’s
book [We| gives a detailed historical account of what Lagrange and Legendre
did, but unfortunately, it does not explain much of the works of Gauss or his
successors. We mention Bachmann’s book [B], which includes an exposition
in that respect.

History aside, our point is that there is an unmistakable parallelism between
(34.6) and (34.8a). Therefore we can expect the existence of a general principle
of which (34.6) and (34.8a) are special cases. In the above two cases, n = 3
and binary forms have two variables, and so the expected principle for ¢ of
n variables may be of the following type:
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(34.9a) #{LOq]/I'(L)} = the class number of an object in dimension n — 1.

But things are not that simple, though the idea of (34.9a) is basically right. In
fact, if #L°[q] is finite, we will eventually find another formula that generalizes
(34.8b) and takes the following form in the simplest case:

(34.9b)  #L°[q] = the “mass” of an object in dimension n — 1.

This of course requires the defintion of the mass. Without going into details
here, let us merely say that it is a quantity associated with an orthogonal
group and its arithmetic subgroups.

As we said in the introduction, it is one of the main purposes of this book
to present a general principle that a primitive solution of (34.1) of dimension
n determines a class in an (n — 1)-dimensional orthogonal group. In other
words, we will give a conceptual interpretation of each element of L°[g]. We
will eventually obtain precise versions of (34.9a, b).

35. Basic theorems of quadratic Diophantine equations

35.1. Let us now develop our theory systematically by considering a more
general situation with (V, ¢) as in §34.1. To make our exposition smooth, we
restate Lemma 22.5(ii) in the following form:

(35.1) {heV]ghl =k} =h-SO?(V) if ¢h] #0 and n> 1.

We take F' to be local and use the symbols g and p. Fixing a maximal lattice
L in V, we put

(35.2a) C={aecS0?(V)|La=L},

(35.2b) L*={z eV |2p(x, L) =g}.

Clearly L*y = L* for every v € C.
We now state a theorem which plays a crucial role in our theory.

Theorem 35.2. Suppose that dim(V) > 1. Let h and k be elements of
V' such that @[h] = ¢lk] # 0 and @(h, L) = @(k, L). Then k = h~y for
some v € C, except when n =2, ¢ is isotropic, and @[h] € p, in which case
k = ha with an element « of O¥ such that La = L.

This was proved in [S04b, Theorem 10.5] under the following condition:
(35.3) do(p)Ng* #0 if n¢2Z.

It was shown in [S06¢| that this condition was unnecessary. In any case the
proof is long and involved, and therefore in this book we prove only the case
n = 3 under the following condition:
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(35.4) do(p) Ng* # O if o is isotropic.

PROOF. First suppose that ¢ is anisotropic. Then by Lemma 29.7, La =
L for every o € O¥, and so C' = SO¥. Let h and k be as in our theorem.
Then by (35.1), h € k- SO¥ = kC, which gives the desired result.

Thus we assume that ¢ is isotropic. Then we have a Witt decomposition
V=Fe+Ff+Fg,e*=f>=0,ef+ fe=1,g* =6 € F*. Our assumption
(35.4) allows us to take & so that J € g*. Replacing ¢ by 6 'y, we may
assume that § = 1. (Indeed, every ¢-maximal L is §~!p-maximal.) We can
take L = ge + gf + gg. Given 0 # h € V, we can find ¢ € F* such that
ch € L*. Therefore, it is sufficient to prove the following statement:

(%) If hy k€ L* and ¢[h] = ¢[k] # 0, then h € kC.
We note that L* C L = ge+gf+2'gg. Thuslet h = ae+bf +cg € L* with
a,be gand c €2 1g. Then ag+ bg + 2cg = g and ¢[h] = ab + c*.
We divide our discussion according to the nature of 2.
Case 1: 2 € g%
Case 2: 2 €p.
In Case 1, we see that ¢ € g and @[h] € g. Therefore we have two cases:
Case la: 2 € g* and ¢[h] € g*;
Case 1b: 2 € g* and ¢[h] € p.
In Case la, let Wi = (Fh)* and Wy = (Fk)* for h, k as in (x). Then by
Lemma 32.4, L = gh® (LN W) = gk & (L N Wa). Since ¢[h] = p[k], (35.1)
guarantees an element o of SO?(V) such that ha = k. Then Wi = Wa.
Clearly L N W; is maximal in W;, and so (L N W1)a is maximal in Ws. By
Lemma 29.9, (LNW;)a = LNWj for some 5 € SO¥(W3). We can extend
to an element of SO? (V') by putting k3 = k. Then af € SO?(V), haf =k,
and Laf = L, which gives the desired fact.
Let h =ae+bf 4+ cg € L* as before in both Cases 1 and 2. Since ¢[h| =

ab + 2, we have @[h] € g if and only if ¢ € g. Thus we divide Case 2 into
two cases:

Case 2a: 2 € p and ¢[h] € g;
Case 2b: 2 €p and ¢[h] ¢ g.

Since ag + bg + 2cg = g, we see that a € g* or b € g* in Cases 1b and 2a.
Suppose now a € g* or b € g*. Represent GL(V) with respect to the

basis {f, e, g}. Then diag[ [(1) H , —1} € C and diagfa, a™!, 1] € C for

every a € g*. Thus replacing h by a suitable element of hC, we may assume
that h =ae+ f +cg with a € g and c € 27 1g.
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Let us next represent GL(V') with respect to the basis {f, g, e} instead of
{f, e, g}, and let P denote the upper triangular elements of SO?. It is easy
to verify that P consists of the matrices of the form

d' s —s2d
(35.5) 0 1 —2sd (de F*, seF).
0 O d

For h =ae+ f + cg we have p[h] = a+ c¢*. In Cases 1b and 2a put

1 —c —c?

a=1{0 1 2c

0 0 1
Then o € C and ha = f + ¢[hlg. Given k € L* such that ¢[k] = ¢[h], we
can similarly find an element 5 € C such that k8 = f + ¢[k]g = ha. Thus
our problem is settled in Cases 1b and 2a.

Before discussing Case 2b, let us state a basic reult:

(35.6) SO#(V) = PC.

This will be proved at the end. Still postponing the discussion of Case 2b, we
consider any h € L*, with no conditions on a, b, satisfying

(35.7) Ap[h] € g¥2.

In this case we put 4p[h] = u? with u € g* and ¢ = 27 tug. Then ¢[f] = p[h]
and ¢ € L*. By (35.1) we have h = £ with £ € SO?(V). By (35.6) we can
put £ =7y with 7 € P and v € C. Take 7 in the form (35.5). Then {7 can
be identified with the row vector [0 271u —wusd]. Since ¢r = hy~! € L*, we

see that —usd € g. Put © = —sd and
2

1 —x —x
n=10 1 2z
0 O 1

Then n € C and ¢n = ¢m = hy~'. Thus h € (C. Since ¢ depends only on
©[h], this gives the desired result under (35.7).

Therefore we hereafter assume that 4p[h] ¢ g*2. Let h = ae+bf+cg € L*
in Case 2b. Suppose a € p and b € p. Then 2cg = g. Put d = 2¢. Then
d € g* and 4¢[h] = 4(ab + ¢*) = d*(1 + 4d~2ab) € g*? by Lemma 21.12(i),
a contradiction. Therefore a € g* or b € g*. For the reason explained in
Cases 1b and 2a, we may assume that h = f + ae + cg. Similarly we may
assume that k = f +aje+ c1g. Then a+ ¢ = p[h] = [k] = a1 + ¢}, and so
(c—c1)(c+c1)=c?—c2 =a; —a € g. Therefore c—c; €g or c+c1 € g.
Since 2c¢; € g, we see that ¢ —c; € g. Put r =c¢— ¢ and

1 r —r?
(=10 1 —=2r
0 0 1
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Then ¢ € C and k¢ = h as desired. This completes the proof of (x), except
that we have to prove (35.6).

PROOF OF (35.6). We easily see that P = {a € SO¥ ‘ e € Fe}. Also
(V, p) = (B°, 3°) with B = Ms(F), B° = {gc €B | tr(x) = O}, and (°[z] =
—zx* for x € B°. Indeed, we can put

e:[o 1] f:[o o] g:{l 0}

0 0}’ 1 0}’ 0 -1

This is a special case of Lemma 25.2(ii). We have GT (V) = B* = GLy(F)
and x7(b) = b~ 'ab for x € B° and b € GLy(F). We have L = ge+gf+gg =
Ms(g)NB°. Let D = GLy(g) and let T be the subgroup of GLy(F') consisting
of the upper triangular matrices. We easily see that b~ 'eb € Fe for b € T,
and so 7(T) C P. If b € D, then L7(b) = b~1Lb C Ms(g) N B° = L. Thus
L7(b) = L, since det (7(b)) = 1. This means that 7(D) C C. Now GLy(F) =
TD by Lemma 21.24. Thus SO¥ = 7(GL2(F)) = 7(T)7(D) C PC, which
proves (35.6).

We note here an easy fact included in the above proof:

(35.7a) If x € L*, then x € hC with h of the form h = ae + f + cg or
h=cg with a €g and 2c € g.

Indeed, if ¢ = ¢[x] € g, then = € hC with h = ge + f. Otherwise « falls into
Case 2b, and the above proof proves (35.7a).

Here we proved (35.6) only for isotropic ¢ of dimension 3. In fact, equality
(35.6) holds for an arbitrary dimension. For this fact the reader is referred to
[S04b, Theorem 6.13].

Theorem 35.3. Given (V, ¢) over a local field as in §35.1, let A be an
arbitrary g-lattice in V, and h an element of A such that ¢[h] # 0; let D =
{’y € SO¥ |A’y = A}. Then there exists a finite subset A of SO% such that

(35.8) {2 e A|plx] =¢lh] } =Joeca haD.

Moreover, we can take A = {1} if dim(V') > 1, A is mazximal, ¢[h] € g*,
and 2 ¢ p.

Proor. This is obvious if dim(V) = 1; so we assume dim(V) > 1. Let
C be as in (35.1) with a maximal lattice L in V. We have [C': C' N D] < oo
and aA C L for some a € F*. Thus it is sufficient to prove the case A = L.
To prove the last assertion, suppose h € L, p[h] € g*, and 2 ¢ p. Define
M as in Lemma 32.4(ii) for the present L with Fh as X. Clearly M = gh,
and so L = gh® (LN X*). If k € L and ¢[k] = ¢[h], then similarly L =
gk ® (LNY™*), where Y = Fk. By (35.1), k = hy with an element v of SO%.
Then X+ =Y. Since L is maximal, we easily see that LN X+ and LNY*
are maximal. Therefore (L N X*)vy is a maximal lattice in Y+, and so by
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Lemma 29.9, (LNX*)y8 = LNY+ with some § € SO?(Y+). We can extend
£ to an element of SO% (V) so that k3 = k. Then L3 = L and hy8 = k,
which proves the last assertion.

Next, if © € L and ¢[x] = ¢[h], then 2¢[hlg C 2¢(z, L) C g. Thus, the
set on the left-hand side of (35.8) for A=L is contained in | |, {z €V | ¢[z]=
¢[h], 2¢(z, L) = b}, where b runs over all the integral divisors of 2¢[h]g.
Therefore, by Theorem 35.2, equality (35.8) for A = L holds with A such that
#A is at most the number of such ideals b. This completes the proof.

For h € V and z € O?(V)a the element hz is meaningful as an element
of Va, and so V N AT for a subset T of O?(V)a is a meaningful subset of V.
We now prove the global version of Theorem 35.3 as follows.

Theorem 35.4. Let (V, @) be a nondegenerate quadratic space over a
global field F of dimension n. Let L be a g-lattice in V, C = {r € SO?(V)a |
Ly =L}, and I' = SO?(V)NC; let h be an element of L such that o[h] # 0
and let X = {a: €S0O?(V)a | hx, € L, for every v € h}. Then the following
assertions hold:

(i) {keL|¢lk] =¢lh] } =i, kil" with a finite set {k;}/_, C L.

(ii) Put W = (Fh)*. Then SO¢*(W)\X/C is finite.

PROOF. Since our assertions are trivial if n = 1, we assume that n > 1.
For simplicity put G = SO%(V), H = SO?(W), and C, = C NG, for v € h.
We can identify H with {a € G | ha = h}. By Theorem 35.3, for each v € h
there exists a finite subset X, of GG, such that

{2 € Ly|plz] = ¢lh] } = U,ex, M1Co;

moreover, we can take X, = {1} for almost all v. Therefore we can find a
finite subset X of Gy, such that hX = UgeX h&C. Thus for every z € X we
have hxz = h&é6 with some &€ € X and § € C. Then & z~! € Ha, which
shows that X = UgeX HAEC. Applying Theorem 30.8 to H, for each £ € X
we can find a finite subset E¢ of Hy such that HA=|_|5€E§ He(HaNECE™D).
Then HalC = UEGE& He€C, and so X ={J; . He€C. This proves (ii). Let k
be an element of L such that ¢[k] = ¢[h]. By (35.1), k= ha with o« € G.
Then « € X, so that a € He€C with some (g, ). For each (e, §) such that
GNecC # ), pickany € GNefC. Then GNHeEC=GNHBC=HPI. Let
B be the set of such s chosen for each (e, £). Then « € |—|B€B HpI, and so
k=ha € |—|ﬁeB hBT", which proves (i) and completes the proof.

35.5. Let (V, ) be a nondegenerate quadratic space over a global field F
of dimension n. Given a g-lattice L in V, ¢ € F*, and a g-ideal b, we put
(35.9a) (L) ={yeS0¢(V)|Ly="L},

(35.9b) C={xeS0¢(V)a|Lz =1L},
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(35.9¢) Llq, b] = {a: eViplxl=q, (z, L) =0 }

We will later assume that L is maximal, but for the moment we don’t need
that condition. Clearly I'(L) = C' N SO? (V). We have also I'(L) = I'(L),
since (Lvy)~ = Z7 for every v € O¥ as noted in §29.1. We easily see that
I'(L) acts on the right of L[g, b], and L[g, b] C 2bL. Therefore, by Theorem
35.4, #(L[g, b]/T"(L)) < co. (L]g, b] is not necessarily contained in L.)

For an algebraic subgroup H of O%, SO?, or GT(V), we can speak of the
H-genus and H-class of L as defined in §30.1. We let G*(V) act on V by
the rule za = 27(a) for z € V and a € G*(V), and so for a subgroup J
of G (V) the J-genus and J-class of L are the same as the 7(J)-genus and
7(J)-class of L. As noted in in §30.1, the SO¥(V)-genus of a maximal lattice
consists of all the maximal lattices in V, and it coincides with the O?(V')-genus
of the lattice. We call it, as we did there, the p-genus of maximal lattices.

We now state the main theorem of quadratic Diophantine equations.

Theorem 35.6. Let (V, @) be a nondegenerate quadratic space over a
global field F of dimension > 1. Define C by (35.9b) with a fized lattice
L in V. Let h be an element of V such that @[h] # 0; put W = (Fh)*,
G=S0%(V), and H=S0%(W). Let us consider H a subgroup of G by defin-
ing the action of H on Fh to be trivial. Thus H = {a eqG ’ ha = h}. Then
the following assertions hold:

(i) For y € Ga we have Ha N GyC # 0 if and only if V N hCy~! # .

(ii) Fizing y € Ga, take & C Ha so that HA N GyC = || e He(Ha NC).
For every ¢ € & take a. € G so that € € a.yC. Then the map € — ha.
gives a bijection of H\(Ha NGyC)/(HaNC) onto (V NhCy~ 1)/, where
Iy =GnyCy '

(iii) Take Y C Ha so that GHAC = |],cy GyC. Then

(35.10a)  #{(VNhCy=1)/I'"} =#{H\(Ha NGyC)/(HANC)},
(35.10b) #{H\Ha/(HaNC)} = > #{(VnhCy™")/T"}.

yey

(iv) Let = be the H-genus of L and let A = {Lgf1 ‘y € Y} with Y as in
(iii). Then A is a minimal subset of = with the property that every member
of = is of the form Ma with some M € A and o € G.

(v) In particular, suppose L is mazimal and n > 2; put ¢ = @[h] and
b=p(h, L). Then
35.11) VNhCy=! = (Ly=Y)[q, b] for every y € Ga,
35.12a) #{M]q, b]/I'(M)} = #{H\(Ha NGyC)/(HaNC)}

Zf M = Ly717 Y€ Ha,

(35.12b) #{H\Ha/(HaNC)} = > #{ Mg, b]/T(M)}.

MeA

(
(
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(vi) Let Q be an open subgroup of GT(V)a containing GT(V)a and let
A% = GTY(V)a NzQx~t for x € GT(V)a. Then (ii) and (iii) are valid with
{GH(V), GT(W), Q, A"} in place of {G, H, C, I'Y}. Moreover, if L, q, and
b are as in (v) and 7(Q) = C, then

(35.132)  #{GTW)\[GH(W)a NG*(V)2Q]/[GT(W)a N Q]}
= #{M[Q7 b]/A(M)} if M= LT(271)7 z € G+(W)A7

(35.13b)  #{GH(W)\GT(W)a/[GT(W)aNQI} =D #{Mlq, b]/A(M)},
M

where A(M) = {a € GT(V) | Mt(a) = M}, and M runs over the lattices
Lt(2)~! with z € GF(V)\GH(V)GT(W)aQ/Q.

Note: Since G\Ga /C and H\Ha /(HaNC) are finite sets by Theorem 30.8,
we see that Y is a finite set, and also from (ii) we see that (V N hDy~1)/IY
is a finite set. Also, we easily see that I'(M) = 7(A(M)), since 7(GT(V)) =
SO?(V).

PROOF. Let y, €, and a. be as in (ii); then «. € eCy~', and so ha. €
V N hCyt. If ne¢ € ByC with n € H,( € HaxNC, and B € G, then
B na. € GNyCy~! = I'Y, and so ha. = hna. € hBIY. Thus our map of
(ii) is well defined. Next let k € V. N hCy~!. Then k = héy~! with § € C,
and moreover, by (35.1), k = h¢ with &€ € G. Then h = h&éyd~!, so that
Eyd~! € Ha. Thus &yd—' € Ha N GyC. This shows that k is the image
of an element of Ha N GyC. To prove that the map is injective, suppose
e € ayCNHA and § € ByC N Ha with «, 8 € G, and ha = hfo with
o€l Put w= fBoa"'. Then hw = h, so that w € H. Since o € yCy~ ",
we have ByC = foyC = wayC, and so § € fyC N Ha = wayC N Ha =
wlayCNHA) =w(eCNHp)=we(CNHA) C He(C N Hp). This proves the
injectivity, and completes the proof of (ii). At the same time we obtain (i).

We have Ha = |, ¢y (Ha N GyC) with Y as in (iii), and so (35.10a, b)
follow immediately from (ii). To prove (iv), let € Ha. Then z € GyC with
some y € Y, and so = € ayC with some o« € G. Thus Lz~! = Ly a1l
If Ly ' = Lz7'3 with y, 2 € Y and 3 € G, then 2z~ !y € C, and so
y € GzC. Thus y = z, which shows that A is a minimal subset with the
property described in (iv).

As for (v), clearly V. N hC C Lgq, b]. Conversely, every element of Lg, b]
belongs to hC by virtue of Theorem 35.2. Thus
(35.14) V NnhC = Lig, b].
Let k€ VNhCy~* with y € Ga;put M = Ly~'. Then ¢[k] = ¢, ¢(k, M) =
o(h, L) = b, and kyCy~! = hCy~!. Taking k, M, and yCy~! in place of
h, L, and C in (35.14), we obtain VN hCy~! = V NkyCy~! = MJq, b] =
(Ly~1)[g, b]. This proves (35.11) when VNhCy~! # (). To prove the remaining

1
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case, suppose £ € (Ly~1Y)[q, b]; then ¢(ly,, L,) = b, = ¢(h, L), for every
v € h. By Theorem 35.2, ¢y € hC, and hence ¢ € hCy~!. This shows that
if (Ly=Y)[g, b] # 0, then V. N hCy~1 # 0, and so (35.11) holds for every
y € Ga. This combined with (35.10a, b) produces (35.12a, b). Assertion (vi)
can be proved by repeating all these arguments with the replaced symbols as
specified, since GT(W) = {& € G*(V) |ha = h} as noted in (24.3a). This
completes the proof.

Remark 35.7. (1) Formulas (35.12b) and (35.13b) are precise versions
of (34.9a). As explained in §30.7, #{H\Ha/(H N C)} is a generalized class
number of H; it may or may not be the number of classes in the H-genus of
a lattice in W. The precise version of (34.9b) will be given in Theorem 37.12.

(2) The set Y in (35.10) can be replaced by a subset X of Ga such that
Ga = |l e x GoC, which amounts to the addition of several zeros correspond-
ing to the elements z such that Ha N GxC = 0.

(3) In this book we consider only an equation of type ¢[h] = ¢ with a
scalar q. More generally, we can discuss an equation @ -1 = ¥ with ¥ of
size m > 1. For details, the reader is referred to [S04b, Section 13] and [S06c¢].

36. Classification of binary forms

36.1. We first recall some basic facts concerning the orders in a quadratic
extension of F. For the moment F is either local or global. We take symbols
K, v, and p in the following two cases:

(I) K is a quadratic extension of F, t is the maximal order of K, and p
is the generator of Gal(K/F).

(II) K =F&®F, t=g&g, and p is the automorphism of K given by
(a, b)? = (b, a) for (a,b) € F® F.

Let f be an order in K containing g in the sense of §21.1. Since § C ¢,
we have a+ a” € g for every a € f, and so f* =f. Put ¢ = {a € g|ar C f}.
Then ¢ is an integral g-ideal, which we call the conductor of f§.

Let us now show that for every integral g-ideal ¢ there is a unique order
in K of conductor ¢, and it is given by f = g ct. Clearly the global case can
be reduced to the local case; so assume F' to be local. Take u € v and ce g
so that v = g[u] and ¢ = cg. Suppose that ¢ is the conductor of an order f;
then clearly ¢ = {a € g‘au € f}. If a+bu € f with a, b € g, then b € ¢.
Therefore we have f = g+ cu = g+ gcu = g+ ct. Conversely, given an integral
g-ideal ¢, we see that g+ ¢t = g+ cu and this has conductor ¢, which proves
the desired fact. Also every order { in the local case contains an element v
such that f= g[v]. Indeed, we can take cu above as v.

In both local and global cases, given an order { in K, we denote by 4(f)
the g-ideal generated by (z — )2 for all & € f, and call it the discriminant



214 VII. QUADRATIC DIOPHANTINE EQUATIONS

of f. If ¢ is the conductor of §, then we easily see that §(f) = c¢2d(t); o(r)
is the discriminant of K relative to F. (In the local case we have D(K/F) =
(u—u”)?t = §(r) with u such that v = g[u]; see (14.9). In the global case, use
Theorem 14.4(ii).) Thus, once K is fixed, f is completely determined by its
discriminant. In the local case if f = g[v] with v € t, then §(f) = (v — v*)?g.
We note that in both local and global cases we have

(36.1) N F =X

Indeed, if a € v* N§, then a” € t* Nf and aa” € g* C §*, and so a~! =
a?(aa?)~t € §, which proves (36.1).
Now in both local and global cases, for a g-lattice m in K put

(36.2) m* = {a € K|Trg/p(am) C g}.

Here Try/p((a, b)) =a+b if K = F & F. Then m* is a g-lattice in K and
(m*)* = m; if n C m, then m* C n*. If § = g[v], then {* = (v —0?)~ 1§
because ((v—v?)~!, (v —v)~'vP) is the dual basis of (v, 1) with respect to
(7, y) = Trg/p(2y). Given an order f in K and a g-lattice m in K, we call
m a proper f-ideal if §f= {a e K ‘ oam C m}.

Theorem 36.2. (i) Let f be an order in K of the above types over a local or
global field F. Then all the proper f-ideals form a commutative group if we take
the product mn to be the g-lattice spanned by the products xzy with © € m and
y € n; the identity element of this group is f, and m~1 = {a eK ’ am C f}.

(ii) In the local case, a g-lattice m in K is a proper f-ideal if and only if
m=~f with v € K*.

PRroOF. Clearly the global case of (i) follows from the local case, which in
turn follows from (ii). Thus it is sufficient to prove (ii). The “if”-part of (ii)
is obvious. If amCm or am*Cm* for a € K and a g-lattice m in K, then
Trg/p(amm®) C Trg/p(mm*) C g, so that am* C m* and am C (m*)* =m.
Take m to be a proper j-ideal. Then we find that f={a € K |am* Cm*}.
If &€ (mm*)*, then Trg, p({mm*) C g, so that {m* C m*; hence £ € f.
Thus (mm*)* C f, and so f* C mm*. On the other hand Trg, p(fmm*) =
Trg p(mm*) C g, and so mm* C §*; thus mm* = §* = e ', where e=v — v
with an element v such that f= g[v]. Take u € v so that v = glu], and
define an F-linear map f : K — F by f(r+ su)=r for r,s € F. Then
flemm*) = f(f) = g, so that we can find an element p of em* such that
f(upm)=g. Then pm Cemm* =f. If a € f, then f(a)=f(08) with § € pm,
and o—f € guNf=cu, where ¢ is the conductor of . Thus o € pym+cr. This
shows that f=pm+cr. Then f=ff=(um+ct)(pm+cr) C pm+c?v C pm-+cfCF.
Thus §f=pm + c¢f. Our theorem is obvious if ¢=g; so suppose ¢ # g. Then
f=pm + c(um + cf) = pm + c%f. Repeating a similar calculation, we find that
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f = pm + ¢*f for every positive integer k. Taking k so that c*f C um, we
obtain f=pm. This completes the proof.

Lemma 36.3. The notation being as in §36.1, assume that F' is local; let
{K/F} denote 1, —1, or 0, according as K = F & F, K is an unramified
quadratic extension of F, or K is a ramified quadratic extension of F. Let § be
the order in K of conductor p, 0< meZ, and 0 the different of K relative
to F. Put 7(v) = 2”/x for « € K. Then the following assertions hold:

(i) 7 gives an isomorphism of v*/§* onto T(v*)/7(f*);

(ii) §¢ = {a € v* |a” —a€pmo};

(iii) 7(7)={yev |y =1, y—1ep™};

(iv) [ 7] =q™ (1 —{K/F}q~") if m >0, where q=(g/p).

Proor. To prove (i), suppose a€t* and 7(a)€7(f*); then 7(a)=7(b)
with bef*, and so a=cb with ce€ F*. Clearly ceg* Cf*, and so a€f*.
This proves (i). To prove (ii), take u€t so that t=g[u]. Then 2= (u — u”)r.
If a=b+ cucr, then a — a?=c(u — w”), which combined with (36.1) proves
(ii). To prove (iii), let y=7(x) with z€§*. By (ii), «* — z € p™0, and so
y—1=(axP—x)/xcp™d. Conversely, if yy?=1and y—1€p™d, then by Lemma
21.13(iii), y=="/x with z€t*. We have then 2z —x=x(y — 1) €p™d, and
so x€f* by (ii). This proves (iii). Put ¢=p™ and denote by f the natural
map of t™ onto (t/ct)*. Since f=g+ cr, we easily see that f(a)€(g/c)* for
act* if and only if a€f*. Thus [t : %] =[(x/ct)* : (g/¢)*], from which
our formula of (iv) follows immediately.

36.4. Given an order § in K, we can define the class number of § as
follows. Let Z(f) be the group of all proper f-ideals in the sense of §36.1 and
Theorem 36.2, and let & (f) be the subgroup of .#(f) consisting of all f-ideals
of the form af with aw € K*. Then we put ¢(f) = [Z(f) : Z ()] and call c(f)
the class number of §. A coset of #(f)/Z(f) is called a class of proper
f-ideals. For f =1, ¢(t) is the class number of K, which we denote by ck.
For K = F @ F, we have v = g @ g, and we easily see that c(r) is ¢%, where
cp is the class number of F'; thus we put cx = c2F for K = F@®F. If ¢ is the
conductor of f, then
(36.3) c(f) = e - [t* ©JT{r-[K/F pIN(p)'},

ple
which can be proved as follows. Since every proper f-ideal can be written

of with o € KX, we easily see that c(f) = [Kx : K*X(f)], where X(f) =
KX Tl,en £ Similarly cx = [Kx : K* X (v)], and so

c(f)/ex = [K*X(x): K*X ()] = [X(x) : X(x) N K* X (f)].
We easily see that X (v) N KXX(f) t* X (f). Thus
c(f)/ex = [X(v) : v X ()] = [X () : X(P)]/ [ X () : X ()]
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Clearly v*NX(f) = %, so that [¢* X (f) : X(f)] = [t : §*]. On the other hand
[X(v) : X()] = L, [v : £, which can be determined by Lemma 36.3(iv).
Therefore we obtain (36.3). Notice that the same reasoning proves (36.3) for
K =F@ F if we put [K/F, p] = 1.

36.5. Let us now consider the genus and classes of maximal lattices for
(V, o) of dimension 2 over a global field F. As shown in Lemma 25.2(i), we can
put (V, ¢) = (K, ck) with a suitable K as in §36.1, ¢ € F*, and k[z] = xa?
for € K; SO?(V) can be identified with the group

(36.4) H={aeK*|anr =1}.

Taking the prime ideal decomposition of cg, we can put cg = bNg/r(a) with
a fractional ideal a in K and a square-free integral ideal b in F’ whose prime
factors remain prime in K. Then a~'t is a maximal lattice in V; see §29.10.
Thus every maximal lattice is of the form a~'tx with € Ha. Put

(36.5) E={z€ Ha|tz=r}.

Then EN H, = {a €l |aap = 1} for every v € h. Since our group is
commutative, each class of maximal lattices corresponds to a coset of Ha /HE,
and so the class number is [Ha : HE)].

Assuming K to be a field, put ¢ = zt with & € Ha; then 1”7 = t. Con-
versely, if ¢ is an t-ideal such that pp” = ¢, then, by a well-known principle,
we can put =y~ 'p” with an v-ideal n. Take y € K so that y = yr and
put x = y”/y. Then x € Ha and ¢ = xr. Thus the genus of maximal lattices
consists of all the t-ideals of the form a~'y with r such that 1” = t.

Let Tk denote the ideal group of K and Jk,r the subgroup of Jx generated
by all the principal ideals and the ideals 3 such that 3 = 3. Then it can easily
be seen that the map 1y a~'yp~y” for y € Jx gives a bijection of Ix/Tk/F
onto the set of classes in the genus of maximal lattices. Thus

(3663) [HA : HE] = [jK : jK/F]
Now we have
(366b) [jK : jK/F] = (CK/CF) . 217)\[g>< : NK/F(ITX)].

Here ci resp. cp is the class number of K resp. F, and A is the number of
v € v ramified in K. This is a special case of a well-known formula for a cyclic
extension of an algebraic number field, which can be found in most textbooks
on class field theory. Here we cite an earliest reference [C, pp. 402-6]. When
F = Q, (36.6b) is well known in the so-called genus theory, and its proof will
be given in §38.4.

If K =F&F, wecan take ¢ =1, and vt = g & g; the genus of maximal
lattices consists of a@a~! with all the g-ideals a; SO¥ is isomorphic to F*.
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We easily see that the class number in this case is exactly the class number
of F'*.

36.6. To study the relationship between G and H in Theorem 35.6 when
dim (V') =3, we take (V, ¢) = (B°, —3°) with a quaternion algebra B over a
local or global F' and 0 € F* as in Lemma 25.2(ii). Then SO?(V) consists
of the maps = +— b~ lxb for z € B°, where b € B*. Given h € B° such
that hh* # 0, put W = (Fh)* and H = SO¥ (W), and define a subalgebra
K of Bby K = F + Fh. (If we start from (V, ¢) and define B as a subset of
A(p) as in the proof of Lemma 25.2(ii), then V = B°z. Here we start from
(B°,—43°) with given B and 0 € F*, and put (V, ¢) = (B°, —§5°), and so
V = B°. We don’t need A(ip); we have to know only that GT(p) = B> and
r7(a) = a lza for x € B® and a € BX.)

It can easily be seen that K = {a eB ‘ ah = ha}; K is either a quadratic
extension of F), or isomorphic to F' & F. In either case we have

(36.7) B=K+uwK, w*=v, wh=—hw

with a suitable v € F* and w € B; see Lemma 20.4 and §20.2. If B is not a
division algebra, then we have B =M,(F) and B° = {x € My(F) ‘ tr(z)=0}.

By (35.1), we can put, without losing generality, h = {(1) ](;
Then we have (36.7) with w = diag[l, —1] and v = 1.
We easily see that B° = Fh+wK and Trg/p(h'wK) = 0, and so W = wK.

Put g = p[h]. Since h? = —hh* = §71q, K can be determined as follows:

FoF if 6q € F*2,

F(((Sq)l/z) otherwise.
For y = wz € W with @ € K we have ¢[y] = vdzz*, and so we can put
(W, ) = (K, vék). Then H (= SO¥(W)) is exactly the group of (36.4).
Besides, we easily see that H consists of the maps y +— b~tyb = b~ 1bPy for
all be K*.

}WithpEFX.

(36.8)

36.7. Take F to be global in the setting of §36.6. We fix a maximal
order o in B and put L = o N B°. This is maximal, because each of its
localizations is maximal as shown in §29.10. Every maximal lattice is of this
form with some maximal order in place of 0. Indeed, if M is a maximal lattice
in V, then M = L7(a) with @« € GT(V)a = By, as noted in §30.1. Then
M = a"toan B°, and a oo is a maximal order in B. Now o is the unique
maximal order containing g and o N B°, since the corresponding fact over
a local field can easily be verified. (It is sufficient to prove the fact when
0o = M>(g) in the local case.) Therefore the number of classes in the genus
of maximal lattices in V' = B° is exactly the type number of B, that is, the
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maximum number of maximal orders in B that are not mutually conjugate
under the inner automorphisms of B.

We now take v € h such that B, = My(F,). Taking a suitable isomor-
phism, we may assume that o, = Ms(g,). Then o} = GL2(g,). We have

(36.9) 7(0f) ={a € SO?(V),|Lya=L,}, L=o0nNB°.

Indeed, let a € 0X. Then L,7(a) = a~'L,a = L,. Conversely, suppose L,a =
L, with o € SO?(V),. We can put o = 7(b) with b € B). Then L, =
b~ 'L,b = b to,b N By, and so b~ lo,b = 0,, since o, N B, determines o,
as explained above. Thus bo, is a two-sided ideal of 0,. By Lemma 21.20,
bo, = co, with ¢ € F), and so ¢~ b € 0. Since o = 7(c7!b), this proves
(36.9).

Lemma 36.8. Let (V, ) = (B°,—63°) as in §36.6 with a local field F,
B = My(F), and § € g*; put o = Msy(g) and M = B° No; further let
h be an element of V such that ¢[h] # 0. Put K = F[h], f = K No,
C={ye SO‘P(V)|M7 =M}, andY = {y € V|<,0(h7 y) = 0}. Then the
following assertions hold:

(i) § is the order of K whose discriminant is o[h)o(h, M)™2.

(ii) There exists an element w of 0* satisfying (36.7).

(iii) AT(M NY)=f and M NY = wf with any such w.

(iv) SO?(Y)NC =7(f*).

V) {aeSO*(YV)|(MNY)y=MnY} =7({ac K*|a/a’ €§*}).

(vi) wr is the only maximal lattice in Y containing M NY.

PROOF. As shown in §36.6, K is given by (36.8). Changing h for its
suitable constant multiple, we may assume that 2p(h, M) = g. Take £ € K

c  2a

% . Then ag+bg+cg = g,

so that f = g[¢]; put £ = [Z iﬂ and 2h =

z 296] with
2y —z
z = u —v. Since ¢ € 0, we can put zg + yg + zg = eg with e € g. Put

m=e ! L’j g];then m=e t({—v)e KNo=f=g[l], so that e € g*.

Now g = ag+ bg + cg = s(xg + yg + zg9) = seg = sg; thus s € g*. Since
s2(0 —14)? = (h — h*)? = §~1[2h], we obtain (i).

We have C' = 7(0*) by (36.9). By (35.7a) we can find an element v € C
such that hy = k with k € B° of the following two types: (1) k = diag[e, —c];

(2) k= [i _ac} .Here a € g and 2c € g. Since hy = aha~! with « € 0%,

h =17+ sl with r, s € F, and 2h:h—hL:s(€—€L):s[

in order to prove (ii), we can take h itself to be one of these two types.

0 _01} for Type (1) and

Then we can take w of (36.7) as follows: w = L
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w= [_01 210} for Type (2). Notice that w? = —1 for Type (1) and w? =1
for Type (2); w € 0* for both types. This proves (ii). Take any such w.
Then Y = wK as noted in §36.6, and M NY = o NB°NwK =0NwK =
w(oNK) = wf. Since (wa)(wb) = w?a’b for a, b € K and w? € g*, we easily
see that AT (M NY) = f. This proves (iii).

Next, GT(Y) = K* and SO?(Y) = 7(K*) as noted in §36.5. For = € K
and a € K* = GT(Y), we have wzT(a) = wbz, where b = a/a’. Clearly
(MNY)7(a) = MNY if and only if b € §*, which proves (v). Also, 7(a) € C
if and only if 7(a) = 7(c) with ¢ € 0%, that is, a € F*0*. This is the case
if and only if @ € F*§f*, as 0* N K = §*. This proves (iv). As for (vi), first
observe that t is a unique maximal lattice in K containing f with respect to
the quadratic form x +— Ng,p(z) (even when K = F @ F'). Transferring this
from K to Y = wK, we obtain (vi).

36.9. We now return to §36.6 with a quaternion algebra B over a global
field F, and take h, ¢, W, and K as considered there. We take also w and
v as in (36.7). We denote by t the maximal order of K, by 9 the different
of K relative to F, and by p the nontrivial automorphism of K over F. We
identify G*(W) with K*; then SO¥(W) = H = {a € K* |aa? = 1} as
shown in §36.5. Since H is commutative, #[H\Ha/(Ha N C)] of (35.12b)
can be written [Ha : H(Ha N C)].

Theorem 36.10. The notation being as in §§36.7 and 36.9, suppose § €
g*. Given h € V such that plh] # 0, let K = F + Fh C B as above and
let ¢ be the product of all prime ideals in F ramified in B. Then the order
f in K given by f = K No has conductor ¢, which can be determined by
the condition that ¢, = g, if vle and ¢;Ng,;p(0), = @lhle(h, L);? if v{e.
Moreover, define C by (35.9b) for the present L; suppose K is a field. Then

(36.10) [Ha: H(HANC)] = (cx/cp) - 27177 [g" : Ng/p(t)]
AU UTIN () [ [ {1 - [K/F, pIN(p) '}

ple
Here ci resp. cp is the class number of K resp. F'; u is the number of prime
ideals dividing e and ramified in K; v is the number of v € a ramified in K;

U:{xEtX‘wxpzl}, and U’:{xEU‘x—IECUvaor every UJ[e};

p runs over all prime factors of ¢; [K/F, p] denotes 1, —1, or 0 according
as p splits in K, remains prime in K, or is ramified in K.

PRrOOF. We take the localization at v € h. Suppose ¢ is anisotropic at v,
which is the case if and only if v|e; see (25.3). From Theorem 21.21 we see that
t, C 04, so that f, =rt, for such a v. Next suppose ¢ is isotropic at v; then
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we can put B, = My(F,). By Lemma 36.8(i), 2Nk, r(0), = p[hle(h, L), 2,
which proves our assertion concerning c.

To prove (36.10), suppose K is a field. Then we gave in (36.6b) a formula
for the number of classes in the genus of maximal lattices in W, which equals
[Ha : HE], where E = Hy [[,cp By with E, = v N H,. Put D = HxNC
and D, = DN H,. If vle, then ¢, is anisotropic, so that C, = G,; thus
D, = H, = E, if v|e. If vfe, then, by Lemma 36.8(iv), D, = 7(f). Define
U and U’ as above; then U = E N H, and

[HE:HD]=|E:ENHD|=|E:UD|=[E:D]/|[UD:D]=[E:D]/[U: UND].

Now UND = {z € U‘m € 7(f%) for every vte}. Therefore, from Lemma
36.3(iii) we obtain U N D = U’. Thus

(36.10a) UnC=UnbD=U".
We have also
[E: D] = [Ty [Eo : Dol = [Type [Bo : 7)) [7(e3) : 7(5)]-

By Lemma 21.13(ii), [E, : 7(¢})] = 2if v is ramified in K, and = 1 otherwise.
This combined with Lemma 36.3(1), (iv) gives

[E: D] =2°N(c) p|c{1 [K/F, p]N(p)~'},
where b is the number of the primes vte ramified in K. Now [Ha : HD] =

[Ha : HE|[HE : HD], and as we said, [Ha : HE] is given by (36.6Db).
Therefore we obtain the formula of our theorem.

In the above theorem we assumed that 6 € g*. We can actually prove a
similar result without that condition; see Theorem 5.7 and Corollary 5.8 of
[S06¢].

36.11. Using (36.3), we can express (36.10) as follows:
(36.11) [Ha:H(HANC)| = c(f)ep 27+ [g* : Ng,p(F)][U NF* U7

Indeed, observing that the map = — z2” gives an isomorphism of ©*/Uf*
onto Ng/p(t*)/Ng,p(f*), we have

[Nic/p(e): Ne/p (F)] = [ UF<] = [ £/ [UF £ = [ £/ [0 U 0 7],
From (36.1) and Lemma 36.3(ii) we obtain
(36.12) Unf*={zeclU|ar -z e}

Now ¢ of Theorem 36.10 is prime to e; so if vle, then a”—z€0, = ¢,0, for
every x €t. Thus we can replace the condition “z” — z € ¢d” in (36.12) by
“xf —x €y, for every wte” Since zf —x = (1 —xz)(1 + a”) for x €U, we
see that U’ C U N§*. Therefore, combining our calculations with (36.10) and
(36.3), we obtain (36.11).
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36.12. Let us next take B = My(F) and T = {z € My(F)|tr(z) = 0}.
Thus T'= B°, but we use the letter T" in this subsection. We put

(36.13a) j— {(1) _01} ,

(36.13Db) S={zeMF)|tz=a},
(36.13c¢) o(z, y) =27 r(zyt) (x, y € Mg(F)),
(36.13d) L=TnNM(g) and A=Sn M(g).

We view ¢ as a symmetric form on Ms(F). Clearly ¢[z] = det(x) for = €
M5 (F'), and the map x +— jz defines an isomorphism of (7', ¢) onto (S, ¢).

As observed in Lemma 25.2(ii) and §36.4, we have G*(T) = GL2(F) and
r7(a) = a twa for x € T and a € GLy(F), where a~'za should be un-
derstood within the algebra Mas(F'). Since (S, ¢) is isomorphic to (T, @),
GT(S) can also be identified with G Lo (F). Indeed, denote the projection map
GT(S) — SO?(S) by 7 instead of 7; then using the isomorphism z +— jz,
we can easily verify that

(36.14) 27/ (a) =det(a) ™ faza (2 €S, a € GT(S) = GLa(F)).

We easily see that L resp. A is a maximal lattice in 7" resp. S, jL = A, and

(36.15) K:Hb% bﬂ a, b,ceg}.

We now associate a binary form ax? + bxy + c¢y? to h = [b72 béﬂ €s.

Then —¢[2h] = b? — 4ac, which is called the discriminant of the binary
form. Clearly, 2¢(h, A) = g if and only if ga + gb + gc = g. In the classical
case in which F' = Q and g = Z, we called such a binary form primitive in
§34.2. In the general case, however, we have to deal with nonprincipal ideals,
so that the formulation is not so simple, since S may have maximal lattices
which are not equivalent to A.

In order to treat (S, ¢), it is more practical to employ G*(S) = GLo(F)
instead of SO¥(S) with the action of GLy(F') on S defined by (36.14). Of
course we can let GLy(F) act on S by the rule z — 'aza for a € GL2(F)
and x € S, but this does not leave det(x) invariant, whereas 7/(«) belongs
to SO?(S). In this case, for a g-lattice M in S, ¢ € F'*, and a g-ideal b, the
set of (35.9¢) can be written in the form

(36.16) Mlg, b] = {h € S| det(h) = g, tr(h* M) = 2b}.

Also, for y € GLa(F)a and M = A7'(y)~! we put

(36.17)  A(M) = GLy(F)NyQy~"  with Q= GLy(F)a [[ GLa(av).
vEh
From (36.9) we obtain
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(36.18) ={2€S0°(T)a|Lz=L}.

Theorem 36.13. Let the notation be as in §36.12. Assuming Alq, b] # 0,
for h € Alq, b] put W = (Fh)* and K = F + Fjh (this is the subalgebra of
Ms(F)); define Y as in Theorem 35.6(iii) with G = SO¥(S), H = SO¢ (W),
and C = {a: c Ga |Aa: = A}. Let 3 denote the ideal group of F, and Jo the
subgroup of J generated by all the squares of ideals in I and all the principal
ideals. Then the following assertions hold:

(i) K is isomorphic to F & F if —q € F*2 and to F(\/—q) otherwise.

[3:32]/2 if —q ¢ F*? and every vEV is unramified in K,

[3:32]  otherwise.

(iii) Put f = K N Ma(g). Then | has discriminant qb=2.

(iv) Let cp resp. c(f) denote the class number of F resp. the class number
of § in the sense of §36.4. Then for every lattice of the form M = A7'(y)~!
with y € K5 we have

#{Mlq, b]/A(M)}
_{ 2c(f)/cr if —q ¢ F*? and every v € v is unramified in K,
e

c(f)/er  otherwise.

ProOF. To prove these, we use (T, L) instead of (S, A). Thus, we take
h € L[g, b], put K = F + Fh, and define W in T instead of S. Then our
setting is a special case of §36.6; we have Gt (W) = K* ¢ BX = GH(T) =
GLy(F) and 6 = —1. For simplicity put R = F;[],cp 8. We have seen
(i) in (36.8). Let t denote the maximal order of K, Jx the group of all t-
ideals, and J’ the subgroup of J generated by Jo and Ng/p(x) for all r € Jk.
Then the map z — xg gives an isomorphism of F\ /R onto J, which sends
FX2F*R resp. Nk r(Kx)F*R onto Jp resp. J'. Now, every maximal lattice
in T is of the form L7(§) with £ € By, and its SO¥(T)-class is determined
by the coset det(&)FS*F* R by virtue of (32.4a) with 7(Q) as D there, since
o(7(§)) = det(§) and det(Q) = R. Therefore L7(€) is equivalent to a lattice
belonging to the SO?(W)-genus of L if and only if det(§) € NK/F(C)FKQFXR
for some ¢ € Ky, that is, det(§) € Nk, p(K 5)F* R. This shows that #(Y) =
[Ni/p(KX)F*R : FX2FXR] [3": T3] = [3:32)/[3 : F]. Since [T : T] =
[FX F*Ng r(Kx)] =1or2according as K = F&F or K is a field, we have
[3:3] <2,and [J: 7] =2if and only if K is a field and R C F* Nk p(Ky),
which is the case if and only if K is a quadratic extension of F' unramified at
every v € v, a well-known fact in class field theory. Otherwise J = J’. This
proves (ii). Assertion (iii) is included in Theorem 36.10.
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Now the left-hand side of (35.13a) is #[(Kx N B*2Q)/K*(Kx N Q)] in
the present case. Put #'={z€ K | Ng,r(z) € F*R}. By Theorem 30.9(ii),
B*2Q = {z€Bj | det(z~'z) € F* R}, and so we see that KX N B*2Q = 2%
for every z € K. Consequently the left-hand side of (35.13a) is equal to
(% : K*(K 5 NQ)], which is independent of z. Since f = K N M,(g), we have
KxnQ=KIIl,enfl, and so

(%) c(f):[K;:KX(KXQQ)]:[KX:%[Z’/:KX(KXQQ)].

Let 3% be the subgroup of Jx consisting of the ideals r in Jx such that
Nk r(x) is a principal ideal in F. Then the map x ~— xt gives an isomorphism
of KX /% onto Tk /3%, Also, t — Nk /r(x) gives an isomorphism of Tk /3%
onto I’ modulo the principal ideals. Therefore [K : #] = cp/[J : 3']. This
combined with (35.13)) and (%) proves (iv), since we have determined [J : J']
in the proof of (i). This completes the proof.

36.14. Let us now show that the above theorem gives Dedekind’s result on
the classes of binary forms over Z, as we said in §34.2. Take F' = Q and g = Z.

Then G*(S) = GLy(Q). Take h = [b% bﬂ € S so that 2h € Alg, Z).

Then ¢ = 4ac — b® and aZ + bZ + ¢Z = Z. Thus h represents a primitive
binary form of discriminant —gq. By Theorem 30.9(ii), GT(S)a = GL2(Q)a =
GL2(Q)Q with @ of (36.17). Thus #(Y) = 1. We have f = K N M(Z) and
so Kx NQ = K [],f,, which we denoted by X(f) in §36.4.

Since #(Y) = 1, Theorem 35.6(ii) combined with (35.11) establishes a bi-
jection of K3 /[K*X (f)] onto Alg, Z]/A(A). Now K 5 /[K* X (f)] is the group
of ideal classes of proper f-ideals, and A[q, Z]/A(A) is the classes of primitive
binary forms of discriminant —gq. In this way we obtain Dedekind’s corre-
spondence. At the same time we obtain (34.6) as a special case of (iv) of
the above theorem. However, there is one remaining point: that the group
{y € SO?(S) | Ay = A} consists of the maps 7/(c) defined by (36.12) for all
a € GLy(Z). This can be proved as follows. Let us use T' = B° instead of
S. Suppose v € GT(T) and Ly = L. Take £ € GL2(Q) = GT(T) so that
7(§) =~. Then ¢ 'LE =L and L = 0 NT, where o0 = My(Z). For the same
reason as in §36.7, we see that o is a two-sided ideal of o, and so £ = ca
with ¢ € Q* and o € GLy(Z). Thus v = 7(a) as expected. We can there-
fore conclude that c(f) is the number of classes of primitive binary forms of
discriminant —q.

Here the fact that Q has class number 1 makes the matter simpler. In a
more general case, the relationship between the stabilizer of A in SO¥(S) and
that in G (S) is more complicated. Also, when F' = Q, there is a distinction
between real and imaginary quadratic fields. For details, the reader is referred
to Lemmas 12.4 and 12.10, and Remark 12.11 of [S04b].
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37. New mass formulas

37.1. Let us now recall the notion of the mass of an algebraic group. The
idea of mass for an orthogonal group goes back to Eisenstein, Minkowski,
and Siegel, but here we employ the formulation introduced in [S97, §24.1]
and [S99a]. Let G be either SO (V) or GT(V) for (V, ¢) over a global field.
(More generally, we can take G to be a reductive algebraic group over a
number field.) Given an open subgroup U of Ga containing G, and such that
U N Gy is compact, we put U* = aUa"! and I'* = GN U for every a € Ga.
We assume that G, acts on a symmetric space .% and we let G act on . via
its projection to Ga. We also assume that I'*\.% has finite measure, written
vol(I"*\.), with respect to a fixed Ga-invariant measure on .. Taking a
complete set of representatives Z for G\Ga /U, we put

(37.1a) v([)=['NT: 1] vol(I'\.),
(37.1b) m(G, U) =m(U) = Y v(I').
ae%’

Here I' is a group of type I'*, T is the set of all elements of G which act
trivially on .7, and we assume that [I’'* N7 : 1] is finite. We easily see that
m(U) does not depend on the choice of . We call m(G, U) the mass of G
relative to U. If G, is compact, we take % to be a single point of measure 1
on which G, acts trivially. Then we have v(I') = [I": 1]7!, and so

(37.1c) m(G, U) =m(U) = Z [F*:1]7' if Ga is compact.
ae%
If G = SO¥(V) and G, is not compact, we take . to be G, modulo its

maximal compact subgroup. Given a g-lattice A in V, we can take U = {f €
Ga |Aa: = A}. Then we put

(37.1d) m(G, A) = m(G, U),

and call it the mass of the genus of A with respect to G.

We next take a subset S of V' that can be given in the form
(37.2) S=| | rsr)

geB
with A € V and a finite subset B of SO¥(V). We put W = (Fh)* and
H = SO¥ (W) as before, and define the mass of the set S to be the quantity
-1 _
(37.3) m(S) =v(I(A) > wv(dp), Ag=HNBI(A)B "
peB

Here we define v(Ag) for § € SO¥(V) with respect to a fixed measure on

a symmetric space associated with SO¥?(W),. We easily see that m(S) is
independent of the choice of B. Furthermore we have:
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(37.4) The elements h35 with 8 € B and § € 3~ AgB\I'(A) constitute the
set S without repetition.

In particular, if O¥(V), is compact, then I'(A) and Ag are finite groups.

Therefore we obtain

(37.5) m(S) =#S if O?(V), is compact.

By Theorem 35.4 and what we said in §35.5 we can take A[g] and A[g, b] as S.
The mass can also be defined with respect to invariant measures on G, and
Gh. For this and other formulas on the mass the reader is referred to [SO6a,
Section 5].

We now state a result which may be called the second main theorem of
quadratic Diophantine equations.

Theorem 37.2. Let (V, ¢), L, C, h, G, and H be as in Theorem 35.6.
Assuming L to be maximal, take y and & as in (i), Y as in (iii), ¢ and b as
in (v) of the same theorem; put A. = HNeCe™"' for e € & and LY = Ly ™!
for y €Y. Then

(37.6a) m(Lv]g, b]) = v(D(LY) Y v(A.),
el
(37.6b) > w(I(LY)m(LY[g, b]) = m(H, Ha N C).
yeyY

PROOF. From Theorem 35.6(ii) and (35.11) we see that LY[q, b] is the
disjoint union of ha.I'(LY) for all € € & with a. defined there, and so we
can take {a. |<€ € &} as the set B of (37.3) for A = LY. Now a.I'(LY)a! =
GNayCy~tazl = GNeCe™! andso Ag = HNeCe ! = A, if 3= a.. Thus
we obtain (37.6a). Next, take &, C Ha so that HAﬁGyCZLlsegy He(HaNC).
Then the union | |, .y & gives H\Ha /(HANC),andso >,y Zaeé?y v(Ae) =
m(H, Ha N C), which combined with (37.6a) gives (37.6b).

It should be emphasized that the right-hand side of (37.6b) is the mass of
H relative to Ha NC, which is different from the class number of H relative to
Ha NC that appears on the left-hand side of (35.12b). In the next subsection
we will discuss more about this difference in connection with Siegel’s work.

37.3. The formulas of the above theorem may be called the mass formulas
for the set L[g, b] of “primitive solutions” of the equation ¢[z] = ¢q. They
are the precise versions of (34.9b) we promised in §34.3. Let us now compare
them with Siegel’s mass formulas, which have some similarities to, but are
quite different from, ours. To make our exposition easier, let us assume that
SO?(V)a is compact; then from (37.5) and (37.6b) we obtain
(37.7a) ST r(@Y) 1] #L g, b] = m(H, Ha N O).

yeyYy
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We note here another formula that follows from (35.12b):
(37.7p) > #{L'[a ]/ (L")} = #{H\Ha/(Ha N C)}.

yey

If we take #{z € LY | ¢lz] = q} in place of #L¥[g, b], then the left-hand
side of (37.7a) becomes a quantity similar to the weighted average of the
representation numbers of ¢ by ¢, considered by Siegel. He showed that
the average is an infinite product of local representation densities; see [Si35]
and [Si36]. Though (37.7a) is similar to his formula, there are three kinds
of differences: (1) we have LV[q, b] instead of {z € LY |p[z] = ¢}; (2) the
quantity m(H, Ha NC) is an infinite product of local representation densities
of 1 by itself, where 1 is the restriction of ¢ to W; (3) the set {LY} ey
represents only the SO?(W)-genus of L, not the SO?(V')-genus as in his case.
The last point is minor, in view of Remark 35.7, (2).

In most of his papers on this topic Siegel considered ordinary solutions of
¢lx] = ¢, not primitive solutions. However, in [Si44] he investigated, when
F = Q and ¢ is indefinite, primitive representations of g by ¢, whose nature
is essentially the same as that of the elements of our L[g, b]. He defined a
quantity of type (37.3) or (37.6b), and showed that it can be expressed as
an infinite product of local primitive representation densities. In such a case,
by strong approximation, {L¥} is reduced to L, and so our formula (37.6b)
becomes

(37.8) v(I(L))m(L[g, b]) =m(H, HaNC).

This time there is only one kind of difference: the right-hand side concerns
the representation densities of ¥ by itself, not the representation densities of
@[h] = ¢ in Siegel’s formulation. Anyway, (37.6b) covers both definite and
indefinite cases over an arbitrary number field, and should not be confused
with any of his formulas. We mention [S99a] as to actual computation of
m(H, HaNC). As for (37.7b), its right-hand side is a kind of class number of
the group H, and so its nature is fundamentally different from (37.7a), and
that kind of quantity does not appear in Siegel’s work.

37.4. Let us now treat the sums of three squares we mentioned in §34.3.
We take (V, ¢) = (B°, 3°) with the quaternion algebra B over Q of §27.9
for which [ is the sum of four squares. Let o be the maximal order of B
given there, and let L = B° No. Then L = Zi+ Zj + Zk, the form (° on L is
the sum of three squares as in (34.7), and L°[q] there can be written L[q, Z];
also we observed that I'(L) is of order 24. Combining Theorem 27.13(ii) with
what we explained in §36.7, we see that the genus of L consists of a single
SO%-class. Therefore we have Ga = GC, and so we can take Y = {1} in
Theorem 37.2 for the present (V, ¢).
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Theorem 37.5. (i) In the setting of §37.4, L|q, Z] # () for ¢ € Z, > 0, if
and only if ¢ = ¢>m with an odd integer ¢ and a square-free positive integer
m such that m + 1 ¢ 8Z.

(i) Given q = c*m as in (i), let K = Q(\/—q) and let § be the order in
K of conductor c. Then

6 if g=1,
8 if q=3,
Llg, Z] = .
#LLa, Z] = () | o, if m—3€4Z and q> 3,
12 i all other cases.

(iii) The notation being the same as in (ii), we have

1 if ¢q<2 or m—3¢€dZ,
C(f)'{

21 otherwise.

#{Lla, Z)/T(L)} =

ProoF. For each prime number p we put B, = B ®q Qyp, 0p = 0 ®z Z,,
and L, = L®zZ,. Suppose L[g, Z] # 0; then by Theorem 27.14(ii), ¢ = ¢*m
with ¢ € Z and a square-free positive integer m such that m + 1 ¢ 8Z.
Let h € L[g, Z] and suppose ¢ € 2Z. Put k = 27'h. Then ¢[k] € Z, and
so k € oz by Theorem 21.21; thus k € Lo. Since k € L, for every p # 2,
we see that k € L, and so h ¢ Llg, Z], a contradiction. Therefore ¢ ¢ 2Z,
which proves the “only if”-part of (i). To prove the “if”-part, let ¢ = c¢*m
with ¢ and m as in (i). Let K = Q(y/—¢) and let { be the order in K
of conductor ¢Z. Take p € K so that Z 4+ pZ is the maximal order of K.
Then f = Z + cpZ. As shown in the proof of Theorem 27.14(ii), there is a
Q-linear injection g of K into B. Let p be the set of prime numbers p such
that g(f)p, # g(K)p No,. Then p is a finite set and 2 ¢ p, since fa = o and
g(r2) C 09. Thus for every p € p we can identify By, and o, with M>(Q,) and
M>(Zy). For such a p define j, : K, — M2(Q,) by a[l cu] =11 culjp(a)
for a € K,. We easily see that a € f, if and only if j,(a) € M2(Z,), and so
Jp()p = Jp(Kp) Nop. By Theorem 19.10, g(z) = &yjp (), " for every z € K,
with some &, € BY. Then g(f), = g(Kp) N &0, " Now we can define a
maximal order o’ in B such that o}, = o, for every p ¢ p and o}, = {,,opf;l
for every p € p. Then g(f), = g(K), Noj, for all p, and so g(f) = g(K)No".
By Theorem 27.13(ii), o/ = aoa~! with « € B*. Define 6 : K — B by
0(z) = a~tg(z)a for x € K. Then 6(f) = (K)No. Put k = 6(y/—m) and
h = ck. Since ¢/—m € f, we see that h € L and ¢[h] = ¢. By Theorem
36.10, qp(h, L),? = ¢*mZ, for p # 2, and so @(h, L), = Z, for p # 2. Put
k=axi+yj+ zk with z, y, z € Q. Since 09 is the unique maximal order in
Bo, we see that x, vy, 2 € Zs. Also, z? + y? + 22 = m, which is square-free,
and so @(k, L)e = aZo + yZo + 2Zo = Zs. Since p(h, L)2 = p(k, L)2, we
have ¢(h, L) = Z. Thus h € L[q, Z]. This completes the proof of (i).
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Take y =1 and b = Z in (37.6a). Since H is commutative and & C Ha,
we have A, = H N C for every ¢ € & Clearly H N C' is contained in U of
Theorem 36.10, and so by (36.10a) we have A, = U’ for every ¢ € & Thus
from (37.6a) we obtain

(37.9) #L]g, Z) = 24[U" : 1] [Ha : (Ha N C)H].
From (36.11) we obtain [Ha : (HANC)H] = 217 Hc(§)[f* : U']71, and therefore
4Llg, 7] = 224e() /[ - 1),

where p =1 if 2 is ramified in K and p = 0 otherwise. Since K = Q(v/—m ),

we have p=0 if m —3€4Z and p=1 otherwise; [f* : 1]=4 if ¢ =1, [{* : 1]

=6 if ¢ =3, and [f* : 1] = 2 in all other cases. Therefore we obtain (ii).
Since Y = {1} as mentioned in §37.4, from (37.7b) and (37.9) we obtain

24#{Llq, Z]/T'(L)} = 24[Ha : (HA NC)H] = #L[q, Z] - [U" : 1].

We can easily verify that [U’: 1]=4 if ¢=1, [U’:1]=2 if ¢=2,[U':1] =3
if g=3,and [U":1] =1 if ¢ > 3. Therefore we obtain (iii).

We can express the last result also as follows:
(37.10) #Llq, Z) = 24#{L[q, Z]/T(L)} if ¢ > 3.

As explained in §36.14, c¢(f) is exactly the number of classes of primitive
binary forms of discriminant —¢, which we denoted by ¢(g) in §§34.2 and
34.3. Therefore Theorem 37.5(ii) and (iii) are essentially the same as (34.8b)
and (34.8a) respectively.

Here we treated sums of three squares. We can actually discuss sums of m
squares for an arbitrary m € Z, > 1. As we said in §34.1, the problem about
L[qg] is different from that about L°[q]. We refer the reader to [S02] and [S04a]
for the former, and to [S04b] and [SO6b] for the latter. In particular, it is
shown in [SO6b] that there are exactly 64 positive definite ternary quadratic
spaces over Q for which the genus of maximal lattices consists of a single
class. Moreover, for each such ternary form we can state a theorem similar to
Theorem 37.5; see Theorems 6.6, 6.7, and §6.9 of [S06b]. A short history of
the problems concerning sums of squares is given in [Har]; see also remarks
[R1] through [R7] at the end of [S06a].

38. The theory of genera

38.1. In this section we let K denote a quadratic extension of Q, p the
nontrivial automorphism of K over Q, t the maximal order of K, Jx the
ideal group of K, Pk the group of all principal ideals ar with o € K*, and
‘33;2 the subgroup of Pk consisting of all ar such that N(«) > 0, where we
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put N(§) = Ng/q(§) for £ € K. We fix an embedding of K into C. Thus we
view K as a subfield of R if K is real.

Clearly Px = Pk if K is imaginary or N(v*) = {£1}; [Br : P&] = 2 if
K is real and N(v*) = {1}.

Let & = TJK/‘B};. This is called the narrow ideal class group of K. We call
a fractional ideal a in K ambiguous if a” = a, and call a coset C' € &
ambiguous if C? = C.

Lemma 38.2. For C € @ we have
C?2=1 <= (CP=C <= C contains an ambiguous ideal.

PrOOF. Let a € C. Then N(a)t = aa” € CCP, and so CC? = 1. Thus
C? = 1if a” = a. Also, C? = 1 if and only if C = C”. Therefore the only
remaining point is the last = . Suppose a € C' = C?. Then a” = ba with
b € K* such that N(b) > 0. Since N(br) = Z, we have N(b) = 1. By Lemma
1.8, b = ¢/c? with some ¢ € K*. Then (ca)” = ca. If K is imaginary, then
N(c) > 0, and so ca € C. If K is real, replacing b by —b if necessary, we
may assume that b > 0. Then cc? = ¢?/b > 0, and so ca € C. This proves
the last =, and completes the proof.

Theorem 38.3. Let ¥ = {C € 45‘ C = Cp} and let t be the number of
prime factors of Dy. Then [¥ : 1] = 2!71.

PROOF. Let pi, ..., p; be the prime factors of Dg. Then p;r = p? with
a prime ideal p; of t. Let C' € ¥. By Lemma 38.2, C' contains an ideal a
such that a” = a. We can put a = bp{*---py* with 0 < b € Q and integers
e; which are 0 or 1. Therefore ¥ is generated by the classes of pi, ..., p;.
Take a square-free positive or negative integer m so that K = Q(y/m).
Then Dg = m if m — 1 € 4Z and Dk = 4m otherwise; see (10.11). Also
Im| = p1---p if m—3 ¢ 4Z, and |2m| = p1---p; if m — 3 € 4Z. In the
latter case we take p; = 2. Thus y/mt = py---pi_q if m — 3 € 4Z, and
Vmt =py - p otherwise.

Suppose m < 0. Then N(y/m) > 0, and so p1---p; or py---ps—1 belongs
to P. Thus (¥ : 1] < 2871 Suppose m > 0 and N(+*) = {£1}. Take ¢ € t*
so that N(g) = —1. Then N(gy/m) > 0, and we again obtain [ : 1] < 2¢-1.
Suppose m > 0 and N(v*) = 1. Take a fundamental unit ¢ of K such that
e > 0. Since ee” = 1, we see that ¢ = 3/3° with § € K* by Lemma 1.8.
We may assume that 3 € v. Then N(8) = £(8°)? > 0, and so St € P}
Take [ so that N(J) is the smallest. Then §/c ¢ ¢ for every ¢ € Z, > 1.
Also, Bt # v. (If B € v*, then 33 = 1, and so € = (32, a contradiction.)
Since fPr = fr, we have fv = bp7*---p;* with b and p;’ at the beginning
of our proof. Then b=1 and p{*---p;* is a nontrivial element of ‘13;2 Thus
[W: 1] <2~ in this case too.
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To prove that [¥ : 1] = 271, we may assume that ¢ > 1. This excludes the
cases m = —1 and m = —3. Our task is to show that if p;, ---p;, = av # ¢
with s > 0 and N(«) > 0, then such a relation is what we already found
above. If this is done, our proof is complete. Take such an «; then o = na
with n € v*. Then N(n) = 1. Suppose m < 0. Since the cases m = —1
and m = —3 are excluded, we have n = +1. If n = 1, then a € Z, which is
impossible, and so 7 = —1. Then « = ¢y/m with ¢ € Z, and clearly ¢ = £1.
Thus the relation is the prime decomposition of /mt we already know.

Next suppose m > 0. Then n = aa?/a? > 0 and 7” > 0. Let ¢ be a
fundamental unit of K. Suppose N(¢) = —1. Then n = 2 with 0 < v € Z,
(e¥a)? = +e¥a, and so e’a € Z or e’ € Zy/m; also, p;, -+ p;. = e’ ar. For
the same reason as in the case m < 0 we find that this is again the prime
decomposition of /mt.

Finally suppose that m > 0 and N(¢g) = 1. Take 3 so that ¢ = 3/6” as
before. We have 1 = ¥ with k € Z. Thus af* = (af¥)?, and so af* =c €
Z. Therefore p;, ---p;. = c(Br)", and consequently, the relation p;, ---p;. €
‘33;2 adds nothing more than the prime decomposition of Gt we considered
above. This completes the proof.

38.4. Proof of (36.6b) when F'= Q. Let Jx and Jg,p be as in §36.5 and
let ¥ and ¢ be as in Theorem 38.3. Then ¥ can be identified with jK/F/‘B;},
and therefore

Ok : IxyplW 1] = [Tk - Bl = [Tx - PrlPBx : Bi) = cx[PBx : P&,

and so [Jk : Tk, p| = 2t ek [P ‘13};] Since [P : ‘B};] = 2 if K is real and
Ng () = {1}, and [Pk : Pj] = 1 otherwise, we obtain (36.6b).

38.5. Put ¢* = {C?|C € &}. By Lemma 382, ¥ = {C € &|C? = 1},
and so @/¥ = @2, Thus [@ : ¢?] = [¥ : 1] = 2!~1. Traditionally each coset
of ®/®? is called a genus (Geschlecht). Thus there are 2°~! genera. In
particular, @2 itself is called the principal genus (Hauptgeschlecht). The
term used by Gauss corresponding to this is the origin of the terminology
“genus.” Indeed, the set of classes in the genus of maximal lattices in the
space (K, ck) considered in §36.5, when F' = Q, is essentially the principal
genus.

Since [® : @] = 2!71 we see that [@ : 1] is odd if and only if ¢ = 1.
Therefore we obtain

Corollary 38.6. The index [Ji : B}], which is traditionally called the
class number of K in the narrow sense, is odd if and only if K is Q(v/—1),
Q(V+£2), or Q(\/eq) with e = £1 and a prime number q such that ¢ —e €
47.
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38.7. Hereafter we assume that the reader is familiar with class field
theory. By class field theory there is an abelian extension S of K such that

S/K
every prime ideal of K is unramified in S and the map a +— ( /a > for

S/K
a € Jk gives an isomorphism of Jx /P onto Gal(S/K), where ( /a ) is

defined by (16.5). Then ¢ = Gal(S/K), and therefore there is an extension L
of K contained in S such that 2 = Gal(S/L). Thus Gal(L/K) = ¢/®?, and
so [L: K] =2'"! with ¢ as in Theorem 38.3.

To present L explicitly, let K = Q(y/m) with a square-free integer m.
Let p1, ..., Pr, q1, - - -, qs be the prime factors of m, where p; —1 € 4Z and
gj +1 € 4Z. Then there are three cases according to the nature of m, and we
can take L in each case as follows:

D) m=p1-pr(=q1) - (=qs), m—1€4Z, t =7 +s.

L= Q(\/pl, ey \/pr7 \/_qla B \/_qs)'

(1) m=—p1-p(—q1) - (—qs), m+1€4Z, t =r+ s+ 1.

L= Q(\/p17 ceey \/pTa \/_q17 ceey \/_q87 \/_1)
(M) m=0p1-pr(—q1) - (—¢qs), 6 =2, t =r +s+1.
L=Q(\/p1s - s /Prs V—Q1s -+ s /= s, V).

We can easily verify that K C L, [L : K] = 2!71, and every prime ideal of K
is unramified in L.

Theorem 38.8. The field L is maximum among the abelian extensions of
Q containing K in which every prime ideal of K is unramified.

PROOF. Let M be such an extension of K. Suppose [M : Q] has an odd
prime factor p. Then there is a subfield H of M such that [H : Q] = p. Take
a prime number ¢ ramified in H. Since H is a cyclic extension of Q of degree
p, the prime ¢ is completely ramified in H. Then any prime factor of ¢ in K
must be ramified in K H, and so it must be ramified in M, a contradiction.
Thus [M : Q] = 2¥ with 0 < k € Z. Suppose Gal(M/Q) has an element
of order 4. Then M has a subfield A such that Gal(4/Q) is a cyclic group
of order 4. Take a prime number p ramified in A. Then p is completely
ramified in A; see Exercise 2 at the end of Section 16. Since [K : Q] = 2,
any prime factor of p in K must be ramified in M, a contradiction. Thus
Gal(M/Q) = (Z/2Z)" with v € Z, and so Gal(M/K) = (Z/2Z)" 7. Let X
be the subgroup of ¢ = jK/&B}L( corresponding to M. Then ¢? C X, and so
M C L. This proves our theorem.
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Theorem 38.9. Let S and L be as in §38.7 and v the mazximal order of
K let p be a prime number unramified in K. Then
(38.1) p € Ng/q(t) <= p decomposes completely in S,
(38.2) p € Nig/q(K) <= p decomposes completely in L.

PROOF. Suppose p = N(«a) with « € v; let p = ar. Then pr = pp”.

S/K

S, and so p decomposes completely in S. Conversely, suppose p decomposes
completely in S. Then pr = pp” with a prime ideal p in K, and p decomposes
S/K

Since N(«) > 0, we have =1, and so p decomposes completely in

completely in S, and so .
N(a) > 0. Then N(«) = p. This proves (i).

Next suppose p = (47 with § € K. Clearly p must split in K, and
so pt = pp” with a prime ideal p in K. Put a = 37 'p and b = ¢ + a”.
Then aa” = t, ab = b, and a = b~1b”. Since bb”? = N(b)r € PL, we

L/K L/K
see that a&B}; € @2, and so ( {3 ) = ( {1 ) = 1. Thus p decomposes

= 1. Thus p = ar with a € v such that

completely in L, and consequently p decomposes completely in L. Conversely,
suppose pt = pp” in K and p decomposes completely in L. Then p‘Bj{{
belongs to #2, and so p = ab? with b € Jx and a € K, N(a) > 0. We have
p=N(a)N(b)* = Ny ;q(aN(b)). This proves (ii) and completes the proof.

From the explicit form of L in §38.7 we see that L is contained in the
cyclotomic field generated by a primitive | D |-th root of unity. Therefore the
above theorem means that we can state a necessary and sufficient condition
for p € Ng/o(K) as some congruence conditions on p modulo Dy . However,
we can state such a necessary and sufficient condition for p € Ng,q(r) as
some congruence conditions on p modulo Dy only when S = L, that is, only
when every element of Jx / &B}L( is of order 2.



REFERENCES

[Ano] Anonymous, Correspondence, Ann. of Math. 69 (1959), 247-251.

[B] P. Bachmann, Die Arithmetik der Quadratischen Formen, Leipzig,
Teubner, 1898.

[C] C. Chevalley, Sur la théorie du corps de classes dans les corps finis et
les corps locaux, J. Fac. Sci. Univ. Tokyo 2 (1933) 365-476.

[CF] J. W. S. Cassels and A. Frohlich (eds.), Algebraic Number Theory,
Academic Press, London, 1967.

[Ch] K.-S. Chang, Diskriminanten und Signaturen gerader quadratischer
Formen, Arch. Math. 21 (1970), 59-65.

[DD] L. Dirichlet, Vorlesungen iiber Zahlentheorie, supplement by R.
Dedekind, Braunschweig, 1894.

[E38] M. Eichler, Allgemeine Kongruenzklasseneinteilungen der Ideale ein-
facher Algebren iiber algebraischen Zahlkérpern und ihre L-Reihen, J. Reine
u. Angew. Math. 179 (1938), 227-251.

[E52a] M. Eichler, Die Ahnlichkeitsklassen indefiniter Gitter, Math. Z. 55
(1952), 216-252.

[E52b] M. Eichler, Quadratische Formen und orthogonale Gruppen, Sprin-
ger, Berlin, 1952, 2nd ed. 1974.

[G] C. F. Gauss, Disquisitiones Arithmeticae, 1801, English translation by
A. A. Clarke, Yale Univ. Press, 1966.

[Har] G. H. Hardy, On the representation of a number as the sum of any
number of squares, and in particular of five, Trans. Amer. Math. Soc. 21
(1920), 255-284.

[Has] H. Hasse, Aquivalenz quadratischer Formen in einem beliebigen al-
gebraischen Zahlkorper, J. fiir die Reine und Angew. Math., 153 (1924),
158-162.

[K] M. Kneser, Klassenzahlen indefiniter quadratischer Formen in drei oder
mehr Verdnderlichen, Arch. d. Math. 7 (1956), 323-332.

[M] J. Milnor, On simply connected 4-manifolds, Symposium Internacional
Topologia Algebraica, Mexico 1958, 122—-128.

[O] O. T. O’Meara, Introduction to quadratic forms, Springer, 1963.

[S73] G. Shimura, On modular forms of half integral weight, Ann. of Math.,
97 (1973), 440-481 (=Collected Papers II, 532-573).

[S93] G. Shimura, On the transformation formulas of theta series, Amer.
J. of Math., 115 (1993), 1011-1052 (=Collected Papers IV, 191-232).

[S97] G. Shimura, Euler Products and Eisenstein series, CBMS Regional
Conference Series in Math. No. 93, Amer. Math. Soc. 1997.

[S99a] An exact mass formula for orthogonal groups, Duke Mathematical
Journal, 97 (1999), 1-66 (=Collected Papers IV, 509-574).

G. Shimura, Arithmetic of Quadratic Forms, Springer Monographs in Mathematics, 233
DOI 10.1007/978-1-4419-1732-4,© Springer Science+Business Media, LLC 2010



234 REFERENCES

[S99b] G. Shimura, The number of representations of an integer by a qua-
dratic form, Duke Mathematical Journal, 100 (1999), 59-92 (=Collected Pa-
pers IV, 575-608).

[SO01] G. Shimura, The relative regulator of an algebraic number field, Col-
lected Papers IV, 720-736, 2003.

[S02] G. Shimura, The representation of integers as sums of squares, Amer.
J. Math. 124 (2002), 1059-1081.

[SO4a] G. Shimura, Inhomogeneous quadratic forms and triangular num-
bers, Amer. J. Math. 126 (2004), 191-214.

[S04b] G. Shimura, Arithmetic and analytic theories of quadratic forms and
Clifford groups, Mathematical Surveys and Monographs, vol. 109, Amer.
Math. Soc., 2004.

[S06a] G. Shimura, Quadratic Diophantine equations, the class number,
and the mass formula, Bull. Amer. Math. Soc. 43 (2006), 285-304.

[S06b] G. Shimura, Classification, construction, and similitudes of qua-
dratic forms, Amer. J. Math. 128 (2006), 1521-1552.

[S06¢] G. Shimura, Integer-valued quadratic forms and quadratic Diophan-
tine equations, Documenta Mathematika 11, (2006), 333-367.

[SO08] G. Shimura, Classification of integer-valued symmetric forms, Amer.
J. Math. 130 (2008), 685-711.

[Si35] C. L. Siegel, Uber die analytische Theorie der quadratischen Formen,
Ann. of Math. 36 (1935), 527606 (=Gesammelte Abhandlungen I, 326-405).

[Si36] C. L. Siegel, Uber die analytische Theorie der quadratischen Formen
IT, Ann. of Math. 37 (1936), 230-263 (=Gesammelte Abhandlungen I, 410
443).

[Si44] C. L. Siegel, On the theory of indefinite quadratic forms, Ann. of
Math. 45 (1944), 577622 (= Gesammelte Abhandlungen, II, 421-466).

[V] F. van der Blij, An invariant of quadratic forms mod 8, Indag. Math.
21 (1959), 291-293.

[We] A. Weil, Number Theory, Birkhéuser, Boston, Basel, Stuttgart, 1984.

[Wi] E. Witt, Theorie der quadratischen Formen in beliebigen Korpern, J.
fiir die Reine und Angew. Math., 176 (1937), 31-44.



INDEX

A

Adele ring, 66
Adelization, 174-175
Algebra, 47, 79

Algebraic integer, 27
Algebraic number field, 27
Ambiguous ideal, 229
Ambiguous ideal class, 229
Anisotropic, 115
Anti-automorphism, 89
Anti-isomorphism, 89
Archimedean prime, 66
Archimedean valuation, 16

B
Binary Form, 203

C

Canonical automorphism, 122
Canonical involution, 122

Cauchy sequence, 16

Center, 86

Central simple algebra, 86fF
Central, 86

Characteristic algebra, 153
Character (modulo an integer), 7
Class (of a binary form), 204
Class (of a lattice), 171

Class (of a matrix), 178

Class (of a proper ideal), 215
Class number (of a number field), 42
Class number (of an order), 215
Class number (of a quadratic space), 181
Clifford algebra, 121

Clifford group, 127

Commutor, 90

Complete, 16

Completely reducible (module), 81
Completion, 17, 39

Conductor (of a character), 9
Conductor (of an order), 213

Core dimension, 117

Core subspace, 117

Cyclotomic field, 75ff

D

Decomposition group, 71

Dedekind zeta function, 56

Definite (quaternion algebra), 147

Different, 59

Dirichlet character, 7

Discrete order function, 15

Discriminant algebra, 120

Discriminant field, 120

Discriminant ideal (of a lattice), 162

Discriminant ideal (of a quaternion
algebra), 114

Discriminant (of a binary form), 204, 221

Discriminant (of a field), 39

Discriminant (of a lattice), 39

Discriminant (of a quadratic form), 119

Discriminant (of a quaternion algebra), 147

Division algebra, 79

E

Eisenstein equation, 34
Eisenstein polynomial, 34
Equivalent (representations), 92
Equivalent (valuations), 20
Euler’s function, 4

Even Clifford algebra, 122
Even Clifford group, 127

F

Faithful representation, 92
F-algebra, 79

Finite field, 3

Fractional ideal, 35

Free module, 11

Frobenius automorphism, 73
Fundamental unit, 56

G

Gauss sum, 7

Genus (of a lattice), 171
Genus (of a matrix), 178
Genus (of ideals), 230
g-ideal, 101

Global field, 100

Group algebra, 85

H

Hamilton quaternion algebra, 96
Hasse norm theorem, 141
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Hasse principle, 146 Norm (of an ideal), 35, 38
Hensel’s lemma, 23 Norm form, 134
Hilbert reciprocity law, 141 Normalized order function, 15
Hilbert symbol, 140

(0]
I Order (in a quadratic extension), 213ff
Ideal class, 42 Order (in an algebra), 101
Ideal class group, 42 Order function, 15
Ideal group, 36 Orthogonal basis, 119
Idele group, 68 Orthogonal complement, 115
Idele norm, 67 Orthogonal group, 116
Imaginary archimedean prime, 66
Imaginary quadratic field, 40 P
Indecomposable (ring), 3 p-adic field, 19

Indefinite (quaternion algebra), 147

. p-adic integer, 19
Inertia group, 72

p-adic number, 19

Integral (lattice), 161 Pentagonal number, 151
Integral (over a ring), 25, 101 Prime element. 17

Integral closure, 25 Prime ideal. 1. 35
Integral ideal, 35 -

Integrally closed, 25
Invertible (element of a quadratic

space), 121 Primitive solution, 203

IHVOIUti.OIly 89 Principal genus, 230
Irreducible (module), 79 Principal ideal, 1, 35

Isotropic, 115

Primitive binary form, 204
Primitive character, 7, 9
Primitive root, 5

Principal ideal domain, 1
Product formula, 22, 50

L Proper ideal, 214

Lattice (in a real vector Pure quaternion, 134
space), 50

Lattice (in a vector space), 11 Q

Left order, 101

g-reduced, 180
Left regular representation, 92

o Quadratic Diophantine equation, 203

Left semisimple, 81 Quadratic field, 40

Level, 181 Quadratic form, 115

Local field, 100 Quadratic nonresidue (modulo a prime), 6

Quadratic reciprocity law, 6

M Quadratic residue (modulo a prime), 6
Main involution, 98 Quadratic residue symbol, 6
Mass, 224 Quadratic space, 115
Maximal ideal (of a valuation Quaternion algebra, 96
ring), 17
Maximal lattice, 161 R

Maximal order, 27 Ramification index, 28

Minimal ideal, 81 o Ramified, 28, 30, 40, 57, 66, 142

Minimal/minimum polynomial, xi Real archimedean prime, 66

Minkowski’s lemma, 52 Real character. 9

Monic polynomial, xi Real quadratic field, 40
Reciprocal, 89

N Reduced norm, 93
Nonarchimedean prime, 66 Reduced trace, 93
Nonarchimedean valuation, 16 Regular representation, 47

Nondegenerate quadratic space, 115 Regulator, 55



Relative discriminant, 59
Representation, 92

Residue class degree, 28

Right order, 101

Right regular representation, 92
Right semisimple, 81

S

Scalar extension, 87
Semisimple algebra, 84
Simple algebra, 81

Special orthogonal group, 116
Spin group, 131

Spinor norm, 131

Split (quadratic space), 117
Split Witt decomposition, 117
s-reduced, 180

Strong approximation, 177, 192
Subalgebra, 79

Symmetry, 128

T
Tensor product (of algebras), 86

INDEX 237

Tensor product (of fields), 47
Torsion-free (module), 11
Totally isotropic, 115
Totally ramified, 30
Triangular number, 150
Type 1, 181

Type 2, 181

U

Unique factorization domain, 1
Unramified, 28, 30, 40, 57, 66, 142

\%

Valuation, 15
Valuation ring, 17

w

Weak Witt decomposition, 117
Witt decomposition, 117
Witt’s theorem, 117
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